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Abstract

The concept of the slow invariant manifold is recognized as the central idea underpinning a transition from
micro to macro and model reduction in kinetic theories. We present the Constructive Methods of Invariant
Manifolds for model reduction in physical and chemical kinetics, developed during last two decades. The
physical problem of reduced description is studied in the most general form as a problem of constructing the
slow invariant manifold. The invariance conditions are formulated as the differential equation for a manifold
immersed in the phase space (the invariance equation). The equation of motion for immersed manifolds is
obtained (the film extension of the dynamics). Invariant manifolds are fixed points for this equation, and slow
invariant manifolds are Lyapunov stable fixed points, thus slowness is presented as stability.

A collection of methods to derive analytically and to compute numerically the slow invariant manifolds is
presented. Among them, iteration methods based on incomplete linearization, relaxation method and the method
of invariant grids are developed. The systematic use of thermodynamics structures and of the quasi-chemical
representation allow to construct approximations which are in concordance with physical restrictions.

The following examples of applications are presented: nonperturbative derivation of physically consistent hy-
drodynamics from the Boltzmann equation and from the reversible dynamics, for Knudsen numbers Kn ~ 1;
construction of the moment equations for nonequilibrium media and their dynamical correction (instead of
extension of list of variables) to gain more accuracy in description of highly nonequilibrium flows; determi-
nation of molecules dimension (as diameters of equivalent hard spheres) from experimental viscosity data;
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model reduction in chemical kinetics; derivation and numerical implementation of constitutive equations for
polymeric fluids; the limits of macroscopic description for polymer molecules, etc.
(© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

In this review, we present a collection of constructive methods to study slow (stable) positively
invariant manifolds of dynamic systems. The main objects of our study are dissipative dynamic
systems (finite or infinite) which arise in various problems of kinetics. Some of the results and
methods presented herein may have a more general applicability, and can be useful not only for
dissipative systems but also, for example, for conservative systems.

Nonequilibrium statistical physics is a collection of ideas and methods to extract slow invariant
manifolds. Reduction of description for dissipative systems assumes (explicitly or implicitly) the
following picture: There exists a manifold of slow motions in the phase space of the system. From
the initial conditions the system goes quickly in a small neighborhood of the manifold, and after
that moves slowly along this manifold (see, for example, [1]). The manifold of slow motion must
be positively invariant: if the motion starts on the manifold at #,, then it stays on the manifold at
t > ty. Frequently used wording “invariant manifold” is not really exact: for the dissipative systems,
the possibility of extending the solutions (in a meaningful way) backwards in time is limited.
So, in nonequilibrium statistical physics we study positively invariant slow manifolds. The necessary
invariance condition can be written explicitly as the differential equation for the manifold immersed
into the phase space. !

A dissipative system may have many closed positively invariant sets. For example, for every set
of initial conditions K, unification of all the trajectories {x(¢),# > 0} with initial conditions x(0) € K
is positively invariant. Thus, selection of the slow (stable) positively invariant manifolds becomes
an important problem. >

One of the difficulties in the problem of reducing the description is pertinent to the fact that there
exists no commonly accepted formal definition of slow (and stable) positively invariant manifold.
This difficulty is resolved in Section 4 of our review in the following way: First, we consider
manifolds immersed into a phase space and study their motion along trajectories. Second, we subtract
from this motion the motion of immersed manifolds along themselves, and obtain a new equation
for dynamics of manifolds in phase space: the film extension of the dynamics. Invariant manifolds
are fixed points for this extended dynamics, and slow invariant manifolds are Lyapunov stable
fixed points.

! This picture is directly applicable to dissipative systems. Time separation for conservative systems and the way from
the reversible mechanics (for example, from the Liouville equation) to dissipative systems (for example, to the Boltzmann
equation) requires some additional ideas and steps. For any conservative system, a restriction of its dynamics onto any
invariant manifold is conservative again. We should represent a dynamics of a large conservative system as a result of
dynamics in its small subsystems, and it is necessary to take into account that a macroscopically small interval of time
can be considered as an infinitely large interval for a small subsystem, i.e. microscopically. Tt allows us to represent a
relaxation of such a large systems as an ensemble of indivisible events (for example, collision) which happen to its small
subsystems. The Bogolyubov—Born—Green—Kirkwood—Yvon (BBGKY) hierarchy and Bogolyubov method for derivation
of the Boltzmann equation give us the unexcelled realization of this approach [2].

2 Nevertheless, there exists a different point of view: “nonuniqueness, when it arises, is irrelevant for modeling” [3],
because the differences between the possible manifolds are of the same order as the differences we set out to ignore in
establishing the low-dimensional model.
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The main body of this review is about how to actually compute the slow invariant manifold. Here
we present three approaches to constructing slow (stable) positively invariant manifolds.

e [teration method (the Newton method subject to incomplete linearization);
e Relaxation methods based on a film extension of the original dynamic system;
o The method of natural projector

The Newton method (with incomplete linearization) is convenient for obtaining the explicit
formulas—even one iteration can give a good approximation.

Relaxation methods are oriented more at the numerical implementation. Nevertheless, several first
steps also can give appropriate analytical approximations, competitive with other methods.

Finally, the method of natural projector constructs not the manifold itself but a projection of slow
dynamics from the slow manifold onto some set of variables.

The Newton method subject to incomplete linearization was developed for the construction of
slow (stable) positively invariant manifolds for the following problems:

Derivation of the post-Navier—Stokes hydrodynamics from the Boltzmann equation [4,6,7].
Description of the dynamics of polymers solutions [8].

Correction of the moment equations [9].

Reduced description for the chemical kinetics [10,11,81].

Relaxation methods based on a film extension of the original dynamic system were applied for
the analysis of the Fokker—Planck equation [12]. Applications of these methods in the theory of the
Boltzmann equation can benefit from the estimations, obtained in the papers [14,15].

The method of natural projector was initially applied to derivation of the dissipative equations
of macroscopic dynamics from the conservative equations of microscopic dynamics [16-21]. Using
this method, new equations were obtained for the post-Navier—Stokes hydrodynamics, equations of
plasma hydrodynamics and others [17,21]. This short-memory approximation is applied to the Wigner
formulation of quantum mechanics [22]. The dissipative dynamics of a single quantum particle in
a confining external potential is shown to take the form of a damped oscillator whose effective
frequency and damping coefficients depend on the shape of the quantum-mechanical potential [22].
The method of natural projector can also be applied effectively for the dissipative systems: instead
of the Chapman—Enskog method in theory of the Boltzmann equation, etc.

A natural initial approximation for the methods under consideration is a quasi-equilibrium mani-
fold. It is the manifold of conditional maxima of the entropy. Most of the works on nonequilibrium
thermodynamics deal with corrections to quasi-equilibrium approximations, or with applications of
these approximations (with or without corrections). The construction of the quasi-equilibrium allows
for the following generalization: Almost every manifold can be represented as a set of minimiz-
ers of the entropy under linear constrains. However, in contrast to the standard quasi-equilibrium,
these linear constrains will depend on the point on the manifold. We describe the quasi-equilibrium
manifold and a quasi-equilibrium projector on the tangent space of this manifold. This projector is
orthogonal with respect to entropic scalar product (the bilinear form defined by the negative second
differential of the entropy). We construct the thermodynamical projector, which transforms the arbi-
trary vector field equipped with the given Lyapunov function (the entropy) into a vector field with
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the same Lyapunov function for an arbitrary ansatz manifold which is not tangent to the level of
the Lyapunov function. The uniqueness of this construction is demonstrated.

Here, a comment on the status of the most of the statements in this text is in order. Just like
the absolute majority of all claims concerning such things as general solutions of the Navier—
Stokes and Boltzmann equations, etc., they have the status of being plausible. They can become
theorems only if one restricts essentially the set of the objects under consideration. Among such
restrictions we should mention cases of exact reduction, i.e. exact derivation of the hydrodynamics
from the kinetics [23,24]. In these (still infinite-dimensional) examples one can compare different
methods, for example, the Newton method with the methods of series summation in the perturbation
theory [24,25].

Also, it is necessary to stress here, that even if in the limit all the methods lead to the same
results, they can give rather different approximations “on the way”.

The rigorous grounds of the constructive methods of invariant manifolds should, in particular,
include the theorems about persistence of invariant manifolds under perturbations. The most known
result of this type is the Kolmogorov—Arnold—Moser theory about persistence of almost all invariant
tori of completely integrable system under small perturbation [28—30]. Such theorems exist for some
classes of infinite dimensional dissipative systems too [31]. Unfortunately, it is not proven until
now that many important systems (the Boltzmann equation, the 3D Navier—Stokes equations, the
Grad equations, etc.) belong to these classes. So, it is necessary to act with these systems without
a rigorous basis.

Two approaches are widely known to the construction of the invariant manifolds: the Taylor
series expansion [32,33] and the method of renormalization group [34—40]. The advantages and
disadvantages of the Taylor expansion are well-known: constructivity against the absence of physical
meaning for the high-order terms (often) and divergence in the most interesting cases (often).

In the paper [37] a geometrical formulation of the renormalization group method for global analysis
was given. It was shown that the renormalization group equation can be interpreted as an envelope
equation. Recently [38] the renormalization group method was formulated in terms of the notion
of invariant manifolds. This method was applied to derive kinetic and transport equations from the
respective microscopic equations [39]. The derived equations include the Boltzmann equation in clas-
sical mechanics (see also the paper [36], where it was shown for the first time that kinetic equations
such as the Boltzmann equation can be understood naturally as renormalization group equations),
Fokker—Planck equation, a rate equation in a quantum field theoretical model, etc.

The renormalization group approach was applied to the stochastic Navier—Stokes equation that
describes fully developed fluid turbulence [41-43]. For the evaluation of the relevant degrees of
freedom the renormalization group technique was revised for discrete systems in the recent paper
Ref. [40].

The kinetic approach to subgrid modeling of fluid turbulence became more popular during the last
decade [44-47]. A mean-field approach (filtering out subgrid scales) is applied to the Boltzmann
equation in order to derive a subgrid turbulence model based on kinetic theory. It is demonstrated
[47] that the only Smagorinsky type model which survives in the hydrodynamic limit on the viscosity
time scale is the so-called tensor-diffusivity model [48].

The new quantum field theory formulation of the problem of persistence of invariant tori in
perturbed completely integrable systems was obtained, and the new proof of the KAM theorem for
analytic Hamiltonians based on the renormalization group method was given [49].
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From the authors of the paper Ref. [36] point of view, the relation of renormalization group
theory and reductive perturbation theory has simultaneously been recognized: renormalization group
equations are actually the slow-motion equations which are usually obtained by reductive perturbation
methods.

The first systematic and (at least partially) successful method of constructing invariant manifolds
for dissipative systems was the celebrated Chapman—Enskog method [51] for the Boltzmann kinetic
equation. The Chapman—Enskog method results in a series development of the so-called normal solu-
tion (the notion introduced by Hilbert [52]) where the one-body distribution function depends on time
and space through its locally conserved moments. To the first approximation, the Chapman—Enskog
series leads to hydrodynamic equations with transport coefficients expressed in terms of molecu-
lar scattering cross-sections. However, next terms of the Chapman—Enskog bring in the “ultra-violet
catastrophe” (noticed first by Bobylev [53]) and negative viscosity. These drawbacks pertinent to the
Taylor-series expansion disappear as soon as the Newton method is used to construct the invariant
manifold [6].

The Chapman—Enskog method was generalized many times [54] and gave rise to a host of subse-
quent works and methods, such as the famous method of the quasi-steady state in chemical kinetics,
pioneered by Bodenstein and Semenov and explored in considerable detail by many authors (see,
for example, [55-59,10]), and the theory of singularly perturbed differential equations [55,60-65].

There exist a group of methods to construct an ansatz for the invariant manifold based on the
spectral decomposition of the Jacobian. The idea to use the spectral decomposition of Jacobian fields
in the problem of separating the motions into fast and slow originates from methods of analysis
of stiff systems [66], and from methods of sensitivity analysis in control theory [67,68]. One of
the currently most popular methods based on the spectral decomposition of Jacobian fields is the
construction of the so-called intrinsic low-dimensional manifold (ILDM) [69].

These methods were thoroughly analyzed in two papers [70,71]. It was shown that the successive
applications of the computational singular perturbation algorithm (developed in [68]) generate, order
by order, the asymptotic expansion of a slow manifold, and the manifold identified by the ILDM
technique (developed in [69]) agrees with the invariant manifold to some order.

The theory of inertial manifold is based on the special linear dominance in higher dimensions. Let
an infinite-dimensional system have a form: # + Au = R(u), where 4 is self-adjoint, and has discrete
spectrum 4; — oo with sufficiently big gaps between /;, and R(u) is continuous. One can build the
slow manifold as the graph over a root space of A4 [72]. The textbook [76] provides an exhaustive
introduction to the scope of main ideas and methods of this theory. Systems with linear dominance
have limited utility in kinetics. Often neither a big spectral gaps between 4; exists, no 4; — o0
(for example, for the simplest model BGK equations, or for the Grad equations). Nevertheless, the
concept of inertial attracting manifold has more wide field of applications than the theory, based on
the linear dominance assumption.

The Newton method with incomplete linearization as well as the relaxation method allow us
to find an approximate slow invariant manifolds without the preliminary stage of Jacobian field
spectral decomposition. Moreover, a necessary slow invariant subspace of Jacobian in equilibrium
point appears as a by-product of the Newton iterations (with incomplete linearization), or of the
relaxation method.

It is of importance to search for minimal (or subminimal) sets of natural parameters that uniquely
determine the long-time behavior of a system. This problem was first discussed by Foias and Prodi
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[73] and by Ladyzhenskaya [74] for the 2D Navier—Stokes equations. They have proved that the
long-time behavior of solutions is completely determined by the dynamics of sufficiently large amount
of the first Fourier modes. A general approach to the problem on the existence of a finite number
of determining parameters has been discussed [75,76].

Past decade witnessed a rapid development of the so-called set oriented numerical methods [77].
The purpose of these methods is to compute attractors, invariant manifolds (often, computation of
stable and unstable manifolds in hyperbolic systems [78—80]). Also, one of the central tasks of
these methods is to gain statistical information, i.e. computations of physically observable invariant
measures. The distinguished feature of the modern set-oriented methods of numerical dynamics is
the use of ensembles of trajectories within a relatively short propagation time instead of a long time
single trajectory.

In this paper we systematically consider a discrete analogue of the slow (stable) positively invariant
manifolds for dissipative systems, invariant grids. These invariant grids were introduced in [10]. Here
we will describe the Newton method subject to incomplete linearization and the relaxation methods
for the invariant grids [81].

It is worth to mention, that the problem of the grid correction is fully decomposed into the tasks
of the grid’s nodes correction. The edges between the nodes appear only in the calculation of the
tangent spaces at the nodes. This fact determines high computational efficiency of the invariant grids
method.

Let the (approximate) slow invariant manifold for a dissipative system be found. What for have
we constructed it? One important part of the answer to this question is: We have constructed it to
create models of open system dynamics in the neighborhood of this manifold. Different approaches
for this modeling are described. We apply these methods to the problem of reduced description in
polymer dynamics and derive the universal limit in dynamics of dilute polymeric solutions. It is
represented by the revised Oldroyd 8 constants constitutive equation for the polymeric stress tensor.
Coefficients of this constitutive equation are expressed in terms of the microscopic parameters. This
limit of dynamics of dilute polymeric solutions is universal in the same sense, as Korteweg—De-Vries
equation is universal in the description of the dispersive dissipative nonlinear waves: any physically
consistent equation should contain the obtained equation as a limit.

The phenomenon of invariant manifold explosion in driven open systems is demonstrated on the
example of dumbbell models of dilute polymeric solutions [84]. This explosion gives us a possible
mechanism of drag reduction in dilute polymeric solutions [85].

Suppose that for the kinetic system the approximate invariant manifold has been constructed and
the slow motion equations have been derived. Suppose that we have solved the slow motion system
and obtained x4(z). We consider the following two questions:

e How well this solution approximates the true solution x(¢z) given the same initial conditions?
e How is it possible to use the solution xg(¢) for it’s refinement without solving the slow motion
system (or it’s modifications) again?

These two questions are interconnected. The first question states the problem of the accuracy
estimation. The second one states the problem of postprocessing [244-246,277]. We propose
various algorithms for postprocessing and accuracy estimation, and give an example of
application.
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Fig. 1. Logical connections between sections. All the sections depend on Section 3. There are many possible routes
for reading, for example the following route gives the invariance equation and one of the main methods for its solu-
tion with applications to the Boltzmann equation: Sections 3—5 (with Example 1), Section 6 (with Example 3). Another
possibility gives the shortest way to rheology applications: Sections 3, 5, 6 and 11 (with Example 12). The formal-
ization of the classical Ehrenfests idea of coarse-graining and its application for derivation of the correct high-order
hydrodynamic equations can be reached in such a way: Sections 3, 5, 10 (with Examples 10, 11). The shortest road to
numerical representation of invariant manifolds and to the method of invariant grids is as follows: Sections 3-6, 8, 9
(with Examples 8, 9).

Our collection of methods and algorithms can be incorporated into recently developed technolo-
gies of computer-aided multiscale analysis which enable the “level jumping” between microscopic
and macroscopic (system) levels. It is possible both for traditional technique based on transition
from microscopic equations to macroscopic equations and for the “equation-free” approach [82].
This approach developed in recent series of work [83], when successful, can bypass the deriva-
tion of the macroscopic evolution equations when these equations conceptually exist but are not
available in closed form. The mathematics-assisted development of a computational superstructure
may enable alternative descriptions of the problem physics (e.g. Lattice Boltzmann (LB), kinetic
Monte-Carlo (KMC) or Molecular Dynamics (MD) microscopic simulators, executed over rela-
tively short time and space scales) to perform systems level tasks (integration over relatively
large time and space scales, coarse bifurcation analysis, optimization, and control) directly. In
effect, the procedure constitutes a system identification based, closure-on-demand computational
toolkit. It is possible to use macroscopic invariant manifolds in this environment without explicit
equations.

The present paper comprises sections of the two kinds. Numbered sections contain basic notions,
methods and algorithmic realizations. Sections entitled “Examples” contain various case studies where
the methods are applied to specific equations. Exposition in the “Examples” sections is not as con-
sequent as in the numbered sections. Most of the examples can be read more or less independently.
Logical connections between sections are presented in Figs. 1, 2.

The list of cited literature is by no means complete although we spent effort in order to reflect
at least the main directions of studies related to computations of the invariant manifolds. We think
that this list is more or less exhaustive in the second-order approximation.
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Sec.5 Sec.6 Sec.7 Sec.8

Ex.1, Ex.2 Ex.3, Ex.4,Ex.5 Ex.6 Ex.7
C———— —3

Sec.9 Sec. 10 Sec. 11 Sec. 12

Ex.8, Ex.9 Ex.10, Ex.11 Ex.12, Ex.13 Ex.14

Fig. 2. Logical connections between sections and examples. Only one connection between examples is significant: Example
3 depends on Example 1. All the examples depend on corresponding subsections of Section 2.

Mathematical notation and some terminology

e The operator L from space W to space E: L: W — E.

e The kernel of a linear operator L: W — E is a subspace ker L C W that transforms by L into 0:
kerL ={xe W |Lx=0}.

e The image of a linear operator L: W — E is a subspace imL =L(W) C E.

e Projector is a linear operator P:E — E with the property P? = P. Projector P is orthogonal one,
if ker P L im P (the kernel of P is orthogonal to the image of P).

e If F:U — V is a map of domains in normed spaces (U C W, V C E) then the differential
of F at a point x is a linear operator D,F:W — E with the property: ||[F(x + dx) — F(x) —
(DyF)(0x)|| = o(||0x]|). This operator (if it exists) is the best linear approximation of the map
F(x 4+ ox) — F(x).

e The differential of the function f(x) is the linear functional D, f. The gradient of the function
f(x) can be defined, if there is a given scalar product (| ), and if there exists a Riesz representation
for functional D, f: (D, f)(a)= (grad, f |a). The gradient grad_f is a vector.

e The second differential of a map F:U — V is a bilinear operator D>F : W x W — E which can
be defined by Taylor formula: F(x + dx) = F(x) + (DyF)(0x) + 5(D2F )(0x, dx) + o([|ox||?).

e The differentiable map of domains in normed spaces F : U — V is an immersion, if for any x € U
the operator D, F is injective: ker D,F ={0}. In this case the image of F, i.e. (F(U)) is called the
immersed manifold, and the image of D,F is called the tangent space to the immersed manifold
F(U). We shall use the notation 7, for this tangent space: im D F' = T.

e The subset U of the vector space E is convex, if for every two points x;,x, € U it contains the
segment between x; and x,: Ax; + (1 — A)xp € U for every A€][0,1].

e The function f, defined on the convex set U C E, is convex, if its epigraph, i.e. the set of pairs
Epi f ={(x,g9)|x€U,g = f(x)}, is the convex set in £ x R. The twice differentiable function f
is convex if and only if the quadratic form (D? f)(dx, dx) is nonnegative.

e The convex function f is called strictly convex if in the domain of definition there is no line
segment on which it is constant and finite ( /(x) = const # o0). The sufficient condition for the
twice differentiable function f to be strictly convex is that the quadratic form (D? f)(dx, dx) is
positive defined (i.e. it is positive for all ox # 0).

e We use summation convention for vectors and tensors, c;g; = » .. ¢;¢;, When it cannot cause a
confusion, in more complicated cases we use the sign ) .
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2. The source of examples

In this section we follow, partially, the paper [50], where nonlinear kinetic equations and methods
of reduced description are reviewed for a wide audience of specialists and postgraduate students in
physics, mathematical physics, material science, chemical engineering and interdisciplinary research.

2.1. The Boltzmann equation

2.1.1. The equation

The Boltzmann equation is the first and the most celebrated nonlinear kinetic equation introduced
by the great Austrian scientist Ludwig Boltzmann in 1872 [86]. This equation describes the dynamics
of a moderately rarefied gas, taking into account the two processes: the free flight of the particles,
and their collisions. In its original version, the Boltzmann equation has been formulated for particles
represented by hard spheres. The physical condition of rarefaction means that only pair collisions are
taken into account, a mathematical specification of which is given by the Grad-Boltzmann limit. If N
is the number of particles, and ¢ is the diameter of the hard sphere, then the Boltzmann equation is
expected to hold when N tends to infinity, ¢ tends to zero, No> (the volume occupied by the particles)
tends to zero, while No? (the total collision cross section) remains constant. The microscopic state
of the gas at time ¢ is described by the one-body distribution function P(x,v,¢), where x is the
position of the center of the particle, and v is the velocity of the particle. The distribution function
is the probability density of finding the particle at time ¢ within the infinitesimal phase space volume
centered at the phase point (x,v). The collision mechanism of two hard spheres is presented by a
relation between the velocities of the particles before [v and w] and after [v' and w'] their impact:

vV=v—n(nv—w),

w =w+nnv—w),

where n is the unit vector along v—1v’. Transformation of the velocities conserves the total momentum
of the pair of colliding particles (v +w’ = v+ w), and the total kinetic energy (v'> + w'> =12 4 w?)
The Boltzmann equation reads:

aj + v aj
ot > Ox
:Naz/ (P(x,V',t)P(x,w',t) — P(x,v,1)P(x,w,1)) |[(w—v,n)|dwdn , (1)
R JB-

where integration in w is carried over the whole space R>, while integration in n goes over a hemi-
sphere B~ ={n |(w—v,n) < 0}. This hemisphere corresponds to the particles entering the collision.
The nonlinear integral operator on the right hand side of Eq. (1) is nonlocal in the velocity variable,
and local in space. The Boltzmann equation for arbitrary hard-core interaction is a generalization
of the Boltzmann equation for hard spheres under the proviso that the true infinite-range inter-
action potential between the particles is cut-off at some distance. This generalization amounts to
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a replacement,
a*|(w—v,n)|dn — B0, |w—v|)dOde , (2)

where function B is determined by the interaction potential, and vector n is identified with two
angles, 0 and ¢. In particular, for potentials proportional to the nth inverse power of the distance,
the function B reads,

B(O, [v—wl|)=pO)|v—w|" V=D 3)

In the special case n=>5, function B is independent of the magnitude of the relative velocity (Maxwell
molecules). Maxwell molecules occupy a distinct place in the theory of the Boltzmann equation,
they provide exact results. Three most important findings for the Maxwell molecules are mentioned
here: (1) The exact spectrum of the linearized Boltzmann collision integral, found by Truesdell and
Muncaster, (2) Exact transport coefficients found by Maxwell even before the Boltzmann equation
was formulated, (3) Exact solutions to the space-free model version of the nonlinear Boltzmann
equation. Pivotal results in this domain belong to Galkin who has found the general solution to the
system of moment equations in a form of a series expansion, to Bobylev, Krook and Wu who have
found an exact solution of a particular elegant closed form, and to Bobylev who has demonstrated
the complete integrability of this dynamic system.

A broad review of the Boltzmann equation and analysis of analytical solutions to kinetic models
is presented in the book of Cercignani [87]. A modern account of rigorous results on the Boltzmann
equation is given in the book [88]. Proof of the existence theorem for the Boltzmann equation was
done by DiPerna and Lions [92].

It is customary to write the Boltzmann equation using another normalization of the distribution
function, f(x,v,¢)dxdv, taken in such a way that the function f is compliant with the definition of
the hydrodynamic fields: the mass density p, the momentum density pu, and the energy density &:

/f(x, v,)mdv = p(x,t) ,
/f(x, v, t)mvdv = pu(x,t) ,

/f(x,v,t)midv:s(x,t) . (4)

Here m is the particle’s mass.
The Boltzmann equation for the distribution function f reads,

0 0
Lo (nger)=0un. 5)

where the nonlinear integral operator on the right hand side is the Boltzmann collision integral,

0= [ [ (w7~ w1 on0.s) dwdods ©)
R} JB—
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Finally, we mention the following form of the Boltzmann collision integral (sometimes referred
to as the scattering or the quasi-chemical representation),

QZ/W(U,WID'> WHI(S @) S = f(0)f(w))]dwdw' dv, (7)
where W is a generalized function which is called the probability density of the elementary event,
W =w(o,w| v, W) +w—1v —w)ow? +w* — > —w'?) . (8)
2.1.2. The basic properties of the Boltzmann equation
Generalized function W has the following symmetries:
W, w vo,w)= W', v |vo,w)= W, w |wo)=W,w|v,w) . 9)

The first two identities reflect the symmetry of the collision process with respect to labeling the
particles, whereas the last identity is the celebrated detail balance condition which is underpinned by
the time-reversal symmetry of the microscopic (Newton’s) equations of motion. The basic properties
of the Boltzmann equation are:

1. Additive invariants of collision operator:

[ounineya—o. (10)

for any function f, assuming integrals exist. Equality (10) reflects the fact that the number of
particles, the three components of particle’s momentum, and the particle’s energy are conserved by
the collision. Conservation laws (10) imply that the local hydrodynamic fields (4) can change in
time only due to redistribution in the space.

2. Zero point of the integral (Q=0) satisfy the equation (which is also called the detail balance):
for almost all velocities,

FO x, ) f(W,x,t) = f(v,x,t) f(w,x,1) .

3. Boltzmann’s local entropy production inequality:
o) =k [ QU )infdv >0, (1)

for any function f, assuming integrals exist. Dimensional Boltzmann’s constant (kg ~1.38:10723J/K)
in this expression serves for a recalculation of the energy units into the absolute temperature units.
Moreover, equality sign takes place if Inf is a linear combination of the additive invariants of
collision.

Distribution functions f whose logarithm is a linear combination of additive collision invariants,
with coefficients dependent on x, are called local Maxwell distribution functions fim,

_p (2nkgT —3/2 —m(v — u)?
Jim = - <m> eXp(szT> . (12)
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Local Maxwellians are parametrized by values of five hydrodynamic variables, p, # and 7. This
parametrization is consistent with the definitions of the hydrodynamic fields (4), [ fim(m, mv, mv?/2)
= (p, pu,e) provided the relation between the energy and the kinetic temperature 7', holds,
e=23p/2mkgT.

4. Boltzmann’s H theorem: The function

S[f]z—kB/flnfdv, (13)

is called the entropy density. The local H theorem for distribution functions independent of space
states that the rate of the entropy density increase is equal to the nonnegative entropy production,

ds

dr

Thus, if no space dependence is concerned, the Boltzmann equation describes relaxation to the

unique global Maxwellian (whose parameters are fixed by initial conditions), and the entropy den-

sity grows monotonically along the solutions. Mathematical specifications of this property has been

initialized by Carleman, and many estimations of the entropy growth were obtained over the past

two decades. In the case of space-dependent distribution functions, the local entropy density obeys
the entropy balance equation:

0S(x,1)
ot

c=0. (14)

+ (a,Js(x,t)) =o(x,1)>0, =
ox

where J; is the entropy flux, Js(x,7)=—kg [ In f(x,¢)vf(x,¢)dv. For suitable boundary conditions,
such as, specularly reflecting or at the infinity, the entropy flux gives no contribution to the equation
for the total entropy, S, = | S(x,t)dx and its rate of changes is then equal to the nonnegative total
entropy production o= [ o(x,7)dx (the global H theorem). For more general boundary conditions
which maintain the entropy influx the global A theorem needs to be modified. A detailed discussion
of this question is given by Cercignani. The local Maxwellian is also specified as the maximizer of
the Boltzmann entropy function (13), subject to fixed hydrodynamic constraints (4). For this reason,
the local Maxwellian is also termed as the local equilibrium distribution function.

2.1.3. Linearized collision integral
Linearization of the Boltzmann integral around the local equilibrium results in the linear integral
operator,

Lh(v)

W) hOY) W) ko)
Sim(@) i) fam(@)  fom(w)

Linearized collision integral is symmetric with respect to scalar product defined by the second
derivative of the entropy functional,

/ Fad(0)g(0)LA(v) dv = / Frl () Lg(v)do |

dw' dv’ dw .

:/W(v,w|v’,w')fLM(”)fLM(W)[
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it is nonpositively definite,
[ fkmoie <o,

where equality sign takes place if the function /f;y; is a linear combination of collision invariants,
which characterize the null-space of the operator L. Spectrum of the linearized collision integral is
well studied in the case of the small angle cut-off.

2.2. Phenomenology and Quasi-chemical representation of the Boltzmann equation
Boltzmann’s original derivation of his collision integral was based on a phenomenological

“bookkeeping” of the gain and of the loss of probability density in the collision process. This
derivation postulates that the rate of gain G equals

G= / Wr,w |V, w)f) f(w)dv dw' dw ,
while the rate of loss is
L= / W= (o,w |0, w) f(v)f(w)dv' dw' dw .

The form of the gain and of the loss, containing products of one-body distribution functions
in place of the two-body distribution, constitutes the famous Stosszahlansatz. The Boltzmann col-
lision integral follows now as (G — L), subject to the detail balance for the rates of individual
collisions,

Wr,w| v, w)y=w"(v,w|v,w) .
This representation for interactions different from hard spheres requires also the cut-off of functions
p (3) at small angles. The gain-loss form of the collision integral makes it evident that the detail
balance for the rates of individual collisions is sufficient to prove the local H theorem. A weaker

condition which is also sufficient to establish the H theorem was first derived by Stueckelberg
(so-called semi-detailed balance), and later generalized to inequalities of concordance:

/dv’/dw’(W*(v,w]v’,w’)— w=(v,w|v,w)) >0,
/dv/dw(W*(v,w|v’,w’)— W= (o,w|v,w)) <0 .

The semi-detailed balance follows from these expressions if the inequality signs are replaced by
equalities.
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The pattern of Boltzmann’s phenomenological approach is often used in order to construct non-
linear kinetic models. In particular, nonlinear equations of chemical kinetics are based on this idea:
If n chemical species A; participate in a complex chemical reaction,

Z ogid; Z ﬁsiAi >

where oy and f; are nonnegative integers (stoichiometric coefficients) then equations of chemical
kinetics for the concentrations of species ¢; are written

dcl Z(ﬂ” — Oi) (/)S exp Z %, — ¢, exp Z ac
J

Functions ¢, and ¢, are interpreted as constants of the direct and of the inverse reactions, while
the function G is an analog of the Boltzmann’s H-function. Modern derivation of the Boltzmann
equation, initialized by the seminal work of N.N. Bogoliubov, seeks a replacement condition, and
which would be more closely related to many-particle dynamics. Such conditions are applied to
the N-particle Liouville equation should factorize in the remote enough past, as well as in the re-
mote infinity (the hypothesis of weakening of correlations). Different conditions has been formulated
by D.N. Zubarev, J. Lewis and others. The advantage of these formulations is the possibility to
systematically find corrections not included in the Stosszahlansatz.

2.3. Kinetic models

Mathematical complications caused by the nonlinearly Boltzmann collision integral are traced
back to the Stosszahlansatz. Several approaches were developed in order to simplify the Boltzmann
equation. Such simplifications are termed kinetic models. Various kinetic models preserve certain
features of the Boltzmann equation, while sacrificing the rest of them. The most well known kinetic
model which preserves the H theorem is the nonlinear Bhatnagar—Gross—Krook model (BGK) [89].
The BGK collision integral reads:

Oscx ==/ — fun(1)) -

The time parameter t > 0 is interpreted as a characteristic relaxation time to the local Maxwellian.
The BGK is a nonlinear operator: parameters of the local Maxwellian are identified with the values of
the corresponding moments of the distribution function f. This nonlinearly is of “lower dimension”
than in the Boltzmann collision integral because f1p(f) is a nonlinear function of only the moments
of f whereas the Boltzmann collision integral is nonlinear in the distribution function f itself. This
type of simplification introduced by the BGK approach is closely related to the family of so-called
mean-field approximations in statistical mechanics. By its construction, the BGK collision integral
preserves the following three properties of the Boltzmann equation: additive invariants of collision,
uniqueness of the equilibrium, and the H theorem. A class of kinetic models which generalized
the BGK model to quasi-equilibrium approximations of a general form is described as follows: The
quasi-equilibrium f* for the set of linear functionals M(f) is a distribution function f*(M)(x,v)
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which maximizes the entropy under fixed values of functions M. The quasi-equilibrium (QE) models
are characterized by the collision integral [90],

Oqe(f) = —%[f = ST MN]+ Oe(f“ (M), [T (M) -

Same as in the case of the BGK collision integral, operator Oqg is nonlinear in the moments M
only. The QE models preserve the following properties of the Boltzmann collision operator: additive
invariants, uniqueness of the equilibrium, and the H theorem, provided the relaxation time 7 to the
quasi-equilibrium is sufficiently small. A different nonlinear model was proposed by Lebowitz et al.
[91]:

0 0 0
QD=D<Mav-+ézaJv—mf»f).

The collision integral has the form of the self-consistent Fokker—Planck operator, describing diffusion
(in the velocity space) in the self-consistent potential. Diffusion coefficient D > 0 may depend on
the distribution function f. Operator Qp preserves the same properties of the Boltzmann collision
operator as the BGK model. The kinetic BGK model has been used for obtaining exact solutions of
gasdynamic problems, especially its linearized form for stationary problems. Linearized BGK colli-
sion model has been extended to model more precisely the linearized Boltzmann collision integral.

2.4. Methods of reduced description

One of the major issues raised by the Boltzmann equation is the problem of the reduced de-
scription. Equations of hydrodynamics constitute a closed set of equations for the hydrodynamic
field (local density, local momentum, and local temperature). From the standpoint of the Boltzmann
equation, these quantities are low-order moments of the one-body distribution function, or, in other
words, the macroscopic variables. The problem of the reduced description consists in giving an
answer to the following two questions:

1. What are the conditions under which the macroscopic description sets in?
2. How to derive equations for the macroscopic variables from kinetic equations?

The classical methods of reduced description for the Boltzmann equation are: the Hilbert method,
the Chapman—Enskog method, and the Grad moment method.

2.4.1. The Hilbert method
In 1911, David Hilbert introduced the notion of normal solutions,

fH(v’ n(xat)a ”(xat)a T(x’ t)) P

that is, solution to the Boltzmann equation which depends on space and time only through five
hydrodynamic fields [52].
The normal solutions are found from a singularly perturbed Boltzmann equation,

DS =10 1) (16)
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where ¢ is a small parameter, and
0 0
D f=— — .
=+ <v, ax> f

Physically, parameter ¢ corresponds to the Knudsen number, the ratio between the mean free path of
the molecules between collisions, and the characteristic scale of variation of the hydrodynamic fields.
In the Hilbert method, one seeks functions n(x,?), u(x,t), T(x,t), such that the normal solution in
the form of the Hilbert expansion,

fu=Y _dff (17)
i=0

satisfies the Eq. (16) order by order. Hilbert was able to demonstrate that this is formally possible.
Substituting (17) into (16), and matching various order in & we have the sequence of integral
equations

o =0, (18)
LA =D S (19)
LD =D f — o 1) (20)

and so on for higher orders. Here L is the linearized collision integral. From Eq. (18), it follows
that f} (9 is the local Maxwellian with parameters not yet determined. The Fredholm alternative, as
applied to the second Eq. (19) results in

(a) Solvability condition,

/D, F961, 0,02 dv=0

which is the set of compressible Euler equations of the nonviscous hydrodynamics. Solution to
the Euler equation determine the parameters of the Maxwellian f}.

(b) General solution fy = (1)1 + fa (12 Where fl({l)1 is the special solution to the linear integral
equation (19), and f} (1) is yet undetermined linear combination of the additive invariants of
collision.

(c) Solvability condition to the next equation (19) determines coefficients of the function f} (2
terms of solutions to the linear hyperbolic differential equations,

/Dt( AT £ b 2 do =0

Hilbert was able to demonstrate that this procedure of constructing the normal solution can be carried
out to arbitrary order n, where the function f}(ln) is determined from the solvability condition at the
next, (n+ 1)th order. In order to summarize, implementation of the Hilbert method requires solutions
for the function n(x,t), u(x,t), and T(x,t) obtained from a sequence of partial differential equations.



A.N. Gorban et al. | Physics Reports 396 (2004) 197403 215

2.4.2. The Chapman—Enskog method

A completely different approach to the reduced description was invented in 1917 by David Enskog
[93], and independently by Sidney Chapman [51]. The key innovation was to seek an expansion of
the time derivatives of the hydrodynamic variables rather than seeking the time-space dependencies
of these functions as in the Hilbert method.

The Chapman—Enskog method starts also with the singularly perturbed Boltzmann equation, and
with the expansion

o0

Jae=) & f& .

n=0

However, the procedure of evaluation of the functions fé’g differs from the Hilbert method:

& S =0, @1)
éQ:Q(fé%’,f(”H—f“” < ai) & - (22)

Operator 0(?/0¢ is defined from the expansion of the right hand side of hydrodynamic equation,

o {p,pu e} = /{m,mv,mzvz} ( )f(o)dv ) (23)

From Eq. (21), function fé%) is again the local Maxwellian, whereas (23) is the Euler equations,
and 0©)/0t acts on various functions g(p, pu,e) according to the chain rule,

5(0) 6g 0 g 0 g 00

ot =30 o P d(owy ot P de o
while the time derivatives 0(°)/0¢ of the hydrodynamic fields are expressed using the right hand side
of Eq. (23).

The result of the Chapman—Enskog definition of the time derivative 0(®)/0¢, is that the Fredholm
alternative is satisfied by the right hand side of Eq. (22). Finally, the solution to the homogeneous
equation is set to be zero by the requirement that the hydrodynamic variables as defined by the
function £ + ¢ () coincide with the parameters of the local Maxwellian f(®):

/{1,v,v2}fégdv =0

The first correction fé}a) of the Chapman—Enskog method adds the terms

o mv? 0
¥ {p,pu,e} = —/{m,mv,z} (v,ax> fé}s) dv

to the time derivatives of the hydrodynamic fields. These terms correspond to the dissipative hydro-
dynamics where viscous momentum transfer and heat transfer are in the Navier—Stokes and Fourier
form. The Chapman—Enskog method was the first true success of the Boltzmann equation since it
had made it possible to derive macroscopic equation without a priori guessing (the generalization
of the Boltzmann equation onto mixtures predicted existence of the thermodiffusion before it has
been found experimentally), and to express the kinetic coefficient in terms of microscopic particle’s
interaction.
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However, higher-order corrections of the Chapman—Enskog method, resulting in hydrodynamic
equations with derivatives (Burnett hydrodynamic equations) face serve difficulties both from the
theoretical, as well as from the practical sides. In particular, they result in unphysical instabilities of
the equilibrium.

2.4.3. The Grad moment method

In 1949, Harold Grad extended the basic assumption behind the Hilbert and the Chapman—Enskog
methods (the space and time dependence of the normal solutions is mediated by the five hydro-
dynamic moments) [158]. A physical rationale behind the Grad moment method is an assumption
of the decomposition of motions:

(i) During the time of order 7, a set of distinguished moments M’ (which include the hydro-
dynamic moments and a subset of higher-order moments) does not change significantly as
compared to the rest of the moments M” (the fast evolution).

(ii) Towards the end of the fast evolution, the values of the moments M” become unambiguously
determined by the values of the distinguished moments M’.

(iii) On the time of order 6> 1, dynamics of the distribution function is determined by the dynamics
of the distinguished moments while the rest of the moments remain to be determined by the
distinguished moments (the slow evolution period).

Implementation of this picture requires an ansatz for the distribution function in order to represent
the set of states visited in the course of the slow evolution. In Grad’s method, these representative
sets are finite-order truncations of an expansion of the distribution functions in terms of Hermite
velocity tensors:

N
faM',0) = fin(p.u,E,0) | 1+ am(M ) Hey(v —u)| (24)
(o)
where H,)(v — u) are various Hermite tensor polynomials, orthogonal with the weight fiy, while
coefficient a,)(M') are known functions of the distinguished moments M’, and N is the highest
order of M’. Other moments are functions of M’: M" = M"( fg(M")).

Slow evolution of distinguished moments is found upon substitution of Eq. (24) into the Boltzmann
equation and finding the moments of the resulting expression (Grad’s moment equations). Following
Grad, this extremely simple approximation can be improved by extending the list of distinguished
moments. The most well known is Grad’s 13-moment approximation where the set of distinguished
moments consists of five hydrodynamic moments, five components of the traceless stress tensor
oy = [ m[(v; — u;)(v; — u;) — (v — u)?/3]f dv, and of the three components of the heat flux vector
g = [(vi — u)m(v — u)*/2 f dv.

The time evolution hypothesis cannot be evaluated for its validity within the framework of Grad’s
approach. It is not surprising therefore that Grad’s methods failed to work in situations where it was
(unmotivatedly) supposed to, primarily, in the phenomena with sharp time-space dependence such
as the strong shock wave. On the other hand, Grad’s method was quite successful for describing
transition between parabolic and hyperbolic propagation, in particular, the second sound effect in
massive solids at low temperatures, and, in general, situations slightly deviating from the classical
Navier—Stokes—Fourier domain. Finally, the Grad method has been important background for
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development of phenomenological nonequilibrium thermodynamics based on hyperbolic first-order
equation, the so-called EIT (extended irreversible thermodynamics).

2.4.4. Special approximations

Special approximation of the solutions to the Boltzmann equation has been found for several
problems, and which perform better than results of “regular” procedures. The most well known is
the ansatz introduced independently by Mott—Smith and Tamm for the strong shock wave problem:
The (stationary) distribution function is thought as

Srvs(a(x)) = (1 = a(x)) f+ +alx) f-, (25)

where f1 are upstream and downstream Maxwell distribution functions, whereas a(x) is an
undetermined scalar function of the coordinate along the shock tube.

Equation for function a(x) has to be found upon substitution of Eq. (25) into the Bolltzmann
equation, and upon integration with some velocity-dependent function ¢(v). Two general problems
arise with the special approximation thus constructed: Which function ¢(v) should be taken, and
how to find correction to the ansatz like Eq. (25).

2.4.5. The method of invariant manifold

The general approach to the problem of reduced description for dissipative system was recognized
as the problem of finding stable invariant manifolds in the space of distribution functions [4-6].
The notion of invariant manifold generalizes the normal solution in the Hilbert and in the Chapman
—Enskog method, and the finite-moment sets of distribution function in the Grad method: If Q is
a smooth manifold in the space of distribution function, and if f, is an element of 2, then Q2 is
invariant with respect to the dynamic system,

af

2=I, (26)

if J(fo)eTQ forall focQ, (27)

where TC2 is the tangent bundle of the manifold 2. Application of the invariant manifold idea to
dissipative systems is based on iterations, progressively improving the initial approximation, involves
the following steps:

Thermodynamic projector. Given a manifold Q (not obligatory invariant), the macroscopic dy-
namics on this manifold is defined by the macroscopic vector field, which is the result of a projection
of vectors J(fo) onto the tangent bundle 7. The thermodynamic projector Pr, takes advantage of
dissipativity:

keI'PZZ - keerS\fQ 5 (28)

where DrS|;, is the differential of the entropy evaluated in fo.

This condition of thermodynamicity means that each state of the manifold € is regarded as the
result of decomposition of motions occurring near (2: The state fp is the maximum entropy state
on the set of states fo + ker P . Condition of thermodynamicity does not define projector com-
pletely; rather, it is the condition that should be satisfied by any projector used to define the macro-
scopic vector field, J/, =P} J(fq). For, once the condition (28) is met, the macroscopic vector field
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preserves dissipativity of the original microscopic vector field J(f):
DfS‘fQPZZ(J(fQ))ZO for all foeQ.
The thermodynamic projector is the formalization of the assumption that Q is the manifold of
slow motion: If a fast relaxation takes place at least in a neighborhood of €, then the states visited
in this process before arriving at fo belong to ker P; . In general, Py depends in a nontrivial way

on fo.
Iterations for the invariance condition. The invariance condition for the manifold @ reads

Po(J(fe)) =J(fa) =0,
here Pg is arbitrary (not obligatory thermodynamic) projector onto the tangent bundle of Q. The
invariance condition is considered as an equation which is solved iteratively, starting with initial
approximation . On the (n + 1)th iteration, the correction f"+1 = £ 4 57¢+D i found from
linear equations,

DyJ o f " =Pra(f™) = J(f")
Profrth =0, (29)

here DyJ; is the linear selfajoint operator with respect to the scalar product by the second differential
of the entropy DfS £

Together with the above-mentioned principle of thermodynamic projecting, the selfadjoint lineari-
zation implements the assumption about the decomposition of motions around the nth approximation.
The selfadjoint linearization of the Boltzmann collision integral QO (7) around a distribution function

f is given by the formula,
D,0°37 = [ e o ) S0

§ [fmv') L) 8f) af(w)

Sy S fe) o f(w)

If f = fLm, the self-adjoint operator (30) becomes the linearized collision integral.
The method of invariant manifold is the iterative process:

(f(n)’P;lk) N (f(n—‘rl)’P;!:) N (f(n+1),P*

n+1

dw' dv' dw . (30)

On the each 1st part of the iteration, the linear equation (29) is solved with the projector known from
the previous iteration. On the each 2nd part, the projector is updated, following the thermodynamic
construction.

The method of invariant manifold can be further simplified if smallness parameters are known.

The proliferation of the procedure in comparison to the Chapman—Enskog method is essentially
twofold:

First, the projector is made dependent on the manifold. This enlarges the set of admissible
approximations.

Second, the method is based on iteration rather than a series expansion in a smallness parameter.
Importance of iteration procedures is well understood in physics, in particular, in the renormal-
ization group approach to reducing the description in equilibrium statistical mechanics, and in the
Kolmogorov—Arnold—Moser theory of finite-dimensional Hamiltonian systems.
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2.4.6. Quasi-equilibrium approximations

Important generalization of the Grad moment method is the concept of the quasi-equilibrium ap-
proximations already mentioned above (we will discuss this approximation in detail in a separate
section). The quasi-equilibrium distribution function for a set of distinguished moment M = m(f")
maximizes the entropy density S for fixed M. The quasi-equilibrium manifold Q*(M') is the collection
of the quasi-equilibrium distribution functions for all admissible values of M. The quasi-equilibrium
approximation is the simplest and extremely useful (not only in the kinetic theory itself) implementa-
tion of the hypothesis about a decomposition of motions: if M are considered as slow variables, then
states which could be visited in the course of rapid motion in the vicinity of Q*(M) belong to the
planes I'yy ={f |m(f — f*(M))=0}. In this respect, the thermodynamic construction in the method
of invariant manifold is a generalization of the quasi-equilibrium approximation where the given
manifold is equipped with a quasi-equilibrium structure by choosing appropriately the macroscopic
variables of the slow motion. In contrast to the quasi-equilibrium, the macroscopic variables thus
constructed are not obligatory moments. A text book example of the quasi-equilibrium approximation
is the generalized Gaussian function for M = {p, pu, P} where P;; = [ v;v; f dv is the pressure tensor.

The thermodynamic projector P* for a quasi-equilibrium approximation was first introduced by
Robertson [95] (in a different context of conservative dynamics and for a special case of the
Gibbs—Shannon entropy). It acts on a function ¥ as follows:

a *
P =>" ) m;¥ dv |

oM;

where M = [ m; f dv. The quasi-equilibrium approximation does not exist if the highest order mo-
ment is an odd polynomial of velocity (therefore, there exists no quasi-equilibrium for thirteen
Grad’s moments). Otherwise, the Grad moment approximation is the first-order expansion of the
quasi-equilibrium around the local Maxwellian.

2.5. Discrete velocity models

If the number of microscopic velocities is reduced drastically to only a finite set, the resulting
discrete velocity, continuous time and continuous space models can still mimic the gas-dynamic
flows. This idea was introduced in Broadwell’s paper in 1963 to mimic the strong shock wave [94].

Further important development of this idea was due to Cabannes and Gatignol in the seventies
who introduced a systematic class of discrete velocity models [98]. The structure of the collision
operators in the discrete velocity models mimics the polynomial character of the Boltzmann collision
integral. Discrete velocity models are implemented numerically by using the natural operator splitting
in which each update due to free flight is followed by the collision update, the idea which dates
back to Grad. One of the most important recent results is the proof of convergence of the discrete
velocity models with pair collisions to the Boltzmann collision integral.

2.6. Direct simulation
Besides the analytical approach, direct numerical simulation of Boltzmann-type nonlinear kinetic

equations have been developed since mid of 1960s [96,97]. The basis of the approach is a represen-
tation of the Boltzmann gas by a set of particles whose dynamics is modeled as a sequence of free
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propagation and collisions. The modeling of collisions uses a random choice of pairs of particles
inside the cells of the space, and changing the velocities of these pairs in such a way as to comply
with the conservation laws, and in accordance with the kernel of the Boltzmann collision integral.
At present, there exists a variety of this scheme known under the common title of the direct simula-
tion Monte-Carlo method [96,97]. The DSMC, in particular, provides data to test various analytical
theories.

2.7. Lattice gas and Lattice Boltzmann models

Since mid of 1980s, the kinetic theory based approach to simulation of complex macroscopic
phenomena such as hydrodynamics has been developed. The main idea of the approach is construction
of minimal kinetic system in such a way that their long-time and large-scale limit matches the
desired macroscopic equations. For this purpose, the fully discrete (in time—space—velocity) nonlinear
kinetic equations are considered on sufficiently isotropic lattices, where the links represent the discrete
velocities of fictitious particles. In the earlier version of the lattice methods, the particle-based picture
has been exploited, subject to the exclusion rule (one or zero particle per lattice link) [the lattice gas
model [99]]. Most of the present versions use the distribution function picture, where populations of
the links are noninteger [the Lattice Boltzmann model [100—104]]. Discrete-time dynamics consists
of a propagation step where populations are transmitted to adjacent links and collision step where
populations of the links at each node of the lattice are equilibrated by a certain rule. Most of the
present versions use the BGK-type equilibration, where the local equilibrium is constructed in such a
way as to match desired macroscopic equations. The Lattice Boltzmann method is a useful approach
for computational fluid dynamics, effectively compliant with parallel architectures. The proof of the
H theorem for the Lattice gas models is based on the semi-detailed (or Stueckelberg’s) balance
principle. The proof of the H theorem in the framework of the Lattice Boltzmann method has been
only very recently achieved [105-110].

2.8. Other kinetic equations

2.8.1. The Enskog equation for hard spheres

The Enskog equation for hard spheres is an extension of the Boltzmann equation to moderately
dense gases. The Enskog equation explicitly takes into account the nonlocality of collisions through a
two-fold modification of the Boltzmann collision integral: First, the one-particle distribution functions
are evaluated at the locations of the centers of spheres, separated by the nonzero distance at the
impact. This makes the collision integral nonlocal in space. Second, the equilibrium pair distribution
function at the contact of the spheres enhances the scattering probability. The proof of the H theorem
for the Enskog equation has posed certain difficulties, and has led to a modification of the collision
integral.

Methods of solution of the Enskog equation are immediate generalizations of those developed for
the Boltzmann equation, but there is one additional difficulty. The Enskog collision integral is non-
local in space. The Chapman—Enskog method, when applied to the Enskog equation, is supplemented
with a gradient expansion around the homogeneous equilibrium state.
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2.8.2. The Vlasov equation

The Vlasov equation (or kinetic equation for a self-consistent force) is the nonlinear equation
for the one-body distribution function, which takes into account a long-range interaction between
particles:

0 0 0

where F = [ &(|x — x'|)(x — x')/(]x — x'|)n(x’)dx’ is the self-consistent force. In this expression
@(|x — x'|)(x — x")/(]x — x'|) is the microscopic force between the two particles, and n(x’) is the
density of particles, defined self-consistently, n(x") = [ f(x’,v)dv.

The Vlasov equation is used for a description of collisionless plasmas in which case it is completed
by a set of Maxwell equation for the electromagnetic field [135]. It is also used for a description of
the gravitating gas.

The Vlasov equation is an infinite-dimensional Hamiltonian system. Many special and approximate
(wave-like) solutions to the Vlasov equation are known and they describe important physical effects.
One of the most well known effects is the Landau damping: The energy of a volume element
dissipates with the rate

» (k) dfo

_‘E| >
k2dv |,

where f; is the Maxwell distribution function, |E| is the amplitude of the applied monochromatic
electric field with the frequency w(k), k is the wave vector. The Landau damping is thermody-
namically reversible effect, and it is not accompanied with an entropy increase. Thermodynamically
reversed to the Landau damping is the plasma echo effect.

2.8.3. The Fokker—Planck equation
The Fokker—Planck equation (FPE) is a familiar model in various problems of nonequilibrium
statistical physics [111,112]. We consider the FPE of the form

W(x,t) D d d
— ax{D[WaxUJraxWH. (31)

Here W (x,t) is the probability density over the configuration space x, at the time ¢, while U(x) and
D(x) are the potential and the positively semi-definite ((y, Dy) = 0) diffusion matrix.

The FPE (31) is particularly important in studies of polymer solutions [113—115]. Let us recall
the two properties of the FPE (31), important to what will follow: (i). Conservation of the total
probability: [ W(x,7)dx= 1. (ii). Dissipation: The equilibrium distribution, Weq oc exp(—U), is the
unique stationary solution to the FPE (31). The entropy,

W(x, t)}
Weq(x)

S[wW]= / W(x,t)ln [ (32)
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is a monotonically growing function due to the FPE (31), and it arrives at the global maximum in
the equilibrium. These properties are most apparent when the FPE (31) is rewritten as follows:

- oS[W]
O W(x,t)=My WD)’ (33)
where
N 0 0
MW = —a [W(x,t)D(x)ax]

is a positive semi-definite symmetric operator with kernel 1. Form (33) is the dissipative part of a
structure termed GENERIC (the dissipative vector field is a metric transform of the entropy gradient)
[116,117].

The entropy does not depend on kinetic constants. It is the same for different details of kinetics
and depends only on equilibrium data. Let us call this property “universality”. It is known that
for the Boltzmann equation there exists only one universal Lyapunov functional. It is the entropy
(we do not distinguish functionals which are connected by multiplication on a constant or adding a
constant). But for the FPE there exists a big family of universal Lyapunov functionals. Let 4(a) be
a convex function of one variable a = 0, 4"(a) > 0,

W(x,t
Sp[W]= /Weq(x)h[ ( )] (34)
Weq(x)
The production of the generalized entropy S;, g;, is nonnegative:
W(x,t) 0 W(x,t) 0 W(x,t)
= Weq(x)h" — ,D — > 35
7 () {Weq(x)] ( Weq(x)  0x Weg(x) (35)

The most important variants for choice of 4:

ha)=alna, S, is the Boltzmann—Gibbs—Shannon entropy (in the Kullback form [118,119]),

h(a)=alna — €lna, S; is the maximal family of additive entropies [120-122] (these entropies
are additive for composition of independent subsystems).

h(a) = (1 —a?)/(1 — q), S} is the family of Tsallis entropies [123,124]. These entropies are not
additive, but become additive after nonlinear monotonous transformation. This property can serve as
definition of the Tsallis entropies in the class of generalized entropies (34) [122].

2.9. Equations of chemical kinetics and their reduction

2.9.1. Outline of the dissipative reaction kinetics

We begin with an outline of the reaction kinetics (for details see e.g. the book [59]). Let us
consider a closed system with n chemical species Aj,...,A,, participating in a complex reaction.
The complex reaction is represented by the following stoichiometric mechanism:

O‘slAl + -+ o‘snAn = ,leAl +- ﬁsnAn ) (36)

where the index s = 1,...,7 enumerates the reaction steps, and where integers, oy and f;, are
stoichiometric coefficients. For each reaction step s, we introduce n-component vectors a; and S
with components o and f;. Notation y, stands for the vector with integer components 7y = fi;; — %
(the stoichiometric vector).
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For every A; an extensive variable N;, “the number of particles of that species”, is defined. The
concentration of 4; is ¢; = N;/V, where V is the volume.
Given the stoichiometric mechanism (36), the reaction kinetic equations read:

N=VI(), J)=> yWde), (37)
s=1
where dot denotes the time derivative, and W is the reaction rate function of the step s. In particular,
the mass action law suggests the polynomial form of the reaction rates:

Wi(e) =W (e) =W, () =k (D[ e =k (D[] (38)
i=1 i=1
where k(7)) and k, (T') are the constants of the direct and of the inverse reactions rates of the sth
reaction step, 7' is the temperature. The (generalized) Arrhenius equation gives the most popular
form of dependence k. (T):

kE(T) = aXT" exp(SE k) exp(—HE /ksT) | (39)

where asi, b;t are constants, Hsi are activation enthalpies, Ssi are activation entropies.
The rate constants are not independent. The principle of detail balance gives the following con-
nection between these constants: There exists such a positive vector ¢®4(7T') that

W) =W (%) forall s=1,...,r. (40)

The necessary and sufficient conditions for existence of such ¢® can be formulate as the system
of polynomial equalities for {k*}, if the stoichiometric vectors {y,} are linearly dependent (see, for
example, [59]).

The reaction kinetic equations (37) do not give us a closed system of equations, because dynamics
of the volume V' is not defined still. Four classical conditions for closure of this system are well
studied: U, V = const (isolated system, U is the internal energy); H, P = const (thermal isolated
isobaric system, P is the pressure, H = U + PV is the enthalpy), V', T =const (isochoric isothermal
conditions); P, T=const (isobaric isothermal conditions). For V', T=const we do not need additional
equations and data. It is possible just to divide Eq. (37) on the constant volume and write

é=> yWi(e) . (41)
s=1

For nonisothermal and nonisochoric conditions we do need addition formulae to derive 7" and V.
For all four classical conditions the thermodynamic Lyapunov functions G for kinetic equations are
known:

U, V =const, Gyy =—S/kg; V, T =const, Gyr =F/kgT = U/kgT — S/ks ;
H, P=const, Gyp=—S/ks; P, T =const, Gpr =G/T =H/kgT — S/kg , (42)

where ' = U — TS is the free energy (Helmholtz free energy), G = H — TS is the free enthalpy
(Gibbs free energy). All the thermodynamic Lyapunov functions are normalized to dimensionless
scale (if one measures the number of particles in moles, then it is necessary to change kg to R). All
these functions decrease in time. For classical conditions the correspondent thermodynamic Lyapunov
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functions can be written in the form: Ge(const, V). The derivatives 0G,(const, N)/0ON; are the same
functions of ¢ and T for all classical conditions:

aG.(COHSt, N) o ,uchemi(ca T)
ON; kT
where fichemi(c, T) is the chemical potential of A4;.
Usual G,(const, V) are strictly convex functions of /V, and the matrix 0u;/dc; is positively defined.
The dissipation inequality (44) holds
dG.
dt
This inequality is the restriction on possible kinetic low and on possible values of kinetic constants.
The most important generalization of the mass action law (38) is the Marcelin—De Donder kinetic
function. This generalization [187,188] is based on ideas of the thermodynamic theory of affinity
[189]. We use the kinetic function suggested in its final form in [188]. Within this approach, the

functions W, are constructed as follows: For a given u(c,T) (43), and for a given stoichiometric
mechanism (36), we define the gain (4) and the loss (—) rates of the sth step,

W, =l exp(p,a), W, =, exp(n,B,) , (45)

where ¢F > 0 are kinetic factors. The Marcelin-De Donder kinetic function reads: W, =W — W,
and the right hand side of the kinetic equation (37) becomes,

(e, T) = (43)

=V(pJ)<0. (44)

T => v o) expu,a) — o) exp(p, B,)} - (46)

s=1

For the Marcelin—De Donder reaction rate (45), the dissipation inequality (44) reads:
G=>> (B, — (ma){ole®™ — g e®h)} <0. (47)
s=1

The kinetic factors @F should satisfy certain conditions in order to make valid the dissipation
inequality (47). A well known sufficient condition is the detail balance:

o =05 (48)

other sufficient conditions are discussed in detail elsewhere [125,59,126].

For ideal systems, function G, is constructed from the thermodynamic data of individual species.
It is convenient to start from the isochoric isothermal conditions. The Helmholtz free energy for
ideal system is

F=ksT» Nilne; — 1+ po] + constry (49)

1

where the internal energy is assumed to be a linear function:

U= NuiT)=)  Nifuo+ Cnl)
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in given interval of ¢, T, u;(T) is the internal energy of A; per particle. It is well known that
S = —(0F/0T Yy N=const» U =F + TS = F — T(0F/0T )y, N=const» hence, u;(T) = —kpT?* dug;/dT and

toi = 0; + uoi/kg T — (Cyi/kg)In T, (50)

where 0; = const, Cy; is the A; heat capacity at constant volume (per particle).
In concordance with the form of ideal free energy (49) the expression for u is:

i = Inc; + 6; + ugi/kgT — (Cyi/kg)In T . (51)

For the function u of form (51), the Marcelin—De Donder equation casts into the more familiar
mass action law form (38). Taking into account the principle of detail balance (48) we get the ideal
rate functions:

Wi(e)=W(e) =W (c),

n
W:r(c) = (¢, T)T~ 2 wiCrifks g ; %sidituoi/kpT) H e,
i=1

n
Wy_(c) — QD(C, T)T_ > ﬁsiCV[/kBeZ i Bsi(0i-+uoi/kT) H cl/?)i . (52)
i=1
where ¢(c,T) is an arbitrary positive function (from thermodynamic point of view).
Let us discuss further the vector field J(¢) in the concentration space (41). Conservation laws
(balances) impose linear constrains on admissible vectors de¢/d¢:

(bj,c)=B;=const, i=1,...,1, (53)

where b; are fixed and linearly independent vectors. Let us denote as B the set of vectors which
satisfy the conservation laws (53) with given B;:

B:{C|(bl,C):Bl,...,(bl,c):B]} .

The natural phase space X of system (41) is the intersection of the cone of n-dimensional vectors
with nonnegative components, with the set B, and dimX =d =n — [. In the sequel, we term a
vector ¢ € X the state of the system. In addition, we assume that each of the conservation laws is
supported by each elementary reaction step, that is

(v 5) =0, (54)

for each pair of vectors y, and b;.

Reaction kinetic equations describe variations of the states in time. The phase space X is positive-
invariant of system (41): If ¢(0) € X, then ¢(z) € X for all the times ¢ > 0.

In the sequel, we assume that the kinetic equation (41) describes evolution towards the unique
equilibrium state, ¢, in the interior of the phase space X. Furthermore, we assume that there exists
a strictly convex function G(¢) which decreases monotonically in time due to Eq. (41):

Here VG is the vector of partial derivatives 0G/dc;, and the convexity assumes that the n X n
matrices

H, = ||9*G(¢)/dc;idc;]| , (55)



226 A.N. Gorban et al. | Physics Reports 396 (2004) 197—-403

are positive definite for all ¢ € X. In addition, we assume that the matrices (55) are invertible if ¢
is taken in the interior of the phase space.

The function G is the Lyapunov function of system (37), and ¢® is the point of global mini-
mum of the function G in the phase space X. Otherwise stated, the manifold of equilibrium states
c*U(By,...,B;) is the solution to the variational problem,

G — min for (b;,c)=B;, i=1,...,[. (56)

For each fixed value of the conserved quantities B;, the solution is unique. In many cases, however,
it is convenient to consider the whole equilibrium manifold, keeping the conserved quantities as
parameters.

For example, for perfect systems in a constant volume under a constant temperature, the Lyapunov
function G reads

G=> clln(c/cf) 1] . (57)

i=1

It is important to stress that ¢® in Eq. (57) is an arbitrary equilibrium of the system, under
arbitrary values of the balances. In order to compute G(c¢), it is unnecessary to calculate the specific
equilibrium ¢*? which corresponds to the initial state ¢. Let us compare the Lyapunov function G
(57) with the classical formula for the free energy (49). This comparison gives a possible choice
for ¢*:

In C?q =—0; — ”0i/kBT + (CV,'/kB)ln T . (58)

2.9.2. The problem of reduced description in chemical kinetics
What does it mean, “to reduce the description of a chemical system™? This means the following:

1. To shorten the list of species. This, in turn, can be achieved in two ways:

(i) To eliminate inessential components from the list;

(ii) To lump some of the species into integrated components.

2. To shorten the list of reactions. This also can be done in several ways:

(i) To eliminate inessential reactions, those which do not significantly influence the reaction
process;

(i1) To assume that some of the reactions “have been already completed”, and that the equi-
librium has been reached along their paths (this leads to dimensional reduction because
the rate constants of the “completed” reactions are not used thereafter, what one needs are
equilibrium constants only).

3. To decompose the motions into fast and slow, into independent (almost-independent) and slaved,
etc. As the result of such a decomposition, the system admits a study “in parts”. After that,
results of this study are combined into a joint picture. There are several approaches which fall
into this category. The famous method of the quasi-steady state (QSS), pioneered by Bodenstein
and Semenov, follows the Chapman—Enskog method. The partial equilibrium approximations
are predecessors of the Grad method and quasi-equilibrium approximations in physical kinetics.
These two family of methods have different physical backgrounds and mathematical forms.
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2.9.3. Partial equilibrium approximations
Quasi-equilibrium with respect to reactions is constructed as follows: from the list of reactions
(36), one selects those which are assumed to equilibrate first. Let they be indexed with the numbers

S1,---,8¢. The quasi-equilibrium manifold is defined by the system of equations,
wh=w_, i=1..,k. (59)

This system of equations looks particularly elegant when written in terms of conjugated (dual)
variables, uy = VG:

(ys,m)=0, i=1,...,k. (60)

In terms of conjugated variables, the quasi-equilibrium manifold forms a linear subspace. This sub-
space, L1, is the orthogonal completement to the linear envelope of vectors, L = lin{y,,.... 7, }-

Quasi-equilibrium with respect to species is constructed practically in the same way but without
selecting the subset of reactions. For a given set of species, 4;,,...,4;,, one assumes that they evolve
fast to equilibrium, and remain there. Formally, this means that in the k-dimensional subspace of the
space of concentrations with the coordinates c;,,...,c;, one constructs the subspace L which is defined
by the balance equations, (b;,,¢) = 0. In terms of the conjugated variables, the quasi-equilibrium
manifold, L+, is defined by equations,

pELT, (u=(tt.... 1)) - (61)

The same quasi-equilibrium manifold can be also defined with the help of fictitious reactions: Let
g1,...,8, be a basis in L. Then Eq. (61) may be rewritten as follows:

(&g-m)=0, i=1...4q. (62)

Hllustration: Quasi-equilibrium with respect to reactions in hydrogen oxidation: Let us assume equi-
librium with respect to dissociation reactions, H, = 2H, and, O, = 20, in some subdomain of
reaction conditions. This gives

+. =2 +. =2
ki'cn, =k ¢y,  kyco, =k, cg .

Quasi-equilibrium with respect to species: for the same reaction, let us assume equilibrium over
H, O, OH, and H,0,, in a subdomain of reaction conditions. Subspace L is defined by balance
constraints:

¢y + con + 2¢m0, =0,  co + con + 2¢m0, =0 .

Subspace L is two-dimensional. Its basis, {g;,g>} in the coordinates cy, co, con, and cp,0, reads:
g1=(1,1,-1,0), g=(2,2,0,—1).

Corresponding Eq. (62) is
pu + plo = plon,  2uH + 20 = M0, -

General construction of the quasi-equilibrium manifold: Tn the space of concentration, one defines
a subspace L which satisfies the balance constraints:

(b,L)=0 .
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The orthogonal complement of L in the space with coordinates u = VG defines then the quasi-
equilibrium manifold €2;. For the actual computations, one requires the inversion from u to c.
Duality structure p < ¢ is well studied by many authors [127,126].

Quasi-equilibrium projector. 1t is not sufficient to just derive the manifold, it is also required to
define a projector which would transform the vector field defined on the space of concentrations
to a vector field on the manifold. Quasi-equilibrium manifold consists of points which minimize G
on the affine spaces of the form ¢ + L. These affine planes are hypothetic planes of fast motions
(G 1is decreasing in the course of the fast motions). Therefore, the quasi-equilibrium projector maps
the whole space of concentrations on €2; parallel to L. The vector field is also projected onto the
tangent space of €2, parallel to L.

Thus, the quasi-equilibrium approximation implies the decomposition of motions into the
fast—parallel to L, and the slow—along the quasi-equilibrium manifold. In order to construct the
quasi-equilibrium approximation, knowledge of reaction rate constants of “fast” reactions is not
required (stoichiometric vectors of all these fast reaction are in L, yq €L, thus, knowledge of
L suffices), one only needs some confidence in that they all are sufficiently fast [128]. The quasi-
equilibrium manifold itself is constructed based on the knowledge of L and of G. Dynamics on the
quasi-equilibrium manifold is defined as the quasi-equilibrium projection of the “slow component”
of kinetic equations (37).

2.9.4. Model equations

The assumption behind the quasi-equilibrium is the hypothesis of the decomposition of motions
into fast and slow. The quasi-equilibrium approximation itself describes slow motions. However,
sometimes it becomes necessary to restore to the whole system, and to take into account the
fast motions as well. With this, it is desirable to keep intact one of the important advantages of
the quasi-equilibrium approximation—its independence of the rate constants of fast reactions. For
this purpose, the detailed fast kinetics is replaced by a model equation (single relaxation time
approximation).

Quasi-equilibrium models (QEM) are constructed as follows: For each concentration vector ¢,
consider the affine manifold, ¢ + L. Its intersection with the quasi-equilibrium manifold €2; consists
of one point. This point delivers the minimum to G on ¢+ L. Let us denote this point as ¢j(¢). The
equation of the quasi-equilibrium model reads:

1
¢=——le— ]+ _nWic(e) . (63)

slow

where t > 0 is the relaxation time of the fast subsystem. Rates of slow reactions are computed at the
points ¢;(¢) (the second term on the right hand side of Eq. (63)), whereas the rapid motion is taken
into account by a simple relaxational term (the first term on the right hand side of Eq. (63)). The
most famous model kinetic equation is the BGK equation in the theory of the Boltzmann equation
[89]. The general theory of the quasi-equilibrium models, including proofs of their thermodynamic
consistency, was constructed in the paper [90].

Single relaxation time gradient models (SRTGM) were considered in the context of the lattice
Boltzmann method for hydrodynamics [109,129]. These models are aimed at improving the obvious
drawback of quasi-equilibrium models (63): In order to construct the QEM, one needs to compute
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the function,

cj(c)=arg xecﬂinwo G(x) . (64)

This is a convex programming problem. It does not always has a closed-form solution.

Let gy,...,g; is the orthonormal basis of L. We denote as D(c) the k x k matrix with the elements
(gi, H.g;), where H, is the matrix of second derivatives of G (55). Let C(c) be the inverse of D(c).
The single relaxation time gradient model has the form:

¢ == 3 6 C((g, Vo) + o) (65)
i,j slow
The first term drives the system to the minimum of G on ¢ + L, it does not require solving the
problem (64), and its spectrum in the quasi-equilibrium is the same as in the quasi-equilibrium
model (63). Note that the slow component is evaluated in the “current” state c.
The first term in Eq. (65) has a simple form

1
é:—;gradG , (66)

if one calculates grad G with the entropic scalar product® (x,y) = (x, H.p).
Models (63) and (65) lift the quasi-equilibrium approximation to a kinetic equation by approxi-
mating the fast dynamics with a single “reaction rate constant”—relaxation time 7.

2.9.5. Quasi-steady state approximation

The quasi-steady state approximation (QSS) is a tool used in a major number of works. Let us
split the list of species in two groups: The basic and the intermediate (radicals etc). Concentration
vectors are denoted accordingly, ¢* (slow, basic species), and ¢! (fast, intermediate species). The
concentration vector ¢ is the direct sum, c=c*®¢cf. The fast subsystem is Eq. (37) for the component
¢’ at fixed values of ¢°. If it happens that this way defined fast subsystem relaxes to a stationary
state, ¢! — ¢! (¢*), then the assumption that ¢' = ¢{(¢) is precisely the QSS assumption. The slow
subsystem is the part of system (37) for ¢%, on the right hand side of which the component ¢ is
replaced with cgss(c). Thus, J = J; ® Jr, where

d=Jt @), =const; of — cflss(cs) ; (67)

& = J(¢° B e () . (68)

Bifurcations in system (67) under variation of ¢* as a parameter are confronted to kinetic critical
phenomena. Studies of more complicated dynamic phenomena in the fast subsystem (67) require
various techniques of averaging, stability analysis of the averaged quantities, etc.

Various versions of the QSS method are well possible, and are actually used widely, for example,
the hierarchical QSS method. There, one defines not a single fast subsystem but a hierarchy of them,
¢, ..., c%. Each subsystem c' is regarded as a slow system for all the foregoing subsystems, and it

3Let us remind that grad G is the Riesz representation of the differential of G in the phase space X: G(c + Ac) =
G(c¢) + (grad G(¢), Ac) + o(Ac). It depends on the scalar product, and from thermodynamic point of view there is only
one distinguished scalar product in concentration space. Usual definition of grad G as the vector of partial derivatives
corresponds to the standard scalar product (e,e).
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is regarded as a fast subsystem for the following members of the hierarchy. Instead of one system
of Egs. (67), a hierarchy of systems of lower-dimensional equations is considered, each of these
subsystem is easier to study analytically.

Theory of singularly perturbed systems of ordinary differential equations is used to provide a
mathematical background and further development of the QSS approximation. In spite of a broad
literature on this subject, it remains, in general, unclear, what is the smallness parameter that separates
the intermediate (fast) species from the basic (slow). Reaction rate constants cannot be such a
parameter (unlike in the case of the quasi-equilibrium). Indeed, intermediate species participate in
the same reactions, as the basic species (for example, H, = 2H, H+ O, = OH + O). It is therefore
incorrect to state that ¢ evolve faster than ¢°. In the sense of reaction rate constants, ¢ is not faster.

For catalytic reactions, it is not difficult to figure out what is the smallness parameter that sep-
arates the intermediate species from the basic, and which allows to upgrade the QSS assumption
to a singular perturbation theory rigorously [59]. This smallness parameter is the ratio of balances:
Intermediate species include the catalyst, and their total amount is simply significantly less than the
amount of all the ¢;’s. After renormalizing to the variables of one order of magnitude, the small pa-
rameter appears explicitly. The simplest example gives the catalytic reaction 4 + Z =AZ =P+ Z
(here Z is a catalyst, A and P are an initial substrate and a product). The kinetic equations are
(in obvious notations):

¢y =—kicacz + ki caz ,

C"Z = —ki‘rCACZ + kl_CAZ + k;_CAZ — k;CZCp ,

C"AZ = k;LCACZ — kl_CAZ — k;CAZ + kZ_CZcP .

ép = k;cAZ - k;CZCP . (69)

The constants and the reactions rates are the same for concentrations cy,cp, and for cz,cyz, and
cannot give a reason for relative slowness of c4,cp in comparison with c¢z,cz, but there may be
another source of slowness. There are two balances for this kinetics: ¢y +cp+cyz =By, ¢z +ciz=B7.
Let us go to dimensionless variables:

Su=cua/Bs, cp=cp/Bsy Ccz=cz/Bz, Cuz=cuz/Bz ;

. k.
cu=Bz |:_k1+CACZ + i Caz| >
4
. ki k' _
¢z =By |:_k1+CACZ + BL Caz + BL Suz — ky czsp|
4 4
By
CA+§P+F§A221, cztcuz=1, ce=20. (70)
4

For B; <B, the slowness of ¢4, ¢p is evident from these Egs. (70).

For usual radicals, the origin of the smallness parameter is quite similar. There are much less
radicals than the basic species (otherwise, the QSS assumption is inapplicable). In the case of radicals,
however, the smallness parameter cannot be extracted directly from balances B; (53). Instead, one
can come up with a thermodynamic estimate: Function G decreases in the course of reactions,
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whereupon we obtain the limiting estimate of concentrations of any species:

¢ < max ¢, (71)
G(¢)<G(e(0))
where ¢(0) is the initial composition. If the concentration cg of the radical R is small both initially
and in the equilibrium, then it should remain small also along the path to the equilibrium. For
example, in the case of ideal G (57) under relevant conditions, for any ¢ > 0, the following inequality
is valid:

cr[In(cr(1)/cg!) — 11 < G(e(0)) (712)

Inequality (72) provides the simplest (but rather coarse) thermodynamic estimate of cg(¢) in terms
of G(¢(0)) and cg! uniformly for t > 0. Complete theory of thermodynamic estimates of dynamics
has been developed in the book [125].

One can also do computations without a priori estimations, if one accepts the QSS assumption
until the values ¢ stay sufficiently small. It is the simplest way to operate with QSS: Just use it
until ¢ are small.

Let us assume that an a priori estimate has been found, ¢;(¢) < ¢; max, for each ¢;. These estimate
may depend on the initial conditions, thermodynamic data etc. With these estimates, we are able to
renormalize the variables in the kinetic equations (37) in such a way that the renormalized variables
take their values from the unit segment [0, 1]: ¢; = ¢;/¢; max. Then system (37) can be written as
follows:

dé; 1

TR Ji(e) . (73)
The system of dimensionless parameters, €; = ¢; max/MaxX; ¢; max defines a hierarchy of relaxation
times, and with its help one can establish various realizations of the QSS approximation. The simplest
version is the standard QSS assumption: Parameters €; are separated in two groups, the smaller ones,
and of the order 1. Accordingly, the concentration vector is split into ¢® & ¢f. Various hierarchical
QSS are possible, with this, the problem becomes more tractable analytically.

There exist a variety of ways to introduce the smallness parameter into kinetic equations, and one
can find applications to each of the realizations. However, the two particular realizations remain basic
for chemical kinetics: (i) fast reactions (under a given thermodynamic data); (ii) small concentrations.
In the first case, one is led to the quasi-equilibrium approximation, in the second case—to the
classical QSS assumption. Both of these approximations allow for hierarchical realizations, those
which include not just two but many relaxation time scales. Such a multi-scale approach essentially
simplifies analytical studies of the problem.

2.9.6. Thermodynamic criteria for selection of important reactions

One of the problems addressed by the sensitivity analysis is the selection of the important and
discarding the unimportant reactions. A simple principle was suggested in the paper [130] to com-
pare importance of different reactions according to their contribution to the entropy production (or,
which is the same, according to their contribution to G). Based on this principle, Dimitrov [133]
described domains of parameters in which the reaction of hydrogen oxidation, H, + O, + M, pro-
ceeds due to different mechanisms. For each elementary reaction, he has derived the domain inside
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which the contribution of this reaction is essential (nonnegligible). Due to its simplicity, this en-
tropy production principle is especially well suited for analysis of complex problems. In particular,
recently, a version of the entropy production principle was used in the problem of selection of
boundary conditions for Grad’s moment equations [131,132]. For ideal systems (57), as well, as for
the Marcelin—De Donder kinetics (47) the contribution of the sth reaction to G has a particularly
simple form:

) w+ ) .
Gy, =—-W,l1 S , G= G, . 74
(W) > (74)

s

2.9.7. Opening

One of the problems to be focused on when studying closed systems is to prepare extensions of
the result for open or driven by flows systems. External flows are usually taken into account by
additional terms in the kinetic equations (37):

N =VJ(c)+H(c1) . (75)

It is important to stress here that the vector field J(¢) in Egs. (75) is the same, as for the closed
system, with thermodynamic restrictions, Lyapunov functions, etc. The thermodynamic structures are
important for analysis of open systems (75), if the external flow IT is small in some sense, is linear
function of ¢, has small time derivatives, etc. There are some general results for such “weakly open”
systems, for example the Prigogine minimum entropy production theorem [134] and the estimations
of possible of steady states and limit sets for open systems, based on thermodynamic functions and
stoichiometric equations [125].

There are general results for another limit case: for very intensive flow the dynamics is very
simple again [59]. Let the flow have a natural structure: II(c,t) = vp(2)cin(?) — vout(2)c(t), where
vin and vy are the rates of inflow and outflow, ¢;,(¢) is the concentration vector for inflow. If vy
is sufficiently big, veu(?) > vy for some critical value vy and all ¢ > 0, then for the open system
(75) the Lyapunov norm exists: for any two solutions ¢!(¢) and ¢*(¢) the function |¢'(z) — ¢2(¢)||
monotonically decreases in time. Such a critical value vy exists for any norm, for example, for usual
Euclidian norm || e ||> = (e, e).

For arbitrary form of II, system (75) can lose all signs of being thermodynamic one. Nevertheless,
thermodynamic structures often can help in the study of open systems.

The seminal questions are: What happens with slow/fast motion separation after opening? Which
slow invariant manifold for the closed system can be deformed to the slow invariant manifold for
the open system? Which slow invariant manifold for the closed system can be used as approximate
slow invariant manifold for the open system? There is more or less useful technique to seek the
answers for specific systems under consideration.

The way to study an open system as the result of opening a closed system may be fruitful.
In any case, out of this way we have just a general dynamical system (75) and no hints what
to do with.

Basic introductory textbook on physical kinetics of the Landau L.D. and Lifshitz E.M. Course of
Theoretical Physics [135] contains many further examples and their applications.

Modern development of kinetics follows the route of specific numerical methods, such as direct
simulations. An opposite tendency is also clearly observed, and the kinetic theory based schemes are
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increasingly used for the development of numerical methods and models in mechanics of continuous
media.

3. Invariance equation in the differential form

The notions and notations of this section will apply elsewhere below.

Definition of the invariance in terms of motions and trajectories assumes, at least, existence and
uniqueness theorems for solutions of the original dynamic system. This prerequisite causes difficulties
when one studies equations relevant to physical and chemical kinetics, such as, for example, equations
of hydrodynamics. Nevertheless, there exists a necessary differential condition of invariance: The
vector field of the original dynamic system touches the manifold in every point. Let us write down
this condition in order to set up notation.

Let £ be a linear space, let U (the phase space) be a domain in E, and let a vector field J: U — E
be defined in U. This vector field defines the original dynamic system,

%:J(x), xeU . (76)

In the sequel, we consider submanifolds in U which are parameterized with a given set of pa-

rameters. Let a linear space of parameters L be defined, and let W be a domain in L. We consider

differentiable maps, F': W — U, such that, for every y € W, the differential of F, D,F:L — E, is

an isomorphism of L on a subspace of £. That is, F' are the manifolds, immersed in the phase space
of the dynamic system (76), and parametrized by parameter set .

Remark. One never discusses the choice of norms and topologies are such a general setting. It is
assumed that the corresponding choice is made appropriately in each specific case.

We denote 7, the tangent space at the point y, T, = (D, F)(L). The differential condition of
invariance has the following form: For every y € W,

JFy)eET, . (77)

Let us rewrite the differential condition of invariance (77) in a form of a differential equation. In
order to achieve this, one needs to define a projector P,: E — T, for every y € W. Once a projector
P, is defined, then condition (77) takes the form:

A, =1 —-P)J(F(y)=0. (78)

Obviously, by Py2 =P, we have, P,4, =0. We refer to the function 4, as the defect of invariance
at the point y. The defect of invariance will be encountered oft in what will follow.

Eq. (78) is the first-order differential equation for the function F(y). Projectors P, should be
tailored to the specific physical features of the problem at hand. A separate section below is de-
voted to the construction of projectors. There we shall demonstrate how to construct a projector,
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P(x,T):E — T, given a point x € U and a specified subspace 7. We then set P, = P(F(y),7T,) in
Eq. (78).*
There are two possible senses of the notion “approximate solution of invariance equations” (78):

1. The approximation of the solution;
2. The map F with small defect of invariance (the right hand side approximation).

If someone is looking for the approximation of the first kind, then he needs theorems about
existence of solutions, he should find the estimations of deviations from the exact solution, because
the right hand side not always gives the good estimation, etc. The second kind of approximations does
not require hypothesis of existence of solutions. Moreover, the manifold with sufficiently small defect
of invariance can serve as a slow manifold by itself. So, we shall accept the concept of approximate
invariant manifold (the manifold with small defect of invariance) instead of the approximation of
the invariant manifold (see also [13,245] and other works about approximate inertial manifolds).
Sometimes these approximate invariant manifolds will give approximations of the invariant manifolds,
sometimes not, but it is additional and often difficult problem to make a distinction between these
situations. In addition to defect of invariance, the key role in analysis of motion separation into the
fast and the slow components play Jacobians, the differentials of J(x). Some estimations of errors
of this separation will be presented below in the subsection devoted to post-processing.

Our paper is focused on nonperturbative methods for computing invariant manifolds, but it should
be mentioned that in the huge amount of applications the Taylor expansion is in use, and sometimes
it works rather well. The main idea is the continuation of slow manifold with respect to a small
parameter: Let our system depends on the parameter ¢, and let a manifold of steady states exist for
£¢=0, as well, as fibers of motions towards these steady states, for example

Xx=ef(ny) y=9xy). (79)

For ¢ =0 a value of (vector) variable x is a vector of conserved quantities. Let for every x the
equation of fast motion, y = g(x, y), be globally stable: Its solution y(¢) tends to the unique (for
given x) stable fixed point y,. If the function g(x, y) meets the conditions of the implicit function
theorem, then the graph of the map x +— y, forms a manifold Q) = {(x, y,)} of steady states. For
small ¢ > 0 we can look for the slow manifold in a form of a series in powers of & Q,={x, y(x,¢)},
y(x,e) =y, +ey'(x) + &2y*(x) +--- . The fibers of fast motions can be constructed in a form of a
power series too (the zero term is the fast motion y = g(x, y) in the affine planes x = const). This
analytic continuation with respect to the parameter ¢ for small ¢ > 0 is studied in the “Geometric
singular perturbation theory” [247,248]. As it was mentioned above, the first successful application

*One of the main routes to define the field of projectors P(x,T) would be to make use of a Riemannian structure.
To this end, one defines a scalar product in E for every point x € U, that is, a bilinear form (p|q). with a positive
definite quadratic form, (p|p)y > 0, if p # 0. A good candidate for such a scalar product is the bilinear form defined by
the negative second differential of the entropy at the point x, —D?S(x). As we demonstrate it later in this review, this
choice is essentially the only correct one close to the equilibrium. However, far from the equilibrium, an improvement
is required in order to guarantee the thermodymamicity condition, ker P, C ker(D.S).—r(,), for the field of projectors,
P(x,T), defined for any x and 7, if T ¢ ker D,S. The thermodymamicity condition provides the preservation of the type
of dynamics: if dS/d¢# > 0 for initial vector field (76) in point x = F(y), then dS/d¢ > 0 in this point x for projected
vector field P,(J(F(y))) too.
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of such an approach to construction of a slow invariant manifold in a form of Taylor expansion in
powers of small parameter of singular perturbation ¢ was the Chapman—Enskog expansion [51].

It is well-known in various applications that there are many different ways to introduce a small
parameter into a system, there are many ways to present a given system as a member of a
one-parametric family with a manifold of fixed points for zero value of a parameter. And different
ways of specification of such a parameter result in different definitions of slowness of positively
invariant manifold. Therefore it is desirable to study the notion of separation of motions without
such an artificial specification. The notion of slow positively invariant manifold should be intrinsic.
At least we should try to invent such a notion.

4. Film extension of the dynamics: slowness as stability
4.1. Equation for the film motion

One of the difficulties in the problem of reducing the description is caused by the fact that there
exists no commonly accepted formal definition of slow (and stable) positively invariant manifolds.
Classical definitions of stability and of the asymptotic stability of the invariant sets sound as follows:
Let a dynamic system be defined in some metric space, (so that we can measure distances between
points), and let x(¢,x9) be a motion of this system at time ¢ with the initial condition x(0) = x( at
time ¢ = 0. The subset S of the phase space is called invariant if it is made of whole trajectories,
that is, if xo €S then x(¢,x0) €S for all ¢ € (—o00,00).

Let us denote as p(x,y) the distance between the points x and y. The distance from x to a
closed set S is defined as usual: p(x,S)=inf{p(x, y)| y € S}. The closed invariant subset S is called
stable, if for every € > 0 there exists é > 0 such that if p(x(,S) < 0, then for every ¢ > 0 it holds
p(x(t,x0),8) < €. A closed invariant subset S is called asymptotically stable if it is stable and
attractive, that is, there exists € > 0 such that if p(xo,S) < €, then p(x(¢,x),S) — 0 as t — oo.

Formally, one can reiterate the definitions of stability and of the asymptotic stability for positively
invariant subsets. Moreover, since in the definitions mentioned above it goes only about ¢ > 0 or
t — oo, it might seem that positively invariant subsets can be a natural object of study for stability
issues. Such conclusion is misleading, however. The study of the classical stability of the positively
invariant subsets reduces essentially to the notion of stability of invariant sets—maximal attractors.

Let Y be a closed positively invariant subset of the phase space. The maximal attractor for Y is
the set My,

My =(Tu(Y) , (80)
t=0

where T; is the shift operator for the time ¢:

Ty(xo) = x(1,x0) -
The maximal attractor My is invariant, and the stability of ¥ defined classically is equivalent to the
stability of My under any sensible assumption about homogeneous continuity (for example, it is so
for a compact phase space).
For systems which relax to a stable equilibrium, the maximal attractor is simply one and the same
for any bounded positively invariant subset, and it consists of a single stable point.
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It is important to note that in definition (80) one considers motions of a positively invariant subset
to equilibrium along itself: T,Y C Y for t > 0. It is precisely this motion which is uninteresting
from the perspective of the comparison of stability of positively invariant subsets. If one subtracts
this motion along itself out of the vector field J(x) (76), one obtains a less trivial picture.

We again assume submanifolds in U parameterized with a single parameter set /' : W — U. Note
that there exists a wide class of transformations which do not alter the geometric picture of motion:
For a smooth diffeomorphism ¢ : W — W (a smooth coordinate transform), maps F' and F o ¢ define
the same geometric pattern in the phase space.

Let us consider motions of the manifold F (W) along solutions of Eq. (76). Denote as F; the
time-dependent map, and write equation of motion for this map:

dF(y)
5 =J(EG) 81)
Let us now subtract the component of the vector field responsible for the motion of the map F(y)
along itself from the right hand side of Eq. (81). In order to do this, we decompose the vector field
J(x) in each point x = F;(y) as
J(x)=J)(x) +J1(x) , (82)

where Jy(x) €T, T,, = (D,F(y)(L)). If projectors are well defined, P, ), = P(F(y),T,,), then
decomposition (82) has the form

Jx)=P, J(x)+ (1 =P, ,)J(x) . (83)
Subtracting the component J from the right hand side of Eq. (81), we obtain
dFi(y)
5 = (1= P (E()) - (84)

Note that the geometric pictures of motion corresponding to Eqs. (81) and (84) are identical
locally in y and ¢. Indeed, the infinitesimal shift of the manifold # along the vector field is easily
computed:

(DLE(D)) ™ E)) = (DyE() ™ (Pey (F(1))) - (85)

This defines a smooth change of the coordinate system (assuming all solutions exist). In other words,
the component J| defines the motion of the manifold in U, while we can consider (locally) the
component J| as a component which locally defines motions in /¥ (a coordinate transform).

The positive semi-trajectory of motion (for # > 0) of any submanifold in the phase space along
the solutions of initial differential equation (76) (without subtraction of .J|(x)) is the positively in-
variant manifold. The closure of such semi-trajectory is an invariant subset. The construction of the
invariant manifold as a trajectory of an appropriate initial edge may be useful for producing invariant
exponentially attracting set [136,137]. Very recently, the notion of exponential stability of invari-
ants manifold for ODEs was revised by splitting motions into tangent and transversal (orthogonal)
components in the work [138].

We further refer to Eq. (84) as the film extension of the dynamic system (76). The phase space
of the dynamic system (84) is the set of maps F (films). Fixed points of Eq. (84) are solutions
to the invariance equation in the differential form (78). These include, in particular, all positively
invariant manifolds. Stable or asymptotically stable fixed points of Eq. (84) are slow manifolds we
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are interested in. It is the notion of stability associated with the film extension of the dynamics
which is relevant to our study. Below in Section 8, we consider relaxation methods for constructing
slow positively invariant manifolds on the basis of the film extension (84).

4.2. Stability of analytical solutions

When studying the Cauchy problem for Eq. (84), one should ask a question of how to choose the
boundary conditions: which conditions the function F must satisfy at the boundary of W? Without
fixing the boundary conditions, the general solution of the Cauchy problem for the film extension
equations (84) in the class of smooth functions on W is essentially ambiguous.

The boundary of W, 0W, splits in two pieces: 0W = oW, U 0W_. For a smooth boundary these
parts can be defined as

oWy = {y €W |(W(»),(DF(y)) ' (PJ(F(y)))) <0} ,
OW_ = {y €W [(v(y).(DF(»)" (PJ(F(»)))) = 0} . (86)

where v(y) denotes the unit outer normal vector in the boundary point y, (DF(y))~! is the isomor-
phism of the tangent space T, on the linear space of parameters L.

One can understand the boundary splitting (86) in such a way: The projected vector field P,J(F(y))
defines dynamics on the manifold F (), this dynamics is the image of some dynamics on W. The
corresponding vector field on W is v(y)=(DF(y))"'(P,J(F(»))). The boundary part 0W, consists
of points y, where the velocity vector v(y) is pointed inside W, and for y € OW_ this vector v(y)
is directed outside of W (or is tangent to 0/). The splitting 0 = oW, U 0W_ depends on ¢ with
the vector field v(y):

vi(y) = (DE()) " (PJ(F(»)))

and dynamics of F(y) is determined by Eq. (84).

If we would like to derive a solution of the film extension, (84) F(y,t) for (y,t) € W x [0, 1], for
some time 7 > 0, then it is necessary to fix some boundary conditions on 0, (for the “incoming
from abroad” part of the function F(y)).

Nevertheless, there is a way to study Eq. (84) without introducing any boundary conditions. It is in
the spirit of the classical Cauchy—Kovalevskaya theorem [139—141] about analytical Cauchy problem
solutions with analytical data, as well as in the spirit of the classical Lyapunov auxiliary theorem
about analytical invariant manifolds in the neighborhood of a fixed point [144,33] and Poincaré [145]
theorem about analytical linearization of analytical nonresonant contractions (see [146]).

We note in passing that recently, the interest to the classical analytical Cauchy problem revived
in the mathematical physics literature [142,143]. In particular, analogs of the Cauchy—Kovalevskaya
theorem were obtained for generalized Euler equations [142]. A technique to estimate the convergence
radii of the series emerging therein was also developed.

Analytical solutions to Eq. (84) do not require boundary conditions on the boundary of W.
The analycity condition itself allows finding unique analytical solutions of the Eq. (84) with the
analytical right hand side (1 — P)J for analytical initial conditions F, in W (assuming that such
solutions exist). Of course, the analytical continuation without additional regularity conditions is an
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ill-posed problem. However, it may be useful to go from functions to germs:> we can solve chains
of ordinary differential equations for Taylor coefficients instead of partial differential equations for
functions (84), and after that it may be possible to prove the convergence of the Taylor series thus
obtained. This is the way to prove the Lyapunov auxiliary theorem [144], and one of the known
ways to prove the Cauchy—Kovalevskaya theorem.

Let us consider system (1) with stable equilibrium point x*, real analytical right hand side J,
and real analytical projector field P(x,7):E — T. We shall study real analytical sub-manifolds,
which include the equilibrium point x* (0 € W, F(0) = x*). Let us expand F in a Taylor series in
the neighborhood of zero:

F(y)=x"+41(y) + A3, y)+ -+ A4(p, y,..., )+, (87)

where Ax(y,y,...,¥) is a symmetric k-linear operator (k =1,2,...).
Let us expand also the right hand side of the film equation (84). Matching operators of the same
order, we obtain a chain of equations for A,,...,A4,....
dA4
o5 = P4 (88)
It is crucially important, that the dynamics of 4; does not depend on A;.4,..., and Egs. (88) can
be studied in the following order: we first study the dynamics of A4;, then the dynamics of 4, with
the 4; motion already given, then A3 and so on.
Let the projector P, in Eq. (84) be analytical function of the derivative D,F(y) and of the
deviation x — x*. Let the correspondent Taylor expansion at the point (4%(e),x*) have the form

DF()(®) = Ai(0)+ > kdi(ys...,0)
k=2

Py= " Piu(DyF(y)(®) —Aj(e),.... D F(y)(e) — AY(®); F(y) = x*,..,F(y) —x*), (89)
k,m=0

k m
where AJ(e), Ai(e), Ax(,...,®) are linear operators. Py, is a k+m-linear operator (k,m=0,1,2,...)
with values in the space of linear operators £ — E. The operators Py, depend on the operator A)(e)
as on a parameter. Let the point of expansion 4J(e) be the linear part of F: A%(e) = 4;(e).

Let us represent the analytical vector field J(x) as a power series:

[ee]
JEx) =) Jilx —x",.x—x") (90)
k=1
where J; is a symmetric k-linear operator (k =1,2,...).

Let us write, for example, the first two equations of the equation chain (88):

dAcllty) = (1 — Po,0)i(4:1(y)) ,
d4>(y, )
# =(1 = Po,o)[J1(42(y, »)) + Jo(41(y), 41(¥))]

—[2P1,0(A42(y,®)) + Po,1(A1(¥))]1(41(y)) . o1

5> The germ is the sequences of Taylor coefficients that represent an analytical function near a given point.
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Here operators Py o, P1.0(A2(,®)), Po.1(4:1(y)) parametrically depend on the operator 4;(e), hence,
the first equation is nonlinear, and the second is linear with respect to A>(y, y). The leading term
on the right hand side has the same form for all equations of the sequence (88):

Ve 2D (1 Py (a3 7D) — PP o AN+ (O2)
S
n—1

There are two important conditions on P, and D,F(y): Py2 = P,, because P, is a projector, and
im P, =im D, F'(y), because P, projects on the image of D,F(y). If we expand these conditions in
the power series, then we get the conditions on the coefficients. For example, from the first condition
we get

Pé,o =Py,
Po,o[2P1,0(A2(y, ®)) + Po,1(A1(¥))] + [2P1,0(42(y, ®)) + Po,1(41(y))]1Po,0
=2P1,0(42(y,®)) + Po1(A1(y))s - (93)
After multiplication the second equation in (93) with Py, we get
Po,0[2P1,0(42(y, ®)) + Po,1(41(¥))]Poo =0 . (94)

Similar identities can be obtained for any oder of the expansion. These equalities allow us to simplify
the stationary equation for sequence (88). For example, for the first two equations of this sequence
(91) we obtain the following stationary equations:

(1 = Po,0)1(41(y)) =0,
(1 = Po.o)[J1(42(y, ¥)) + J2(41(¥), 41(¥))]
—[2P1,0(42(y,®)) + Po,1(41(y))]/1(41(y)) =0 . (95)

The operator Py is the projector on the space imA4; (the image of 4;), hence, from the first
equation in (95) it follows: Ji(im4;) C imA4,. So, imA4; is a Ji-invariant subspace in £ (J; =
D, J(x)|¢+) and Poo(J1(41(y))) = Ji(41(y)). It is equivalent to the first equation of (95). Let us
multiply the second equation of (95) with Py on the left. As a result we obtain the condition

Poo[2P1,0(A2(y,®)) + Po1(A1(y)]J1(41(»)) =0,

for solution of Eqs. (95), because Py (1 — Poo) = 0. If 4;(y) is a solution of the first equation
of (95), then this condition becomes an identity, and we can write the second equation of (95)
in the form

(1 —Po,o)

X[J1(A2(y, y)) + J2(A41(), A1(y)) — (2P1,0(A42(y, ) + Po,1(A41(¥)))/1(41(¥))] =0 . (96)

It should be stressed, that the choice of projector field P, (89) has impact only on the F(y)
parametrization, whereas the invariant geometrical properties of solutions of (84) do not depend on
projector field if some transversality and analycity conditions hold. The conditions of thermodynamic
structures preservation significantly reduce ambiguousness of the projector choice. One of the most
important condition is ker P, C ker D,S, where x = F(y) and S is the entropy (see the section
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about the entropy below). The thermodynamic projector is the unique operator which transforms the
arbitrary vector field equipped with the given Lyapunov function into a vector field with the same
Lyapunov function on the arbitrary submanifold which is not tangent to the level of the Lyapunov
function. For the thermodynamic projectors P, the entropy S(F(y)) conserves on solutions F(y,t)
of Eq. (84) for any ye W.

If projectors P, in Eqs. (89)—(96) are thermodynamic, then Py is the orthogonal projector with
respect to the entropic scalar product.® For orthogonal projectors the operator P, has a simple
explicit form. Let 4 : L — E be an isomorphic injection (an isomorphism on the image), and
P : E — E be the orthogonal projector on the image of 4. The orthogonal projector on the image
of perturbed operator 4 + 04 is P + P,

OP = (1 — P)SAA™'P + (644 'P)* (1 — P) + o(4) ,
P1.0(54(#)) = (1 — P)5A(e)A™'P + (54(e)A"'P)* (1 — P) . (97)

Here, in (97), the operator 4~ ! is defined on im 4, im A4 = im P, the operator A~'P acts on E.
Formula for 6P (97) follows from the three conditions:

(P+0P)A+34)=A+ 04, (P+0PY =P+68P, (P+8P) =P+6P. (98)

Every Aj is driven by A4i,...,A4;—;. Stability of the germ of the positively invariant analytical
manifold F (W) at the point 0 (F(0)=x") is defined as stability of the solution of the corresponding
equations sequence (88). Moreover, the notion of the k-jet stability can be useful: let’s call k-jet
stable such a germ of positively invariant manifold F (M) at the point 0 (F(0) = x*), if the cor-
responding solution of the equations sequence (88) is stable for £ =1,...,n. The simple “triangle”
structure of the equation sequence (88) with form (92) of principal linear part makes the problem
of jets stability very similar for all orders n > 1.

Let us demonstrate the stability conditions for the 1-jets in a n-dimensional space E. Let the
Jacobian matrix J; = D,J(x)|,+ be self-adjoint with a simple spectrum Ai,...,4,, and the projector
Py be orthogonal (this is a typical “thermodynamic” situation). Eigenvectors of J; form a basis
in E: {e;}!,. Let a linear space of parameters L be a k-dimensional real space, k < n. We shall
study stability of a operator A4 which is a fixed point for the first equation of sequence (88).
The operator 4% is a fixed point of this equation, if im4? is a Jj-invariant subspace in E. We
discuss full-rank operators, so, for some order of {e;}} , numbering, the matrix of A% should have
a form: af;; =0, if i > k. Let us choose the basis in L: [; = (49)"'e;, (j=1,...,k). For this basis
a‘fij =0y, (i=1,...,n, j=1,...,k, 6; is the Kronecker symbol). The corresponding projectors P
and 1 — P have the matrices:

P =diag(1,...,1,0,...,0), 1 — P =diag(0,...,0,1,...,1), (99)
—— —— —
k n—k k n—k
where diag(y,...,0,) is the n X n diagonal matrix with numbers «;,...,o, on the diagonal.

6 This scalar product is the bilinear form defined by the negative second differential of the entropy at the point x*,
—D*S(x).
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Equations of the linear approximation for the dynamics of the deviations 04 read:
doA4
—— =diag(0,...,0,1,..., 1)[diag(4,...,A,)04 — dAdiag(Ay,...,A4)] . (100)
dr —— —— — —
k n—k k

The time derivative of 4 is orthogonal to A: for any y,z € L the equality (A(y),A(x)) =0 holds,
hence, for the stability analysis it is necessary and sufficient to study 64 with imd4% L im 4. The
matrix for such a 04 has a form

5(11‘1' =0 lf i < k .
Fori=k+1,...,n, j=1,...,k Eq. (100) gives
déav
dt
From Eq. (101), the stability condition follows:

= (4 — 4;)0a; . (101)

Ai— 4 <0 foralli>k j<k. (102)

This means that the relaxation fowards imA (with the spectrum of relaxation times |/;|~! (i =
k + 1,...,n)) is faster, then the relaxation along imA4 (with the spectrum of relaxation times
L7 (G =1,....k)).

Let condition (102) holds. The relaxation time for the film (in the first approximation) is

P 1 . u— ".
=1/ (Il_n;g | 4] — max W) ;

thus it depends on the spectral gap in the spectrum of the operator J; = D J(x)|+.
It is the gap between spectra of two restrictions of the operator J, J1” and JIL, respectively. The

operator J1” is the restriction of J; on the J;-invariant subspace im A? (it is the tangent space to the
slow invariant manifold at the point x*). The operator Ji" is the restriction of J; on the orthogonal
complement to im 4%. This subspace is also J)-invariant, because J; is selfadjoint. The spectral gap
between spectra of these two operators is the spectral gap between relaxation fowards the slow
manifold and relaxation along this manifold.

The stability condition (102) demonstrates that our formalization of the slowness of manifolds
as the stability of fixed points for the film extension (84) of initial dynamics met the intuitive
expectations.

For the analysis of system (88) in the neighborhood of some manifold Fy (Fy(0) = x*), the
following parametrization can be convenient. Let’s consider Fo(y) =A41(y)+ -+, Tp =A(L) is a
tangent space to Fo(W) at the point x*, E =Ty, @ H is the direct sum decomposition.

We shall consider analytical sub-manifolds in the form

x=x"+(2) . (103)

where ye W, C Ty, Wy is neighborhood of zero in 7y, @(y) is an analytical map of W, in H,
@(0)=0.
Any analytical manifold close to Fy can be represented in this form.
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Let us define the projector P, that corresponds to decomposition (103), as the projector on T,
parallel to H. Furthermore, let us introduce the corresponding decomposition of the vector field
J=J,®J., J,€Ty, J. € H. Then

Py(J) = (43, (D P(¥))y) - (104)
The corresponding equation of motion of film (84) has the following form:
do
L) — (3, 8)) — (DB D)) (105)

If J, and J. depend analytically on their arguments, then from (105) one can easily obtain a
hierarchy of equations of form (88) (of course, J,(x*) =0, J.(x*)=0).

Using these notions, it is convenient to formulate the Lyapunov Auxiliary Theorem [144]. Let Tp=
R™, H=RP?, and in U an analytical vector field is defined J(y,z)=J,(»,2)®J(y,2), (y € To,z € H),
and the following conditions are satisfied:

(1) J(0,0) =05

(2) D.Jy(y:2)0.0) = 0;

(3) 0 & conv{ki,...,k,}, where ki,...,k, are the eigenvalues of D,J,(y,z)|0.0), and conv{ki,...,k,}
is the convex envelope of {ki,...,ky};

(4) the numbers k; and 4; are not related by any equation of the form

Zmiki:ij 5 (106)
i=1

m

where 4; (j=1,..., p) are eigenvalues of D.J.(y,z)|0,0), and m; > 0 are integers, > ", m; > 0.
Let us consider analytical manifold (y,®(y)) in U in the neighborhood of zero (®(0)=0) and
write for it the differential invariance equation with projector (104):

(Dy @(¥))J (3, P(¥)) = J=(y, D(y)) - (107)

Lyapunov auxiliary theorem. Given conditions 1-4, Eq. (103) has the unique analytical in the
neighborhood of zero solution, satisfying condition ®(0) = 0.

Recently various new applications of this theorem were developed [33,147-149].

Studying germs of invariant manifolds using Taylor expansion in a neighborhood of a fixed point
is definitely useful from the theoretical as well as from the practical perspective. But the well
known difficulties pertinent to this approach, of convergence, of small denominators (connected with
proximity to resonances (106)) and others call for development of different methods. A hint can be
found in the famous KAM theory: one should use iterative methods instead of the Taylor expansion
[28-30]. Below we present two such methods:

e The Newton method subject to incomplete linearization;
e The relaxation method which is the Galerkin-type approximation to Newton’s method with pro-
jection on defect of invariance (78), i.e. on the right hand side of Eq. (84).
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5. Entropy, quasi-equilibrium and projectors field

Projector operators P, contribute both to the invariance equation (77), and to the film extension
of dynamics (84). Limiting results, exact solutions, etc. only weakly depend on the particular choice
of projectors, or do not depend at all on it. However, the validity of approximations obtained in
each iteration step towards the limit does strongly depend on the choice of the projector. Moreover,
if we want each approximate solution to be consistent with such physically crucial conditions as the
second law of thermodynamics (the entropy of the isolated systems increases), then the choice of
the projector becomes practically unique.

In this section we consider the main ingredients for constructing the projector, based on the two
additional structures: (a) the moment parameterization, and (b) the entropy and the entropic scalar
product.

5.1. Moment parameterization

Same as in the previous section, let a regular map (projection) is defined, IT: U — W. We con-
sider only maps F': W — U which satisfy IIoF =1. We seek slow invariant manifolds among such
maps. (A natural remark is in order here: sometimes one has to consider 7 which are defined not
on the whole W but only on some subset of it.) In this case, the unique projector consistent with
the given structure is the superposition of the differentials:

P,J = (DyF)y o (DeIT)r(y)J . (108)

In the language of differential equations, formula (108) has the following significance: First,
Eq. (76) is projected,

d
5 = (DD (F(2) - (109)
Second, the latter equation is lifted back to U with the help of F and its differential,
dx d
X(0) =F(y@®). = (DyF)y <df> = (DyF)y((Ddl)p(yyJ (F(y))) = PJ (110)
x=F(y)

The most standard example of the construction just described is as follows: x is the distribution den-
sity, y = II(x) is the set of selected moments of this density, F': y — x is a “closure assumption”,
which constructs a distribution density parameterized by the values of the moments y. Another stan-
dard example is relevant to problems of chemical kinetics: x is a detailed description of the reacting
species (including all the intermediates and radicals), y are concentrations of stable reactants and
products of the reaction.

The moment parameterization and moment projectors (108) are often encountered in the applica-
tions. However, they have some shortcomings. In particular, it is by far not always happens that the
moment projection transforms a dissipative system into another dissipative system. Of course, for
invariant F'(y) any projector transforms the dissipative system into a dissipative system. However,
for various approximations to invariant manifolds (closure assumptions) this is not readily the case.’
The property of projectors to preserve the type of the dynamics will be imposed below as one of
the requirements.

7See, e.g. a discussion of this problem for the Tamm—Mott—Smith approximation for the strong shock wave in [5].
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5.2. Entropy and quasi-equilibrium

The dissipation properties of system (76) are described by specifying the entropy S, the distin-
guished Lyapunov function which monotonically increases along solutions of Eq. (76). In a certain
sense, this Lyapunov function is more fundamental than system (76) itself. That is, usually, the en-
tropy is known much better than the right hand side of Eq. (76). For example, in chemical kinetics,
the entropy is obtained from the equilibrium data. The same holds for other Lyapunov functions,
which are defined by the entropy and by specification of the reaction conditions (the free energy,
U — TS, for the isothermal isochoric processes, the free enthalpy, U — TH, for the isothermal iso-
baric processes, etc.). On physical grounds, all these entropic Lyapunov functions are proportional
(up to additive constants) to the entropy of the minimal isolated system which includes the system
under study [125]. In general, with some abuse of language, we term the Lyapunov functional S the
entropy elsewhere below, although it is a different functional for nonisolated systems.

Thus, we assume that a concave functional S is defined in U, such that it takes maximum in an
inner point x* € U. This point is termed the equilibrium.

For any dissipative system (76) under consideration in U, the derivative of S due to Eq. (76)
must be nonnegative,

B s =0, (1)
where D,S is the linear functional, the differential of the entropy, while the equality in (111) is
achieved only in the equilibrium x = x*.

Most of the works on nonequilibrium thermodynamics deal with corrections to quasi-equilibrium
approximations, or with applications of these approximations (with or without corrections). This
viewpoint is not the only possible but it proves very efficient for the construction of a variety of
useful models, approximations and equations, as well as methods to solve them.® We shall now
introduce the quasi-equilibrium approximation in the most general setting.

8 From time to time it is discussed in the literature, who was the first to introduce the quasi-equilibrium approximations,
and how to interpret them. At least a part of the discussion is due to a different role the quasi-equilibrium plays in the
entropy-conserving and the dissipative dynamics. The very first use of the entropy maximization dates back to the classical
work of Gibbs [166], but it was first claimed for a principle of informational statistical thermodynamics by Jaynes [153].
Probably the first explicit and systematic use of quasi-equilibria to derive dissipation from entropy-conserving systems
is due to the works of Zubarev. Recent detailed exposition is given in [155]. The method of nonequilibrium ensemble
was developed also by Eu [173]. For dissipative systems, the use of the quasi-equilibrium to reduce description can be
traced to the works of Grad on the Boltzmann equation [158]. A review of the ideas of the underlying method behind
informational statistical thermodynamics was presented in Ref. [172]. The connection between entropy maximization and
(nonlinear) Onsager formalism was also studied [171,127]. The viewpoint of two of the present authors (ANG and IVK)
was influenced by the papers by L.I. Rozonoer and co-workers, in particular, [167-169]. A detailed exposition of the
quasi-equilibrium approximation for Markov chains is given in the book [125] (Chapter 3, Quasi-equilibrium and entropy
maximum, pp. 92—122), and for the BBGKY hierarchy in the paper Ref. [170]. We have applied maximum entropy
principle to the description the universal dependence the 3-particle distribution function F3 on the 2-particle distribution
function /> in classical systems with binary interactions [174]. For a discussion the quasi-equilibrium moment closure
hierarchies for the Boltzmann equation [168] see the papers [178,179,175]. A very general discussion of the maximum
entropy principle with applications to dissipative kinetics is given in the review [176]. Recently the quasi-equilibrium
approximation with some further correction was applied to description of rheology of polymer solutions [198,199] and of
ferrofluids [200,201].
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A linear moment parameterization is a linear operator, I1:E — L, where L =im Il = E/ker I,
ker IT is a closed linear subspace of space £, and II is the projection of £ onto factor-space L. Let
us denote W =TI1(U). quasi-equilibrium (or restricted equilibrium, or conditional equilibrium) is the
embedding, F*: W — U, which puts into correspondence to each y € W the solution to the entropy
maximization problem:

S(x) —max, Il(x)=y. (112)

We assume that, for each y cint IV, there exists the unique solution F*(y)€intU to problem
(112). This solution, F*(y), is called the quasi-equilibrium, corresponding to the value y of the
macroscopic variables. The set of quasi-equilibria F*(y), y € W, forms a manifold in int U, param-
eterized by the values of the macroscopic variables y € .

Let us specify some notations: E7 is the adjoint to the E space. Adjoint spaces and operators will
be indicated by 7, whereas notation * is earmarked for equilibria and quasi-equilibria.

Furthermore, [/,x] is the result of application of the functional /€ E” to the vector x €E.
We recall that, for an operator 4 : E; — E,, the adjoint operator, A7 : ET — EI is defined by
the following relation: For any /€ E] and x € E,

[1,Ax]=[AT1,x] .

Next, D,S(x) € ET is the differential of the entropy functional S(x), D>S(x) is the second differ-
ential of the entropy functional S(x). The corresponding quadratic functional D2S(x)(z,z) on E is
defined by the Taylor formula,

S(x +2) = S(x) + [DiS(x),2] + 3 DiS(x)(z,2) + o) - (113)

We keep the same notation for the corresponding symmetric bilinear form, D2S(x)(z, p), and also
for the linear operator, D>S(x):E — ET, defined by the formula

[D:S(x)z, p] = DiS(x)(z, p) -
In the latter formula, on the left hand side, there is an operator, on the right hand side there is a
bilinear form. Operator D>S(x) is symmetric on £, D2S(x)! = D2S(x).
Concavity of the entropy S means that for any z € £, the inequality holds,
D2S(x)(z,2) <0 ;
in the restriction onto the affine subspace parallel to ker IT we assume the strict concavity,
D*S(x)(z,z) <0 if z€kerIT and if z#0 .

In the remainder of this subsection we are going to construct the important object, the projector
onto the tangent space of the quasi-equilibrium manifold.

Let us compute the derivative D, F*(y). For this purpose, let us apply the method of Lagrange
multipliers: There exists such a linear functional A(y)¢€ (L), that

DS)|p-(y = A(y) - I, I(F*(y)) =y (114)

or

DSC)|p-y=1"- A(y), HF*(»)=y . (115)
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From Eq. (115) we get
(D, F*(y)=1. , (116)

where we have indicated the space in which the unit operator acts. Next, using the latter expression,
we transform the differential of Eq. (114),

DyA =(II(D;S);! ,, 1), (117)
and, consequently,
DyF*(y) = (D2S)p! T (L(D;S)zl 1T~ (118)

Notice that, elsewhere in Eq. (118), operator (D2S)~! acts on the linear functionals from L”. These
functionals are precisely those which become zero on ker II or, that is the same, those which can
be represented as linear functionals of macroscopic variables.

The tangent space to the quasi-equilibrium manifold at the point F*(y) is the image of the operator
DyF*(y):

im(D,F*(y)) = (D;8)i! ,,L" = (D3S);:), , Ann(ker IT) (119)

where Ann(ker IT) is the set of linear functionals which become zero on ker II. Another way to
write Eq. (119) is the following:

x €im(D,F*(y)) < (DiS)r(,)(z p)=0, pckerll . (120)

This means that im(D,F*(y)) is the orthogonal completement of ker IT in E with respect to the
scalar product,

(2 p)F-(y) = —(DiS)F+(y)(z P) - (121)

The entropic scalar product (121) appears often in the constructions below. (Usually, it be-
comes the scalar product indeed after the conservation laws are excluded). Let us denote as 7, =
im(D,F*(y)) the tangent space to the quasi-equilibrium manifold at the point F*(y). Important
role in the construction of quasi-equilibrium dynamics and its generalizations is played by the
quasi-equilibrium projector, an operator which projects £ on T, parallel to kerII. This is the
orthogonal projector with respect to the entropic scalar product, Py : £ — T):

Py =D,F*(y)- 11 =(D;S F*(y))’IHT(I'[(DfCS Feyy) YT (122)

It is straightforward to check the equality P*2 , and the self-adjointness of P} with respect to the
entropic scalar product (121). Thus, we have mtroduced the basic constructions: the quasi-equilibrium
manifold, the entropic scalar product, and the quasi-equilibrium projector.

The construction of the quasi-equilibrium allows for the following generalization: Almost every
manifold can be represented as a set of minimizers of the entropy under linear constrains. However,
in contrast to the standard quasi-equilibrium, these linear constrains will depend, generally speaking,
on the point on the manifold.

So, let the manifold Q = F(W) C U be given. This is a parametric set of distribution functions.
However, now macroscopic variables y are not functionals on R or U but just parameters defining
points on the manifold. The problem is how to extend the definitions of y onto a neighborhood of
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F(W) in such a way that F(W') will appear as the solution to the variational problem:
S(x) — max, Il(x)=y. (123)

For each point F(y), we identify T, € E, the tangent space to the manifold Q in F,, and the
subspace Y, C E, which depends smoothly on y, and which has the property, ¥, ® T\, = E. Let us
define I1(x) in the neighborhood of F(W) in such a way, that

Hx)=y if x-F(y)eY, . (124)
The point F(y) is the solution of the quasi-equilibrium problem (123) if and only if
DXS()C)’F(),)GAHH Yy . (125)

That is, if and only if ¥, C ker D,S(x)|r(,). It is always possible to construct subspaces Y, with the
properties just specified, at least locally, if the functional D,S|r(, is not identically equal to zero
on 7).

The construction just described allows to consider practically any manifold as a quasi-equilibrium.
This construction is required when one seeks the induced dynamics on a given manifold. Then the
vector fields are projected on 7, parallel to Y,, and this preserves intact the basic properties of the
quasi-equilibrium approximations.

Let us return to the usual linear moment parametrization. quasi-equilibrium entropy S(y) is a
functional on W. Tt is defined as the value of the entropy on the corresponding quasi-equilibrium
x=F*(y):

S(y)=S8F*(y)) (126)
Quasi-equilibrium dynamics is a dynamics on W, defined by Eq. (109) for the quasi-equilibrium
F(y):

dy _ x
5 = IE M) . (127)

Here II is constant linear operator (in the general case (109), it may become nonlinear). The
corresponding quasi-equilibrium dynamics on the quasi-equilibrium manifold F*(W) is defined using
the projector (108):

dx

5 :Py*|x:F*(y)J(x):(DyF*)x:F*(y)HJ(x), XGF*(W) . (128)

The orthogonal projector P on the right hand side of Eq. (128) can be explicitly written using

the second derivative of S and the operator IT (122). Let us remind that the only distinguished scalar
product in E is the entropic scalar product (121):

<Za p)x = _(D)%S)x(za p) (129)

It depends on the point x € U. This dependence (|), endows U with the structure of a Riemann
space.

The most important property of the quasi-equilibrium system (127), (128) is highlighted by the
conservation of the dynamics type theorem: if for the original dynamic system (76) dS/d¢ = 0, then
for the quasi-equilibrium dynamics dS/dz = 0. If for the original dynamic system (76) dS/dt =0
(conservative system), then for the quasi-equilibrium dynamics dS/d¢ =0 as well.
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5.3. Thermodynamic projector without a priori parameterization

Quasi-equilibrium manifolds is a place where the entropy and the moment parameterization meet
each other. The projectors P, for a quasi-equilibrium manifold is nothing but the orthogonal with
respect to the entropic scalar product (|), projector (122). The quasi-equilibrium projector preserves
the type of dynamics. Note that in order to preserve the type of dynamics we needed only one
condition to be satisfied,

ker P, C ker(DyS)c—r(y) - (130)
Let us require that the field of projectors, P(x,T'), is defined for any x and 7, if
T ¢ ker D,S . (131)

It follows immediately from these conditions that in the equilibrium, P(x*,7T") is the orthogonal
projector onto 7 (ortogonality is with respect to the entropic scalar product (|),«).

The field of projectors is constructed in the neighborhood of the equilibrium based on the require-
ment of the maximal smoothness of P as a function of g, =D,S and x. It turns out that to the first
order in the deviations x — x* and g, — ¢, the projector is defined uniquely. Let us first describe
the construction of the projector, and next discuss its uniqueness.

Let the subspace T C E, the point x, and the differential of the entropy at this point, g = D..S, be
defined in such a way that the transversality condition (131) is satisfied. Let us define 7o =T nNker g,.
By condition (131), Ty # T. Let us denote, e, =e,(T) € T the vector in T, such that e, is orthogonal
to Ty, and is normalized by the condition g(e,) = 1. The vector e, is defined unambiguously. The
projector Ps, = P(x,T) is defined as follows: For any z € E,

Psx(2) = Po(2) + ¢49x(2) (132)

where P, is the orthogonal projector on 7, (orthogonality is with respect to the entropic scalar
product (|),). The entropic projector (132) depends on the point x through the x-dependence of the
scalar product (|),, and also through the differential of S in x, the functional g,.

Obviously, P(z)=0 implies g(z) =0, that is, the thermodynamicity requirement (130) is satisfied.
Uniqueness of the thermodynamic projector (132) is supported by the requirement of the maximal
smoothness (analyticity) [10] of the projector as a function of g, and (), and is done in two steps
which we sketch here (detailed proof is given in Ref. [177]):

1. Considering the expansion of the entropy in the equilibrium up to the quadratic terms, one demon-
strates that in the equilibrium the thermodynamic projector is the orthogonal projector with respect
to the scalar product (|),-.

2. For a given g, one considers auxiliary dissipative dynamic systems (76), which satisfy the
condition: For every x’ € U, it holds, g.(J(x")) =0, that is, g, defines an additional linear con-
servation law for the auxiliary systems. For the auxiliary systems, the point x is the equilibrium.
Eliminating the linear conservation law g,, and using the result of the previous point, we end up
with formula (132).
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Thus, the entropic structure defines unambiguously the field of projectors (132), for which the
dynamics of any dissipative system (76) projected on any closure assumption remains dissipative.

Example 1: Quasi-equilibrium projector and defect of invariance for the local Maxwellians
manifold of the Boltzmann equation

The Boltzmann equation is one of the everlasting equations. It remains the most inspiring source for
the model reduction problems. With this subsection we start a series of examples for the Boltzmann
equation.

Difficulties of classical methods of the Boltzmann equation theory. As was mentioned above,
the first systematic and (at least partially) successful method of constructing invariant manifolds for
dissipative systems was the celebrated Chapman—Enskog method [51] for the Boltzmann kinetic
equation. The main difficulties of the Chapman—Enskog method [51] are “nonphysical” properties
of high-order approximations. This was stated by a number of authors and was discussed in detail
in [87]. In particular, as it was noted in [53], the Burnett approximation results in a short-wave
instability of the acoustic spectra. This fact contradicts the H-theorem (cf. in [53]). The Hilbert
expansion contains secular terms [87]. The latter contradicts the H-theorem.

The other difficulties of both of these methods are: the restriction upon the choice of initial
approximation (the local equilibrium approximation), the demand for a small parameter, and the
usage of slowly converging Taylor expansion. These difficulties never allow a direct transfer of
these methods on essentially nonequilibrium situations.

The main difficulty of the Grad method [158] is the uncontrollability of the chosen approximation.
An extension of the list of moments can result in a certain success, but it cannot also give anything.
Difficulties of moment expansion in the problems of shock waves and sound propagation can be
seen in [87].

Many attempts were made to refine these methods. For the Chapman—Enskog and Hilbert methods
these attempts are based in general on some “good” rearrangement of expansions (e.g. neglecting
high-order derivatives [87], reexpanding [87], Pade approximations and partial summing [25,178,165],
etc.). This type of work with formal series is wide spread in physics. Sometimes the results are
surprisingly good—from the renormalization theory in quantum fields to the Percus—Yevick equation
and the ring-operator in statistical mechanics. However, one should realize that success could not
be guaranteed. Moreover, rearrangements never remove the restriction upon the choice of the initial
local equilibrium approximation.

Attempts to improve the Grad method are based on quasi-equilibrium approximations [167,168]. It
was found in [168] that the Grad distributions are linearized versions of appropriate quasi-equilibrium
approximations (see also the late papers [178,179,175]). A method which treats fluxes (e.g. moments
with respect to collision integrals) as independent variables in a quasi-equilibrium description was
introduced in [190,178,192,179].

An important feature of quasi-equilibrium approximations is that they are always thermodynamic,
i.e. they are concordant with the H-theorem due to their construction. However, quasi-equilibrium
approximations do not remove the uncontrollability of the Grad method.

Boltzmann Equation (BE). The phase space E consists of distribution functions f(v,x) which
depend on the spatial variable x and on velocity variable v. The variable x spans an open domain
Q3 C R,, and the variable v spans the space R}. We require that f(v,x)€F are nonnegative
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functions, and also that the following integrals are finite for every x € Q, (the existence of moments
and of the entropy):

10 f) = / ek fx) P, 20, >0, i >0 ; (133)

Hx(f)Z/f(v,x)(lnf(v,X)— 1 d’w, H(f)Z/Hx(f)d3X- (134)

Here and below integration in v is made over R;, and it is made over Q, in x. For every fixed
X € Qy, 187 and H, might be treated as functionals defined in F.
We write BE in the form of (76) using standard notations [87]:

0 0
Sear Jh=—n o (135)

Here and further a summation in two repeated indices is assumed, and Q(f, f) stands for
the Boltzmann collision integral [1]. The latter represents the dissipative part of the vector field
J(f) (135).

In this paper we consider the case when boundary conditions for Eq. (135) are relevant to the
local with respect to x form of the H-theorem.

For every fixed x, we denote as H( /') the space of linear functionals >+, a;(x) [ Yi(v)f(v,x)d’v,
where ;(v) represent summational invariants of a collision [1,2] (Yo=1, Yi=v;, i=1,2,3, yu=1?).
We write (mod H2(f)) if an expression is valid within the accuracy of adding a functional from
HY(f). The local H-theorem states: for any functional

Hx(f)Z/f(v,x)(lnf(v,X)— 1)d*v (mod H.(f)) (136)

the following inequality is valid:
dH,(f)/dt = /Q(f,f)|ff(v,x)lnf(v,x) v <0 . (137)

Expression (137) is equal to zero if and only if In f = Z?:o a;(x)i(v).
Although all functionals (136) are equivalent in the sense of the H-theorem, it is convenient to
deal with the functional

Hx(f)Z/f(v,x)(lnf(v,x)— Dd’ .

All what was said in the previous sections can be applied to BE (135). Now we will discuss some
specific points.

Local manifolds. Although the general description of manifolds Q C F (Section 2.1) holds as well
for BE, a specific class of manifolds might be defined due to the different character of spatial and
of velocity dependencies in BE vector field (135). These manifolds will be called local manifolds,
and they are constructed as follows. Denote as Fj, the set of functions f(v) with finite integrals

(a)

JORB(f) = / WS f(v)dn, i1 =0, =0, i5>0;
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(b)
H(f) = / F0)In f(0) & . (138)

In order to construct a local manifold in F, we, firstly, consider a manifold in Fj... Namely, we
define a domain 4 C B, where B is a linear space, and consider a smooth immersion 4 — Fiy:
a — f(a,v). The set of functions f(a,v) € Flo., where a spans the domain A4, is a manifold in Fi..
Secondly, we consider a// bounded and sufficiently smooth functions a(x): Q, — 4, and we define
the local manifold in /' as the set of functions f(a(x),v). Roughly speaking, the local manifold is
a set of functions which are parameterized with x-dependent functions a(x). A local manifold will
be called a locally finite-dimensional manifold if B is a finite-dimensional linear space.

Locally finite-dimensional manifolds are a natural source of initial approximations for constructing
dynamic invariant manifolds in BE theory. For example, the Tamm—Mott—Smith (TMS) approxima-
tion gives us locally two-dimensional manifold { f(a_,a. )} which consists of distributions

flas,an)=a_f- +a.fs . (139)

Here a_ and a; (the coordinates on the manifold Qrvys={f(a—,a;)}) are nonnegative real functions
of the position vector x, and f_ and f, are fixed Maxwellians.

Next example is locally five-dimensional manifold { f'(n,u, T')} which consists of local Maxwellians

(LM). The LM manifold consists of distributions f;, which are labeled with parameters »,u, and 7':

—3/2 N2
fo(n,u,T):n<2n:1BT> eXp<_m(;kBT”)> . (140)

Parameters n,u, and 7 in (140) are functions depending on x. In this section we will not indicate
this dependency explicitly.
Distribution fy(n,u,T) is the unique solution of the variational problem:

H(f):/flnfd%ﬂrnin

for

Mo(f)Z/l'fd3v;

M(f)Z/vifd3v=nui, =123 ;

3I’lkBT 2

+ nu (141)

M) = [t
Hence, the LM manifold is a quasi-equilibrium manifold. Considering n,u, and T as five scalar
parameters (see the remark on locality in Section 3), we see that LM manifold is parameterized
with the values of M (f),s =0,...,4, which are defined in the neighborhood of LM manifold. It
is sometimes convenient to consider the variables M( fy), s =0,...,4, as new coordinates on LM
manifold. The relationship between the sets {M(fo)} and {n,u,T} is

n=My w=M;'M, i=12,3; T:%MJI(M‘t—MO_lM,-Mi). (142)
B

This is the standard moment parametrization of the quasi-equilibrium manifold.
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Thermodynamic quasi-equilibrium projector. Thermodynamic quasi-equilibrium projector By ... 7)(J )
onto the tangent space I'f(uur) 1s defined as

Ppynary(J) = af O(n wT) / Yo dv (143)

s=0

Here we have assumed that n,u, and T are functions of M,,..., M, (see relationship (142)), and

=1, Y=uv, i=123, y=0". (144)
Calculating derivatives in (143), and next returning to variables n,u, and T, we obtain

1 my mu?> T\ [(m(v—u)P? 3
P (1) = Jolm 0. ) { [n kT <3nkB - n> <2kBT2 - 2T>]

2mu; ((m(v — u)? 3
1-Jd ” P Up) — - 57
X/ S [nkBT(U “D T ( 2kpT? 2T>}

743 m m(v—”)z_i /2 3
X/U,Jd v+3nk3< T2 T vJdv, . (145)

It is sometimes convenient to rewrite (145) as

Prynur)(J) = fo(n,u, T)Z }Zzn”)/tﬂ%znﬂ)J d*v (146)
Here
Votnary =1 Wity = @)% i=1,2,3
w/(‘:()nuT) =(2/3m)"*(* — (3/2)); ¢ =(m/2ksT)" *(v; — ;) . (147)

It is easy to check that
[ W Wy P = b0 (148)

Here 6y, is the Kronecker delta.
Defect of invariance for the LM manifold. The defect of invariance for the LM manifold at the
point fo(n,u,T) for the BE is

0fo(n,u,T)
0x;

- (—(vs —uy otz l)

A(fo(l’l, u, T)) = Pﬁ)(n,u,T) <_(US - us) + Q(fO(na u, T))>

+ Q(fO(n> u, T))>

0 fo(n u,T))+(U _u)afo(n,u,T) (149)

=P —(vs—u -
fo(nu,T) < ( s S) axS axS
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Substituting (145) into (149), we obtain

—u)’ ol
AuamanzﬁMJJv{C“;ﬁP—§>(Fﬁm2;f
+é§<@“”““_””_;%“_”ﬁgﬁ}' (150)

The LM manifold is not a dynamic invariant manifold of the Boltzmann equation and defect (150)
is not identical to zero.

Example 2: Scattering rates versus moments: alternative Grad equations

In this subsection scattering rates (moments of collision integral) are treated as new independent
variables, and as an alternative to moments of the distribution function, to describe the rarefied gas
near local equilibrium. A version of entropy maximum principle is used to derive the Grad-like
description in terms of a finite number of scattering rates. New equations are compared to the
Grad moment system in the heat nonconductive case. Estimations for hard spheres demonstrate, in
particular, some 10% excess of the viscosity coefficient resulting from the scattering rate description,
as compared to the Grad moment estimation.

In 1949, Harold Grad [158] has extended the basic assumption behind the Hilbert and Chapman—
Enskog methods (the space and time dependence of the normal solutions is mediated by the five
hydrodynamic moments [51]). A physical rationale behind the Grad moment method is an assumption
of the decomposition of motion (i). During the time of order 7, a set of distinguished moments M’
(which include the hydrodynamic moments and a subset of higher-order moment) does not change
significantly as compared to the rest of the moments M” (the fast evolution) (ii). Towards the end of
the fast evolution, the values of the moments M” become unambiguously determined by the values
of the distinguished moments M’, and (iii). On the time of order 0> 7, dynamics of the distribution
function is determined by the dynamics of the distinguished moments while the rest of the moments
remains to be determined by the distinguished moments (the slow evolution period).

Implementation of this picture requires an ansatz for the distribution function in order to represent
the set of states visited in the course of the slow evolution. In Grad’s method, these representative
sets are finite-order truncations of an expansion of the distribution functions in terms of Hermit
velocity tensors:

N
fe(M',0) = fin(p,w,E,v) |14 ay(M)Hy(v —u)| (151)
(o)

where H(,)(v — u) are various Hermit tensor polynomials, orthogonal with the weight fi\, while
coefficient a,)(M") are known functions of the distinguished moments M’, and N is the highest
order of M’. Other moments are functions of M’: M" = M"( fc(M")).

Slow evolution of distinguished moments is found upon substitution of Eq. (151) into the
Boltzmann equation and finding the moments of the resulting expression (Grad’s moment equations).



254 A.N. Gorban et al. | Physics Reports 396 (2004) 197—-403

Following Grad, this extremely simple approximation can be improved by extending the list of
distinguished moments. The most well known is Grad’s thirteen-moment approximation where the set
of distinguished moments consists of five hydrodynamic moments, five components of the traceless
stress tensor o;; = [ m[(v; —u;)(v; —u;) — 8;(v —u)?/3] f dv, and of the three components of the heat
flux vector ¢; = [(v; — u;)m(v — u)?/2 f dv.

The time evolution hypothesis cannot be evaluated for its validity within the framework of Grad’s
approach. It is not surprising therefore that Grad’s methods failed to work in situations where it was
(unmotivatedly) supposed to, primarily, in the phenomena with sharp time-space dependence such
as the strong shock wave. On the other hand, Grad’s method was quite successful for describing
transition between parabolic and hyperbolic propagation, in particular the second sound effect in
massive solids at low temperatures, and, in general, situations slightly deviating from the classical
Navier—Stokes—Fourier domain. Finally, the Grad method has been important background for devel-
opment of phenomenological nonequilibrium thermodynamics based on hyperbolic first-order equa-
tion, the so-called EIT (extended irreversible thermodynamics [180]).

Important generalization of the Grad moment method is the concept of quasi-equilibrium ap-
proximations already mentioned above. The quasi-equilibrium distribution function for a set of
distinguished moment M’ maximizes the entropy density S for fixed M’. The quasi-equilibrium
manifold Q3(M) is the collection of the quasi-equilibrium distribution functions for all admissi-
ble values of M. The quasi-equilibrium approximation is the simplest and extremely useful (not
only in the kinetic theory itself) implementation of the hypothesis about the decomposition: If M’
are considered as slow variables, then states which could be visited in the course of rapid motion
in the neighbored of Q*(M’) belong to the planes 'y = {f |m/(f — f*(M")) = 0}. In this re-
spect, the thermodynamic construction in the method of invariant manifold is a generalization of
the quasi-equilibrium approximation where the given manifold is equipped with a quasi-equilibrium
structure by choosing appropriately the macroscopic variables of the slow motion. In contrast to
the quasi-equilibrium, the macroscopic variables thus constructed are not obligatory moments.
A text book example of the quasi-equilibrium approximation is the generalized Gaussian func-
tion for M’ = {p,pu,P} where P; = [v;v;fdv is the pressure tensor. The quasi-equilibrium
approximation does not exist if the highest order moment is an odd polynomial of velocity
(therefore, there exists no quasi-equilibrium for thirteen Grad’s moments). Otherwise, the Grad
moment approximation is the first-order expansion of the quasi-equilibrium around the local
Maxwellian.

The classical Grad moment method [158] provides an approximate solution to the Boltzmann
equation, and leads to a closed system of equations where hydrodynamic variables p, u, and P
(density, mean flux, and pressure) are coupled to a finite set of nonhydrodynamic variables. The
latter are usually the stress tensor ¢ and the heat flux q constituting 10 and 13 moment Grad systems.
The Grad method was originally introduced for diluted gases to describe regimes beyond the normal
solutions [51], but later it was used, in particular, as a prototype of certain phenomenological schemes
in nonequilibrium thermodynamics [180].

However, the moments do not constitute the unique system of nonhydrodynamic variables,
and the exact dynamics might be equally expressed in terms of other infinite sets of variables
(possibly, of a nonmoment nature). Moreover, as long as one shortens the description to only
a finite subset of variables, the advantage of the moment description above other systems is not
obvious.
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Nonlinear functionals instead of moments in the closure problem. Here we consider a new system
of nonhydrodynamic variables, scattering rates M"(f):

M‘lvlzls(f) = /:uilizisQW(f)dv >
Hiiniy = MU URUS (152)

which, by definition, are the moments of the Boltzmann collision integral O"( f):
Qw(f):/W(vlavllavavl){f(v/)f(v/l)_f(v)f(vl)} dv’ dvy do; .

Here w is the probability density of a change of the velocities, (v,v;) — (v/,v}), of the two
particles after their encounter, and w is defined by a model of pair interactions. The description in
terms of the scattering rates M™ (152) is alternative to the usually treated description in terms of
the moments M: M; ;,;,(f) = [ Wini, f dv.

A reason to consider scattering rates instead of the moments is that M" (152) reflect features of
the interactions because of the w incorporated in their definition, while the moments do not. For this
reason we can expect that, in general, a description with a finite number of scattering rates will be
more informative than a description provided by the same number of their moment counterparts.

To come to the Grad-like equations in terms of the scattering rates, we have to complete the
following two steps:

(i) To derive a hierarchy of transport equations for p, u, P, and M},
local Maxwell states fo(p,u, P).

(ii) To truncate this hierarchy, and to come to a closed set of equations with respect to p, u, P,
and a finite number of scattering rates.

in a neighborhood of the

In step (i), we derive a description with infinite number of variables, which is formally equivalent
both to the Boltzmann equation near the local equilibrium, and to the description with an infinite
number of moments. The approximation comes into play in step (ii) where we reduce the description
to a finite number of variables. The difference between the moment and the alternative description
occurs at this point.

Program (i) and (ii) is similar to what is done in the Grad method [158], with the only exception
(and this is important) that we should always use scattering rates as independent variables and not
to expand them into series in moments. Consequently, we will use a method of a closure in the step
(i) that does not refer to the moment expansions. Major steps of the computation will be presented
below.

Linearization. To complete step (i), we represent f as fo(14¢), where f; is the local Maxwellian,
and we linearize the scattering rates (152) with respect to ¢:

AM?\;Zl}((p):/Au;lel;fo(pdv:

Aty = L (Hiriziy) - (153)

Here LY is the usual linearized collision integral, divided by fy. Though AM™ are linear in ¢,

they are not moments because their microscopic densities, Au", are not velocity polynomials for a
general case of w.
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It is not difficult to derive the corresponding hierarchy of transport equations for variables AM", .,
p, u, and P (we will further refer to this hierarchy as to the alternative chain): one has to calcu-
late the time derivative of the scattering rates (152) due to the Boltzmann equation, in the linear
approximation (153), and to complete the system with the five known balance equations for the
hydrodynamic moments (scattering rates of the hydrodynamic moments are equal to zero due to
conservation laws). The structure of the alternative chain is quite similar to that of the usual mo-
ment transport chain, and for this reason we do not reproduce it here (details of calculations can be
found in [181]). One should only keep in mind that the stress tensor and the heat flux vector in the
balance equations for # and P are no more independent variables, and they are expressed in terms
of AM}', .., p, u, and P.

Truncating the chain. To truncate the alternative chain (step (ii)), we have, first, to choose a
finite set of “essential” scattering rates (153), and, second, to obtain the distribution functions which
depend parametrically only on p, u#, P, and on the chosen set of scattering rates. We will restrict
our consideration to a single nonhydrodynamic variable, o} 7> which is the counterpart of the stress
tensor ¢;;. This choice corresponds to the polynomial mv;v; in expresswns (152) and (153), and the
resulting equations will be alternative to the 10 moment Grad system.’ For a spherically symmetric
interaction, the expression for ¢;; may be written as

(w)—/Au Sopdv ;

1
Al = LY (mvv;) = D) S*(c?) {c,-c_,- -3 5,762} : (154)

Here #y(T) is the first Sonine polynomial approximation of the Chapman—Enskog viscosity coef-
ficient (VC) [51], and, as usual, ¢ =+/m/2kT(v — u). The scalar dimensionless function S* depends
only on ¢?, and its form depends on the choice of interaction w.

Entropy maximization. Next, we find the functions f*(p,u, P,0};)= fo(p,u, P)(1+¢*(p,u, P, d}}))
which maximize the Boltzmann entropy S(f) in a neighborhood of fo (the quadratic approximation
to the entropy is valid within the accuracy of our consideration), for fixed values of ¢;. That is, ¢*
is a solution to the following conditional variational problem:

ki
AS(p) =2 / fo@® dv — max,

(i)/Aﬂ;;foqodv:a;;; (ii)/{l,v,vz}foqodv:(). (155)

The second (homogeneous) condition in (155) reflects that a deviation ¢ from the state fy is due
only to nonhydrodynamic degrees of freedom, and it is straightforwardly satisfied for A% (154).
Notice, that if we turn to the usual moment description, then condition (i) in (155) would fix the
stress tensor o;; instead of its scattering counterpart o;. Then the resulting function f™(p,u, P, 5;;)
will be exactly the 10 moment Grad approximation. It can be shown that a choice of any finite set
of higher moments as the constraint (i) in (155) results in the corresponding Grad approximation.

9To get the alternative to the 13 moment Grad equations, one should take into account the scattering counterpart of
the heat flux, ¢}’ =m [ vi(v*/2)0"(f)dv.
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In that sense our method of constructing f™ is a direct generalization of the Grad method onto the
alternative description.

The Lagrange multipliers method gives straightforwardly the solution to the problem (155). After
the alternative chain is closed with the functions f*(p,u, P,0};), the step (ii) is completed, and we
arrive at a set of equations with respect to the variables p, u, P, and ¢};. Switching to the variable

{ij=n ~lg" we have

ij>
o+ 0;(nu;) =0 ; (156)
Pyt + uiditee) + P + {”O( L c,k} : (157)
%(G,P + u;0;P) + ;P@iui + { o (T)n Clk} Ojur =0 ; (158)

2
atCik + as(”SCik) + {Cksasui + Cisasuk - 5 5iké’rsasur}

.2 > :
+ {/ - rW} i Ot — (T (aiuk + Ogut; — 3 5ikas”s)

o P
—Tli =0. (159)
g (T) ‘

Here 0, =0/0t, 0; = 0/0x;, summation in two repeated indices is assumed, and the coefficients ", ",
and o are defined with the help of the function " (154) as follows:

P = 15?/%/0 e c(S"())Y de ;

g 248
/ S5

15[
o W /0 e < c0S ()R () de . (160)

The function R"(c?) in the last expression is defined due to the action of the operator L" on the
function $"(c?)(cic; — 10,¢?):

P 1 1
— R"(c?) (c,-cj -3 5,-,c2> =L (Sw(cz) <c[c_/ — 35,-,c2>> . (161)
Mo

Finally, the parameter 9" in (156)—(160) reflects the temperature dependence of the VC:

2 (1T (Gm)
773 (1) \ dT ‘

The set of 10 equations (156)—(160) is alternative to the 10-moment Grad equations.
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A new determination of molecular dimensions (revisited). The first observation to be made is that
for Maxwellian molecules we have: SM™ = 1, and n)™ oc T; thus yMM = pMM =0, MM = MM — 1|
and (156)—(160) becomes the 10-moment Grad system under a simple change of variables A(;; =0,
where 1 is the proportionality coefficient in the temperature dependence of n)™.

These properties (the function S* is a constant, and the VC is proportional to 7') are true only
for Maxwellian molecules. For all other interactions, the function S is not identical to one, and
the VC 5y (T) is not proportional to 7. Thus, the shortened alternative description is not equivalent
indeed to the Grad moment description. In particular, for hard spheres, the exact expression for the
function ST (154) reads

5v2 (!
SHS — 1\6f exp(—c*2)(1 — ) (A(1 — ) +2)dt, S o« VT . (162)
0

Thus, y"S=1, and p"5/r"S ~ 0.07, and the equation for the function {; (160) contains a nonlinear
term

HHSCikasus 5 (163)

where 015 ~ 0.19. This term is missing in the Grad 10 moment equation.

Finally, let us evaluate the VC which results from the alternative description (156)—(160).
Following Grad’s arguments [158], we see that, if the relaxation of (; is fast compared to the
hydrodynamic variables, then the two last terms in the equation for {y (156)—(160) become domi-
nant, and the equation for u casts into the standard Navier—Stokes form with an effective VC n;:

w 1 w
ﬂeﬂ:ﬁﬂo . (164)

For Maxwellian molecules, we easily derive that the coefficient " in Eq. (164) is equal to %
Thus, as one expects, the effective VC (164) is equal to the Grad value, which, in turn, is equal to
the exact value in the frames of the Chapman—Enskog method for this model.

For all interactions different from the Maxwellian molecules, the VC nl; (164) is not equal to
1y . For hard spheres, in particular, a computation of the VC (164) requires information about the
function R"S (161). This is achieved upon a substitution of the function S"S (162) into Eq. (161).
Further, we have to compute the action of the operator L1 on the function S"(c;c; — 1 d;;¢?), which
is rather complicated. However, the VC 5!¥ can be relatively easily estimated by using a function

SHS — % (1+ 1¢?), instead of the function S", in Eq. (161). Indeed, the function S!S is tangent

to the function S™S at ¢> =0, and is its majorant (see Fig. 3). Substituting S'' into Eq. (161), and
computing the action of the collision integral, we find the approximation R'S; thereafter we evaluate
the integral o' (160), and finally come to the following expression:

75264
s > ans ~ 1128 . (165)

Thus, for hard spheres, the description in terms of scattering rates results in the VC of more than
10% higher than in the Grad moment description.

A discussion of the results concerns the following two items.

1. Having two not equivalent descriptions which were obtained within one method, we may ask:
which is more relevant? A simple test is to compare characteristic times of an approach to hydro-

dynamic regime. We have tg ~ n)S/P for 10-moment description, and t, ~ n?ff‘/P for alternative
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c2

Fig. 3. Approximations for hard spheres: bold line—function S"S, solid line—approximation S, dotted line—Grad
moment approximation.

Table 1
Three virial coefficients: experimental Bey,, classical By [182], and reduced By for three gases at 7= 500 K

Bexp BO Beﬁ
Argon 8.4 60.9 50.5
Helium 10.8 21.9 18.2
Nitrogen 168 66.5 55.2

description. As 1, > 7g, we see that scattering rate decay slower than corresponding moment, hence,
at least for rigid spheres the alternative description is more relevant. For Maxwellian molecules both
the descriptions are, of course, equivalent.

2. The VC ’7?1:? (165) has the same temperature dependence as 1{'S, and also the same dependence
on a scaling parameter (a diameter of the sphere). In the classical book [51] (pp. 228-229), “sizes”
of molecules are presented, assuming that a molecule is represented with an equivalent sphere and
VC is estimated as 7}>. Since our estimation of VC differs only by a dimensionless factor from 7},
it is straightforward to conclude that effective sizes of molecules will be reduced by the factor b,
where

b= /0t ~0.94 .

Further, it is well known that sizes of molecules estimated via viscosity in [51] disagree with the
estimation via the virial expansion of the equation of state. In particular, in the book [182, p. 5] the
measured second virial coefficient B, was compared with the calculated By, in which the diameter
of the sphere was taken from the viscosity data. The reduction of the diameter by factor b gives
Bt = b*By. The values Bexp and Bg [182] are compared with By in Table 1 for three gases at
T =500 K. The results for argon and helium are better for By, while for nitrogen By is worth than
By. However, both By and B.y are far from the experimental values.
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Hard spheres is, of course, an oversimplified model of interaction, and the comparison presented
does not allow for a decision between 1> and #'l>. However, this simple example illustrates to
what extend the correction to the VC can affect a comparison with experiment. Indeed, as it is well
known, the first-order Sonine polynomial computation for the Lennard—Jones (LJ) potential gives
a very good fit of the temperature dependence of the VC for all noble gases [183], subject to a
proper choice of the two unknown scaling parameters of the LJ potential. ' We may expect that a
dimensionless correction of the VC for the LJ potential might be of the same order as above for rigid
spheres. However, the functional character of the temperature dependence will not be affected, and
a fit will be obtained subject to a different choice of the molecular parameters of the LJ potential.

There remains, however, a general question how the estimation of the VC (164) responds to the
exact value [51,184]. Since the analysis performed above does not immediately appeal to the exact
Chapman—Enskog expressions just mentioned, this question remains open for a further work.

6. Newton method with incomplete linearization

Let us come back to the invariance equation (78),
A,=(1 = P)J(F(y)=0.

One of the most efficient methods to solve this equation is the Newton method with incomplete
linearization. Let us linearize the vector field J around F(y):

J(F(y) +0F(y)) =J(F(y)) + (DJ)r()0F (y) + o(0F (y)) - (166)

Equation of the Newton method with incomplete linearization makes it possible to determine
oF(y):

PoF(y) =0,

(1 = P)(DI)p()0F (y) = (1 = P)J(F(y)) - (167)

The crucial point here is that the same projector P, is used as in Eq. (78), that is, without
computing the variation of the projector 0P (hence, the linearization of Eq. (78) is incomplete). We
recall that projector P, depends on the tangent space 7, =Im(DF'),. If the thermodynamic projector
(132) is used here, then P, depends also on (|)r(,) and on g = (DS)g(,).

Equations of the Newton method with incomplete linearization (167) are not differential equations
in y anymore, they do not contain derivatives of the unknown OF(y) with respect to y (which
would be the case if the variation of the projector 0P has been taken into account). The absence of
the derivatives in Eq. (167) significantly simplifies its solving. However, even this is not the main
advantage of the incomplete linearization. More essential is the fact that iterations of the Newton
method with incomplete linearization are expected to converge to slow invariant manifolds, unlike
the usual Newton method. This has been demonstrated in [6] in the linear approximation.

In order to illustrate the nature of Eq. (167), let us consider the case of linear manifolds for linear
systems. Let a linear evolution equation be given in the finite-dimensional real space: x = Ax, where

10 A comparison of molecular parameters of the LJ potential, as derived from the viscosity data, to those obtained from
independent sources, can be found elsewhere, e.g. in Ref. [51, p. 237].
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A is negatively definite symmetric matrix with a simple spectrum. Let us further assume quadratic
Lyapunov function, S(x)=(x, x). The manifolds we consider are lines, /()= ye, where e is the unit
vector, and y is a scalar. The invariance equation for such manifolds reads: e(e, Ae) — Ae=0, and is
simply the eigenvalue problem for the operator A. Solutions to the latter equation are eigenvectors
e;, corresponding to eigenvalues 4;.

Assume that we have chosen a line, [y = yey, defined by the unit vector ey, and that e, is not
an eigenvector of A. We seek another line, /; = ae;, where e; is another unit vector, e; = x1/||x;/|,
x| =eo + ox. The additional condition in (167) reads: P,0F(y)=0, i.e. (e, 0x)=0. Then Eq. (167)
becomes [1 — ey{eg, -)]A[eg + ox] = 0. Subject to the additional condition, the unique solution is as
follows: ey + ox = <e0,A_1e0>_lA_1e0. Rewriting the latter expression in the eigenbasis of A, we
have: ey + dy oc >, A7 1e,-(e,-,e0>. The leading term in this sum corresponds to the eigenvalue with
the minimal absolute value. The example indicates that the method (167) seeks the direction of the
slowest relaxation. For this reason, the Newton method with incomplete linearization (167) can be
recognized as the basis of iterative construction of the manifolds of slow motions.

In an attempt to simplify computations, the question which always can be asked is as follows:
to what extend is the choice of the projector essential in Eq. (167)? This question is a valid one,
because, if we accept that iterations converge to a relevant slow manifold, and also that the projection
on the true invariant manifold is insensible to the choice of the projector, then should one care
of the projector on each iteration? In particular, for the moment parameterizations, can one use in
Eq. (167) the projector (108)? Experience gained from some of the problems studied by this method
indicates that this is possible. However, in order to derive physically meaningful equations of motion
along the approximate slow manifolds, one has to use the thermodynamic projector (132). Otherwise
we are not guaranteed from violating the dissipation properties of these equations of motion.

Example 3: Nonperturbative correction of Local Maxwellian manifold and derivation of
nonlinear hydrodynamics from Boltzmann equation (1D)

This section is a continuation of Example 1. Here we apply the method of invariant manifold to a
particular situation when the initial manifold consists of local Maxwellians (140) (the LM manifold).
This manifold and its corrections play the central role in the problem of derivation of hydrodynamics
from BE. Hence, any method of approximate investigation of BE should be tested with the LM
manifold. Classical methods (the Chapman—Enskog and Hilbert methods) use Taylor-type expansions
into powers of a small parameter (the Knudsen number expansion). However, as we have mentioned
above, the method of invariant manifold, generally speaking, assumes no small parameters, at least
in its formal part where convergency properties are not discussed. We will develop an appropriate
technique to consider the invariance equation of the first iteration. This involves ideas of parametrix
expansions of the theory of pseudodifferential and Fourier integral operators [193,194]. This approach
will make it possible to reject the restriction of using small parameters.

We search for a correction to the LM manifold as

fin,u,T)= fo(n,u,T)+ o0 f1(n,u,T) . (168)

We will use the Newton method with incomplete linearization for obtaining the correction
0fi(n,u,T), because we search for a manifold of slow (hydrodynamic) motions. We introduce the
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representation:

ofi(n,u, T)= fo(n,u, T)p(n,u,T) . (169)

Positivity and normalization. When searching for a correction, we should be ready to face two
problems that are typical for any method of successive approximations in BE theory. Namely, the
first of this problems is that the correction

ka+1 = fQ/c + 5ka+1

obtained from the linearized invariance equation of the (k- 1)th iteration may be not a nonnegatively
defined function and thus it cannot be used directly to define the thermodynamic projector for the
(k + 1)th approximation. In order to overcome this difficulty, we can treat the procedure as a process
of correcting the dual variable u, = D,/H(f') rather than the process of immediate correcting the
distribution functions.

The dual variable u/ is

trlr=reewy = DrH()| =0y = DrHe(f)| = ey = In f(v,x) . (170)

Then, at the (k + 1)th iteration, we search for new dual variables yus|go, ., :

luf‘QkH - luf‘Qk + 6“1"91(“ . (171)

Due to the relationship u, < f, we have

5'uf|Qk+l = Qo T O(é-f.(z)k+] ) Py, = fQ_klékaH : (172)

Thus, solving the linear invariance equation of the kth iteration with respect to the unknown function
0fa..,» we find a correction to the dual variable ¢g,,, (172), and we derive the corrected distributions

kaH as

ka+1 = exp(:uf’Qk + Qg ) = ka eXp(QDQH] ) . (173)

Functions (173) are positive, and they satisfy the invariance equation and the additional conditions
within the accuracy of ¢@gq,, .

However, the second difficulty which might occur is that functions (173) might have no finite
integrals (134). In particular, this difficulty can be a result of some approximations used in solving
equations. Hence, we have to “regularize” functions (173). A sketch of an approach to make this
regularization might be as follows: instead of fq,,, (173), we consider functions

TP = fo, exp(ea,, + 0P)) - (174)

Here ¢™&(f) is a function labeled with ff € B, and B is a linear space. Then we derive f5, from the
condition of coincidence of macroscopic parameters. Further consideration of this procedure [6] is
out of frames of this paper.

The two difficulties mentioned here are not specific for the approximate method developed.
For example, corrections to the LM distribution in the Chapman—Enskog method [51] and the
13-moment Grad approximation [158] are not nonnegatively defined functions, while the 13-moment
quasi-equilibrium approximation [168] has no finite integrals (133) and (134).
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Galilean invariance of invariance equation. In some cases, it is convenient to consider BE vector
field in a reference system which moves with the flow velocity. In this reference system, we define
the BE vector field as

af _ df _of f
u - s ox ; Ju = — W — s
A = ) 5 ) = (o — ()

Here u, (/) stands for the sth component of the flow velocity:
w =) [eseods = [rexdr. (176)

In particular, this form of BE vector field is convenient when the initial manifold €, consists of
functions fg, which depend explicitly on (v—u,(f)) (i.e., if functions fg, € 2y do not change under
velocity shifts: v — v + ¢, where ¢ is a constant vector).

Substituting J,( /) (175) instead of J( f) (135) into all expressions which depend on the BE vector
field, we transfer all procedures developed above into the moving reference system. In particular,
we obtain the following analog of the invariance equation of the first iteration:

(P () = DI in ey (0 f1(a(x),0)) + A( fo(a(x),v)) =0
JL?,lin,a(x)(g) = {n;l(fo(a(x))) / veg d’v

0
o )

0 fo(a(x),v)
0

S

+ux,s(fo(a(x)))n;l(fo(a(x)))/gd3v}

- (Us Uy, s(fO(a(x)))) +Lfo(a(x)v)(g) (177)

A(fola(x),v)) = (P () — 1)Ju(fo(a(X),v)) :
Additional conditions do not depend on the vector field, and thus they remain valid for Eq. (177).

The equation of the first iteration. The equation of the first iteration in the form of (172) for the
correction @(n,u,T) is

{Pfo(n,u,T)(') — 1} {_(Us —uy) M

> + fo(n,u, T)L fynury (@)
Xy

a(fo(l’l, ">T)(p) _

- (US - uS) axS

' (fo(mu,T)) ( / o folnu, T)g o

afO(”’”’T)} —0. (178)

+ug(fo(n, M,T))/fo(n,u,T)go d3v> -
Here fo(n,u,T)L fy(nur)(@) 1s the linearized Boltzmann collision integral:

fO(ns u, T)Lﬁ)(n,u,T)((p) = /W(V,’ v ‘ v, v )fO(na u, T)

x{o' + @) — o — @}V &V v, . (179)
and w(v',v] |v,v;) is the kernel of the Boltzmann collision integral, standard notations label the
velocities before and after collision.
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Additional condition for Eq. (178) has the form
Pryonar)(fo(n,u,T)p) =0 . (180)

In detail notation:

/1 - fo(n,u, T)p d*v =0, /vifo(n,u,T)q)d%—O, i=1,2,3,

/v2f0(n,u,T)god3v:O. (181)

Eliminating in (178) the terms containing [ v, fo(n,u, T )¢ d*v and [ fo(n,u, T)p d*v with the aid of
(181), we obtain the following form of Eq. (178):

{Phynary(-) — 1}

af()(l’l,ll, T)

0 T
2T) 4 i T o (0) ~ (0 — ) ") g

Xs

X <—(vs — Uy)
(182)

In order to consider the properties of Eq. (182), it is useful to introduce real Hilbert spaces
G fy(nu,r) With scalar products:

(P ety = / Folmu, Tygp & . (183)

Each Hilbert space is associated with the corresponding LM distribution fo(n,u,T).
The projector Pgyury (146) is associated with a projector I1 5,y which acts in the space

G fonau):
Hfo(n,u,T)((p) = fO_l(na u, T)Pfo(n,u,T)(fO(na u, T)QD) . (184)
It is an orthogonal projector, because
4
Hfo(n,u,T)((/)) = Z W,(fzzn,u,T)(ll’j(fzzn,u,Ty (/))_fb(n,u,T) : (185)
s=0

Here lp}jg,w) are given by expression (147).
We can rewrite the equation of the first iteration (182) in the form

L a1 (@) + K fyn,1) (@) = Dy, - (186)
Notations used here are:

Dynury = fo ' (n,u, TYA(fo(n,u, T)) ;
(fo(n,u, T)p)

0

Kfo(n,u,T)(q)) = {Hfo(n,u,T)(') - l}fo_l(n, u, T)(Us - us) (187)
The additional condition for Eq. (186) is

W sy @ inary =0, s=0,....4 . (188)
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Now we will list the properties of Eq. (186) for usual collision models [51]:

(a) The linear integral operator L s,y 18 selfadjoint with respect to the scalar product (-, ) fy(nu1)s
and the quadratic form (¢, L f,nu1)(®)) is negatively defined in Im,u.7).

(b) The kernel of L7y does not depend on fo(n,u,T), and it is the linear envelope of the
polynomials o = 1, s = v;, i = 1,2,3, and yJy = v,

(¢) The RHS Dyyur) 1s orthogonal to ker L .47y in the sense of the scalar product (-, ) fy(nu7)-

(d) The projecting operator I1 5.7y s the selfadjoint projector onto ker L s (yu.7):

Hfo(n,u,T)(QD) € ker Lfo(n,u,T) . (189)

Projector II s,ury projects orthogonally.
(e) The image of the operator K,y is orthogonal to ker L ¢ur).
(f) Additional condition (188) requires the solution of Eq. (186) to be orthogonal to ker L s (su.1)-

These properties result in the necessity condition for solving Eq. (186) with the additional con-
straint (188). This means the following: Eq. (186), provided with constraint (188), satisfies the
necessary condition for to have an unique solution in Im L ¢, 4 7).

Remark. Because of the differential part of the operator Ky ,.r), We are not able to apply the
Fredholm alternative to obtain the necessary and sufficient conditions for solvability of Eq. (188).
Thus, the condition mentioned here is, rigorously speaking, only the necessity condition. Nevertheless,
we will still develop a formal procedure for solving Eq. (186).

To this end, we paid no attention to the dependency of all functions, spaces, operators, etc, on
x. It is useful to rewrite once again Eq. (186) in order to separate the local in x operators from
those differential. Furthermore, we shall replace the subscript fo(n,u, T') with the subscript x in all
expressions. We represent (186) as

Aloc(xa ”)90 - Adiff (xa %: v) » = _D(xa v) s

Aloc(x’ v)@ = _{Lx(v)(/’ + (Hx(v) - 1)rx§0} 5

Adgirr <x: aaav> @o=I()—1) <(US — Uy) ai (P) >
X Xs
4

M(0)g =Y WO, 9) ;

s=0
YO =0 Y = @) Peg(x,v), s=1,2,3,
Y = (2/3m)' (P (x,0) = 3/2);  ix,v) = (m/2ksT(x))"*(1; — ui(x))

(0 — ) alnn+i(__ -)%-l- m(v—u)* 3\ 0InTY
Fx =0 = W Ox; kgT b 0x; 2kgT 2/ ox, ’
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[ (m(®—uy 5 OlnT
D(x,v)= { <2kBT - 2) (vi — ui)Tx,-

m 1 2 aus
+/qTT ((Ui —u)(y — ) — 5 Oi(v — u) ) o, } : (190)

Here we have omitted the dependence on x in the functions n(x), u;(x), and T'(x). Further, if
no discrepancy might occur, we will always assume this dependence, and we will not indicate it
explicitly.
The additional condition for this equation is
() =0 (191)

Eq. (190) is linear in ¢. However, the main difficulty in solving this equation is caused by the
differential in x operator Aqg which does not commutate with the local in x operator 4.
Parametrix expansion. In this subsection we introduce a procedure to construct approximate
solutions of Eq. (189). This procedure involves an expansion similar to the parametrix expansion in
the theory of pseudo-differential (PDO) and Fourier integral operators (FIO).
Considering ¢ € Im L,, we write a formal solution of Eq. (190) as

-1
P(x,v) = <Aloc(x:v) — Adifr <xaaxv>) (=D(x,v)) . (192)

It is useful to extract the differential operator 0/0x from the operator Agig(x,0/0x,0):

—1
P(x,v) = <1 —Bs(x,v)ai> Proc(x,0) . (193)

N

Notations used here are:
Proc(X, V) = Al (x, V)(=D(x, 1))
= [ — Le(v) = (ITe(v) = D] " (=D(x,0)) ;
By(x,0) = Aj (x, 0)(IT(v) — 1)(v, — uy)
=[ = Ly(v) = (I1(v) = D] ™ (Ie(0) = 1w — ) - (194)

We will now discuss in more details the character of expressions in (194).
For every x, the function ¢..(x,v), considered as a function of v, is an element of the Hilbert
space G,. It gives a solution to the integral equation:

= Le(0)@roc — (Ix(v) = D)(7xProc) = (=D(x,0)) (195)
This latter linear integral equation has an unique solution in Im L,(v). Indeed,
ker A (x,v) = ker(Ly(v) + (Ix(v) — Dry)*
= ker(Ly(v))" Nker((I1(v) — Dry)"
=ker(Ly(v))" Nker(r(I1,(v) — 1)) and G, NII(v)G,= {0} . (196)

Thus, the existence of the unique solution of Eq. (195) follows from the Fredholm alternative.
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Let us consider the operator R(x, 0/0x,v):

-1
R <xav> — <1 —Bs(x,v)a> . (197)
0x 0x;

One can represent it as a formal series:

0 - 01"
R <x,ax,v> :Z [Bs(x,v)ax} . (198)

s
m=0

Here

[Bs(x, v) ai] ! = By, (x,0) i -+ By, (x,0) (199)

s 0X,
Every term of type (199) can be represented as a finite sum of operators which are superpositions
of the following two operations: of the integral in v operations with kernels depending on x, and of
differential in x operations.

Our goal is to obtain an explicit representation of the operator R(x, 0/0x,v) (197) as an integral
operator. If the operator B;(x,v) would not depend on x (i.e., if no dependence on spatial variables
would occur in kernels of integral operators, in By(x,v)), then we could reach our goal via usual
Fourier transformation. However, operators By(x,v) and 0/0x; do not commutate, and thus this
elementary approach does not work. We will develop a method to obtain the required explicit
representation using the ideas of PDO and IOF technique.

We start with representation (198). Our strategy is to transform every summand (199) in order to
place integral in v operators B(x,v) left to differential operators 0/0x;. The transposition of every
pair 0/0x;Bg(x,v) yields an elementary transform:

O B(x0) - By — |Buev) | . (200)
axk axk axk

Here [M,N]=MN — NM denotes the commutator of operators M and N. We can represent (199) as

+ O<[BS,.(x,v), &?D : (201)

Here O([By,(x,v),0/0xy,]) denotes the terms which contain one or more pairs of brackets [-,-]. The
first term in (201) contains none of these brackets. We can continue this process of selection and
extract the first-order in the number of pairs of brackets terms, the second-order terms, etc. Thus,
we arrive at the expansion into powers of commutator of expressions (199).

In this paper we will consider explicitly the zeroth-order term of this commutator expansion.
Neglecting all terms with brackets in (201), we write

0x;, 0x,

Sm

[Bs(x, V) 6?(] "’ = By, (x,v)- - B, (x,0)

s

o 1" 0 0
|:Bs(x9 U) ax:| = BS] (xav) e BSm(x9 v) x e Ox . (202)
sto S1 Sm

Here the subscript zero indicates the zeroth order with respect to the number of brackets.
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We now substitute expressions [By(x,v)0/0x,]j (202) instead of expressions [B,(x,v)0/0x,]" (199)
into the series (198):

0 > 01"
Ry (x,ax,v> => {Bs(x,v)axjo . (203)

m=0

The action of every summand (202) might be defined via the Fourier transform with respect to
spatial variables.
Denote as F' the direct Fourier transform of a function g(x,v):

Fo(x0) = (kv) = [ gl o)exp(-ikox) d7x (204)
Here p is the spatial dimension. Then the inverse Fourier transform is
g(x,v) :F_lé(k,v)Z(Zn)_”/é(k,v)exp(iksxs)d”k : (205)

The action of operator (202) on a function g(x,v) is defined as

m

B | o)
slo

= <le(x,v) - By, (x,0) o . 62»1) (27'C)p/gA(k,v)eiksxs d7k
—m) " [ explkan ik 0))"00) 47K (206)

The account of (206) in formula (203) yields the following definition of the operator Ry:
Rog(x,v) = (2n)~F / e (1 — ik By(x,v)) ' g(k,v) d?k . (207)

This is the Fourier integral operator (note that the kernel of this integral operator depends on k
and on x). The commutator expansion introduced above is a version of the parametrix expansion
[193,194], while expression (207) is the leading term of this expansion. The kernel (1—ik;B;(x,v))™!
is called the main symbol of the parametrix.

The account of (207) in formula (193) yields the zeroth-order term of parametrix expansion

(pO(xa v):
Po(x,0) = F~'(1 — ik;B)(x,v)) " Fopoe . (208)
In detail notation:

Qo(x,v)=(2m)" " / / exp(iky(xs — y5))

(1 = k[ = Le(v) = (Io(v) = D]~ (Ie(0) = (05 — ug(x)) ™
X[ — Ly(v) — (IT,(v) — 1)ry] "' (—D(p,v)) d?y d”k . (209)

We now will list the steps to calculate the function ¢@q(x,v) (209).
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Step 1: Solve the linear integral equation

[ = Li(v) = (I1x(v) — Dre]@ioc(x,0) = —=D(x,v) . (210)
and obtain the function @,.(x,0).
Step 2: Calculate the Fourier transform @j,c(k,v):

o) = [ gl vexp(—ikr) o7 @11)
Step 3: Solve the linear integral equation
[ — Le(v) = (Ie(v) = 1)(re + ik (0 — ()] Po(x, k, ©) = —D(x, k., v) ;

—D(x,k,0) = [ — Le(0) — (IT(0) = 1)re] froc(k,v) (212)
and obtain the function @o(x,k,v).
Step 4: Calculate the inverse Fourier transform ¢g(x,v):

go(x,v) = (2m) 7 / Gox, ke v)exp(ikux,) A7k . (213)

Completing these four steps, we obtain an explicit expression for the zeroth-order term of parametrix
expansion @y(x,v) (208).

As we have already mentioned above, Eq. (210) of Step 1 has a unique solution in Im L,(v).
Eq. (212) of Step 3 has the same property. Indeed, for every k, the right hand side —D(x,k,v)
is orthogonal to Im I1,(v), and thus the existence and the uniqueness of formal solution @(x,k,v)
follows again from the Fredholm alternative.

Thus, in Step 3, we obtain the unique solution @¢(x,k,v). For every k, this is a function which
belongs to Im L,(v). Accounting that fy(x,v)= fo(n(x),u(x), T(x),v) exposes no explicit dependency
on x, we see that the inverse Fourier transform of Step 4 gives @o(x,v) € Im L, (v).

Egs. (210)~(213) provide us with the scheme of constructing the zeroth-order term of parametrix
expansion. Finishing this section, we will outline briefly the way to calculate the first-order term of
this expansion.

Consider a formal operator R = (1 — AB)~'. Operator R is defined by a formal series:

R=Y) (4B)" . (214)
m=0

In every term of this series, we want to place operators 4 left to operators B. In order to do this,
we have to commutate B with 4 from left to right. The commutation of every pair BA yields the
elementary transform BA — AB — [A,B] where [A,B] = AB — BA. Extracting the terms with no
commutators [4, B] and with a single commutator [A4, B], we arrive at the following representation:

R =Ry + R; + (terms with more than two brackets) . (215)
Here
Ry=) A"B" ; (216)
m=0
o0 oo
Ry==>_) id"7[4,Bl4'B~'B" " . (217)

m=2 i=2
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Operator Ry (216) is the zeroth-order term of parametrix expansion derived above. Operator R,
(the first-order term of parametrix expansion) can be represented as follows:

o0 o0 [ee)
Ri=—Y mA"[4,B] (ZA’B’> B" ==Y mA"CB", C=[4,BIR, . (218)
m=1 i=0 m=1

This expression can be considered as an ansatz for the formal series (214), and it gives the most
convenient way to calculate R;. Its structure is similar to that of Ry. Continuing in this manner, we
can derive the second-order term R,, etc. We will not discuss these questions in this paper.

In the next subsection we will consider in more detail the first-order term of parametrix expansion.

Finite-dimensional approximations to integral equations. Dealing further only with the zeroth-order
term of parametrix expansion (209), we have to solve two linear integral equations, (210) and (212).
These equations satisfy the Fredholm alternative, and thus they have unique solutions. The problem
we face here is exactly of the same level of complexity as that of the Chapman—Enskog method
[51]. The usual approach is to replace integral operators with some appropriate finite-dimensional
operators.

First we will recall standard objectives of finite-dimensional approximations, considering Eq. (210).
Let pi(x,v), where i =1,2,..., be a basis in Im L,(v). Every function ¢(x,v) € Im L,(v) might be
represented in this basis as

o0
P(x,0) =Y _ai(x)pi(x,0);  ai(x) = (¢(x,0), pi(x,0))s . (219)
i=1
Eq. (210) is equivalent to an infinite set of linear algebraic equations with respect to unknowns
a;(x):

D mu(x)ax) =di(x), k=12,.... (220)

i=1

Here
mki(x) = (pk(xav)aAloc(xav)pi(xsv))x >
di(x) = —(pr(x,0),D(x,0)); . (221)

For a finite-dimensional approximation of Eq. (220) we use a projection onto a finite number of
basis elements p;(x,v), i =1ij,...,i,. Then, instead of (219), we search for the function ¢@g,:

n

Prin(X,0) = Y _ a;,(x) pi,(x,0) . (222)

s=1

Infinite set of Eqgs. (220) is replaced with a finite set of linear algebraic equations with respect to
a;(x), where s=1,...,m:

> mi()a(x)=di(x), s=1,....n. (223)
=1

There are no a priori restrictions upon the choice of the basis, as well as upon the choice of its
finite-dimensional approximations. In this paper we use the standard basis of unreducible Hermite
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tensors (see, for example, [87,158]). The simplest appropriate version of a finite-dimensional ap-
proximation occurs if the finite set of Hermite tensors is chosen as:

pe(x,0) = e(x,0)(*(x,0) — (5/2)), k=123
1
pl'j(x’v) = ci(x’v)cj(xav) - g 5ijC2(xav)> l:] = 132’3 5

ci(x,0) = v7 (x)(0; — ui(x)),  vr(x) = QkgT(x)/m)"? . (224)

It is important to stress here that “good” properties of orthogonality of Hermite tensors, as well as
of other similar polynomial systems in BE theory, have the local in x character, i.e. when these
functions are treated as polynomials in c¢(x,v) rather than polynomials in v. For example, functions
pr(x,v) and p;;(x,v) (224) are orthogonal in the sense of the scalar product (-,-),:

(Pr(x,0), py(x,0))s o / e py(x,0) pyy(x, v) de(x,0) = 0 . (225)

On contrary, functions p(y,v) and p;j(x,v) are not orthogonal neither in the sense of the scalar
product (-,-),, nor in the sense of the scalar product (-,-),, if y # x. This distinction is important
for constructing the parametrix expansion. Further, we will omit the dependencies on x and v in the
dimensionless velocity ¢;(x,v) (224) if no misunderstanding might occur.

In this section we will consider the case of one-dimensional in x equations. We assume that:

u(x) =u(x1), wy=u3=0, T(x)=T(x1), n(x)=n(x). (226)

We write x instead of x; below. Finite-dimensional approximation (224) requires only two functions:
1
pa(x,v) = ci(x,v) — 3 A(x,v),  palx,0) = ci(x,v)(A(x,v) — (5/2)) ,

ci(x,0) = v ()0 — w(x)),  c23060) =07 (X)v23 - (227)
Now we will make a step-by-step calculation of the zeroth-order term of parametrix expansion, in
the one-dimensional case, for the finite-dimensional approximation (227).
Step 1. Calculation of @ioc(x,v) from Egq. (210).
We search for the function @c(x,v) in approximation (227) as
Proc(X, V) = atoe(x)(e] = (1/3)e*) + bige(x)e1(c? = (5/2)) (228)

Finite-dimensional approximation (223) of integral equation (210) in basis (227) yields
m33(X)@oc(x) + M34(X)bioc(x) = Ottoc(X) 5

M3 (X)oc(x) + Ma4(xX)bioc(x) = Proc(x) - (229)
Notations used are:

m33(x) = n(x)/3(x) + 1971 %; maq(x) = n(x)Aq(x) + E % .

4 ox’
vr(x) alnn_i_ﬂalnT )
3 Ox 2 Ox ’

m3a(x) = ma3(x) =
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1 —C
I =——5 [ e D by 4(x, )L (0) p3 a(x,0) dPe(x,0) > 0 ;

2 Ou 5 aln T
=2 Pocx) =—— vr(X) -
3 0x

aloc(x) = (230)

Parameters A3(x) and A4(x) are easily expressed via Enskog integral brackets, and they are calculated
in [51] for a wide class of molecular models.
Solving Eq. (229), we obtain coefficients aj,c(x) and bjc(x) in expression (228):

Aloc(x) . o Bloc(x),
Z(x,0) 7 Z(x,0)’

Aloc(x) = o‘loc(x)m44(x) - ﬂloc(x )m34(x) >

Aloe = Z(x,0) = m33(x)mag(x) — miy(x) ;

Bioe(x) = ﬁloc(x)m33(x) — Ogoc(X)m3a(x) ;
au/ax(n/h + 2 7 0u/0x) + > p2.01In T/0x(0In n/ox + “ 0InT/ox)
(ns + % Ou/ox)(niq + %77 Ou/0x) — g(aln n/ox + % 6 In 7/0x)?

Aloc =

b —fvralnT/ax(nm—i— i au/ax)—l— vTﬁu/ax(alnn/6x+ U alnT/ax) 231)
loc =
(nis + 1 5 ou/x)(nis + 2 7 0u/ox) — (6ln n/x + 11 01n T/x)?

These expressions complete Step 1.
Step 2. Calculation of Fourier transform of @ioc(x,v) and its expression in the local basis.
In this step we make two operations:

(i) The Fourier transformation of the function ¢@o.(x,v):

+00
Grooll, ) — / exp(—iky)groc(r,v) d . (232)

— 00

(ii) The representation of @.c(k,v) in the local basis { po(x,v),..., pa(x,v)}:

pO(x9v) = 13 pl(x U) = C](x v) p2(xav) = Cz(x,l)) - (3/2) >
p3(x,0) = i(x,0) — (1/3)P(x,0),  pa(x,v) = e1(x, 0)(*(x,0) — (5/2)) . (233)

Operation (ii) is necessary for completing Step 3 because there we deal with x-dependent operators.
Obviously, the function @j.c(k,v) (232) is a finite-order polynomial in v, and thus the operation (ii)
is exact.

We obtain in (ii):

4
Proc(x. K, 0) = Proc(x ko c(x,0)) = > hy(x, k) i, ) . (234)
i=0
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Here

ﬁi(x7 k) = (p,-(X, v)7 pi(x= v))x_z((f)loc(k’ v)a pi(x7 v))X .
Let us introduce notations:

u() —u(y)

= — 1/2 V= =
0 =90x,y) =T @)/T(y))" 7=2xy) o7 ()

Cocflicients ﬁi(x,k) (235) have the following explicit form:

R +00
hix,k)——J/ exp(—iky)hi(x, y)dy;  hi(x,y)=Z""(,0)gi(x, ») ;

—00

5 2
san—&aw(f+2ﬂW—u)+3maw%;

5 4
gl(x> y) = Bloc(y) (319’))2 + 5 "9(192 - 1)> + gAloc(y)ﬁy 5

5
gz(X, y) = g Bloc(y)ﬂzy 5
g3(x9 y) = Bloc(y)zﬁy + Aloc(y)'lg2 5
ga(x, y) = Bioc(y)9’ .

Here Z(y,0), Bioc(v) and Ajoc(y) are the functions defined in (231).
Step 3: Calculation of the function ¢o(x,k,v) from Eq. (212).

273

(235)

(236)

(237)

Linear integral equation (212) has a form similar to that of Eq. (210). We search for the function

@o(x, k,v) in basis (227) as

Po(x, k, ©) = do(x, k) p3(x,v) + bo(x, k) pa(x,v) .

(238)

Finite-dimensional approximation of the integral Eq. (212) in basis (227) yields the following equa-

tions for unknowns dgy(x, k) and bo(x,k):

s (x)io(r, ) + [m34<x> +3 iva<x>] bo(x. k) = da(x. k)

1. . R R
[m43(x) + 3 lkUT(x)] ao(x, k) + maa(x)bo(x, k) = Po(x, k) .
Notations used here are

Go(x, k) = ms3(X)hs(x, k) + m3a()ha(x, k) + $,(x, k) ;
Bo(x, k) = maz(x)h3(x, k) 4 mag(x)aa(x, k) + §(x, k) ;

(239)
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“+00
6, p(e k) = / exp(—iky)s, p(x, 1) d :

sute) =y or0 (T 2 50T ) 5 5 o)+ 200 ) (240)
i) = 301 (T8 ) + T Gt ) + 3o ) @24)

Solving Egs. (239), we obtain functions dg(x, k) and 50(x,k) in (238):

o, k) = Ao (x, k)mas(x) — ﬂo(x k)(msg(x) + 3 lkUT(x))
T Z(x, 3 ikvr(x)) ’

Do k) = BoCx, kymss(x) — 060()C k)(mza(x) + 3 1kvr(X)) (242)

( X, 3 lkUT(x))

Here

Rop() |
9 3

+116u /1 +27au ) 6lnn+1161nT :
nl 90x 74 40x 9 0x 20x

kzva(x) 2 Olnn  110InT
+ 9 9kT()( e + 2ox ) (243)

lkUT(x)m34(x)

Z (x, % iva(x)> =Z(x,0)+

Step 4: Calculation of the inverse Fourier transform of the function Qy(x,k,v).
The inverse Fourier transform of the function @¢(x, %, v) (238) yields:

Po(x,v) = ao(x) p3(x, v) + bo(x) pa(x,v) . (244)

Here

1 +00
a(x) = o / exp(ike)do(x, k) dk |

| [t )
bo(x) = 5 / exp(ikx)bo(x, k) dk . (245)
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Taking into account expressions (231), (240)—(243), and (237), we obtain the explicit expression
for the finite-dimensional approximation of the zeroth-order term of parametrix expansion (244):

ap(x) = i /_ :O dy /_ :o dk exp(ik(x — y))Z™! (x, % iva(x)>

X {Z(x, 0)h3(x, y) + [s2(x, y)maa(x) — sp(x, y)mza(x)]

3 o (OImsa(e s, ) + maa(e)hate 1) + syl y)]} :
bo(x) = % /_ :O dy /_ :o dk exp(ik(x — y))Z~! <x, % iva(x)>

X {Z(x, 0)ha(x, ) + [sp(x, yIm33(x) — $5(x, y)m3a(x)]

1.
=3 kor(0)lmsa()hax, y) + ms3(0)hs(x, y) + sa(x, y)]} : (246)
Hydrodynamic equations. Now we will discuss briefly the utility of obtained results for hydro-
dynamics.
The correction to LM functions fo(n,u,7) (140) obtained has the form
fl(na u, T) = f()(ns u, T)(l + (pO(n, u, T)) . (247)

Here the function ¢o(n,u,T) is given explicitly with expressions (244)—(246).

The usual form of closed hydrodynamic equations for n,u, and T, where the traceless stress tensor
oy and the heat flux vector ¢; are expressed via hydrodynamic variables, will be obtained if we
substitute function (247) into balance equations of the density of the momentum, and of the energy.
For LM approximation, these balance equations result in Euler equation of the nonviscid liquid
(i.e. 0i(fo) =0, and ¢;(fy) = 0). For the correction f; (247), we obtain the following expressions
of 0=0,(f1) and g=¢q.(f1) (all other components are equal to zero in the one-dimensional situation
under consideration):

o= %nao, q= gnbo . (248)
Here ay and by are given by expression (246).

From the geometrical viewpoint, hydrodynamic equations with the stress tensor and the heat flux
vector (248) have the following interpretation: we take the corrected manifold €©; which consists of
functions f; (247), and we project the BE vectors J,( f1) onto the tangent spaces 7, using the LM
projector Py (145).

Although a detailed investigation of these hydrodynamic equations is a subject of a special study
and it is not the goal of this paper, some points should be mentioned.

Nonlocality. Expressions (246) expose a nonlocal spatial dependency, and, hence, the correspond-
ing hydrodynamic equations are nonlocal. This nonlocality appears through two contributions. The
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first of these contributions might be called a frequency-response contribution, and it comes through
explicit nonpolynomial k-dependency of integrands in (246). This latter dependency has the form

/*oo A(x, y) + ikB(x, y)
—oo C(x,y)+ikD(x, y) + K*E(x, y)

Integration over k in (249) can be completed via auxiliary functions.

The second nonlocal contribution might be called correlative, and it is due to relationships via
(u(x) — u(y)) (the difference of flow velocities in points x and y) and via T'(x)/T(y) (the ratio of
temperatures in points x and y).

Acoustic spectra. The purely frequency-response contribution to hydrodynamic equations is rele-
vant to small perturbations of equilibria. The stress tensor ¢ and the heat flux ¢ (248) are:

2 ou' 0T
O':—<3> I’lOT()R <2865 — 3¢ a@) 5

_ (3 or’ (8 5 Pu
g= (4) T n0R<38 v (3)75) (250)

Here

R:<1<§>82§;> - (251)

In (250), we have expressed parameters /3 and A4 via the viscosity coefficient u of the Chapman—
Enskog method [51] (it is easy to see from (230) that i3 = A4 oc u~! for spherically symmetric
models of a collision), and we have used the following notations: Ty and ny are the equilibrium
temperature and density, =(nT, 01/ 2)_1nox is the dimensionless coordinate, n=u(Ty)/To, ' =T, 1/ *ou,
T’ = 6T/Ty, n' = on/ng, and du, 0T, on are the deviations of the flux velocity, of the temperature
and of the density from their equilibrium values u =0, T =T, and n =n,. We also use the system
of units with kg =m = 1.

In the linear case, the parametrix expansion degenerates, and its zeroth-order term (213) gives the
solution of Eq. (190).

The dispersion relationship for approximation (250) is

® + (23k*/6D)w* + {k* + (2k*/D*) + (8k°/5D*)}w + (5k*/2D) =0 ;
D=1+ (k> . (252)

Here k is the wave vector.

Acoustic spectra given by dispersion relationship (252) contains no nonphysical short-wave insta-
bility characteristic to the Burnett approximation (Fig. 4). The regularization of the Burnett approx-
imation [25,26] has the same feature. Both of these approximations predict a limit of the decrement
Rew for short waves.

Nonlinearity. Nonlinear dependency on Ou/0x, on 0lIn 7/0x, and on 0lnn/0x appears already in
the local approximation @i, (231). In order to outline some peculiarities of this nonlinearity, we
represent the zeroth-order term of the expansion of aj,c (231) into powers of 01n 7/0x and 0 1n n/0x:

2 du 11 ou\ ! 0InT dlnn
aloc——wx(nzﬁgax) +o< nt o > . (253)

exp(ik(x — y))dk . (249)
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Fig. 4. Acoustic dispersion curves for approximation 250 (solid line), for second (the Burnett) approximation of the
Chapman—Enskog expansion [53] (dashed line) and for the regularization of the Burnett approximation via partial summing
of the Chapman—Enskog expansion [25,26] (punctuated dashed line). Arrows indicate an increase of k.

This expression describes the asymptotic of the “purely nonlinear” contribution to the stress tensor
o (248) for a strong divergency of a flow. The account of nonlocality yields instead of (250):

1 [ oo , 20 11 0w\~
aO(x):_2n/ dy/ dkexp(1k(x—y))§£ <n/1 + u>

3Ty @
11 du 27 u\ k2277 11 du 27 ou
Al 5 8) (T2 5 (5 8) (5 50)
4 27 Qu\ ou _, , 2., Ou
w5 (e 3 0 ) B = ) = Sk ) — )
InT 0l
+Oan ’ann . (254)
0x Ox
Both expressions, (253) and (254) become singular when
ou ou\" iz
5~ <ay> === (255)

Hence, the stress tensor (249) becomes infinite if 0u/0y tends to Ou*/0y in any point y. In other
words, the flow becomes infinitely viscid when 0u/0y approaches the negative value —9nis/11.
This infinite viscosity threshold prevents a transfer of the flow into nonphysical region of negative
viscosity if 0u/0y > 0u*/0y because of the infinitely strong dumping at 0u*/0y. This peculiarity was
detected in [25,26] as a result of partial summing of the Chapman—Enskog expansion. In particular,
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partial summing for the simplest nonlinear situation [27,178] yields the following expression for the
stress tensor o:

4 5,2\ [ o 0
0 = O + O11R; GIR_—3<1—38 6@) <86§ + & a€2>; O=T +n;

N A2
aHR=298<1+;e%’2> %; . (256)

Notations here follow (250) and (251). Expression (256) might be considered as a “rough draft”
of the “full” stress tensor defined by ag (246). It accounts both the frequency-response and the non-
linear contributions (ojz and oy, respectively) in a simple form of a sum. However, the super-
position of these contributions in (246) is more complicated. Moreover, the explicit correlative
nonlocality of expression (246) was never detected neither in [27], nor in numerous examples of
partial summing [178].

Nevertheless, approximation (256) contains the peculiarity of viscosity similar to that in (253)
and (254). In dimensionless variables and & = 1, expression (256) predicts the infinite threshold at
velocity divergency equal to —(%), rather than —(1%) in (253) and (254). Viscosity tends to zero
as the divergency tends to positive infinity in both approximations. Physical interpretation of these
phenomena was given in [27]: large positive values of 0u/0x means that the gas diverges rapidly, and
the flow becomes nonviscid because the particles retard to exchange their momentum. On contrary,
its megative values (such as —(%) for (256) and —(19—1)) for (253) and (254)) describe a strong
compression of the flow. Strong deceleration results in “solid fluid” limit with an infinite viscosity
(Fig. 5).

Thus, hydrodynamic equations for approximation (247) are both nonlinear and nonlocal. This
result is not surprising, accounting the integro-differential character of Eq. (190).

It is important that no small parameters were used neither when we were deriving Eq. (190) nor
when we were obtaining correction (247).

Example 4: Nonperturbative derivation of linear hydrodynamics from Boltzmann equation (3D)

Using the Newton method instead of power series, a model of linear hydrodynamics is derived
from the Boltzmann equation for regimes where the Knudsen number is of order unity. The model
demonstrates no violation of stability of acoustic spectra in contrast to Burnett hydrodynamics.

The Knudsen number ¢ (a ratio between the mean free path, /., and the scale of hydrodynamic
flows, /) is a recognized order parameter when hydrodynamics is derived from the Boltzmann
equation [183]. The Chapman—Enskog method [51] establishes the Navier—Stokes hydrodynamic
equations as the first-order correction to Euler hydrodynamics at ¢ — 0, and it also derives formal
corrections of order &2, &, ... (known as Burnett and super-Burnett corrections). These corrections are
important outside the strictly hydrodynamic domain ¢ <1, and has to be considered for an extension
of hydrodynamic description into a highly nonequilibrium domain ¢ < 1. Not much is known about
high-order in ¢ hydrodynamics, especially in a nonlinear case. Nonetheless, in a linear case, some
definite information can be obtained. On the one hand, experiments on sound propagation in noble
gases are considerably better explained with the Burnett and the super-Burnett hydrodynamics rather
than with the Navier—Stokes approximation alone [185]. On the other hand, a direct calculation shows
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|:yDNS

Fig. 5. Dependency of viscosity on compression for approximation (253) (solid line), for partial summing (256)
(punctuated dashed line), and for the Burnett approximation [27,178] (dashed line). The latter changes the sign at a
regular point and, hence, nothing prevents the flow to transfer into the nonphysical region.

nonphysical behavior of the Burnett hydrodynamics for ultra-short waves: acoustic waves increase
instead of decay [53]. The latter failure of the Burnett approximation cannot be rejected on a basis
that for such regimes they might be not applicable because for the Navier—Stokes approximation,
which is formally still less valid, no such violation is observed.

These two results indicate that, at least in a linear regime, it makes sense to consider hydrody-
namics at ¢ < 1, but Enskog way of deriving such hydrodynamics is problematic. The problem of
constructing solutions to the Boltzmann equation valid when ¢ is of order unity is one of the main
open problems of classical kinetic theory [183].

In this example we suggest a new approach to derive hydrodynamics at ¢ < 1. The main idea
is to pose a problem of a finding a correction to the Euler hydrodynamics in such a fashion that
expansions in ¢ do not appear as a necessary element of analysis. This will be possible by using the
Newton method instead of Taylor expansions to get such correction. We restrict our consideration
to a linear case. Resulting hydrodynamic equations do not exhibit the mentioned violation.

The starting point is the set of local Maxwell distribution functions (LM) fo(n,u, T;v), where v is
the particle’s velocity, and n, u, and T are local number density, average velocity, and temperature.
We write the Boltzmann equation as

d

L= d(h), I =~y 0f 4O (257)
where d/d¢t = 0/0t + u; - 0; is the material derivative, 0; = 0/0x;, while Q is the Boltzmann collision
integral [183].
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On the one hand, calculating r.h.s. of Eq. (257) in LM-states, we obtain J( fp), a time derivative of
LM-states due to Boltzmann equation. On the other hand, calculating a time derivative of LM-states
due to Euler dynamics, we obtain PoJ( fo), where Pg is a projector operator onto the LM manifold

(see [6]):

POJZJ;(){/Jdc—FZc,--/cinc%—i<cz—;)/<cz—;)JdC} ) (258)

Since the LM functions are not solutions to the Boltzmann equation (257) (except for constant n,
u, and T), difference between J( fy) and PyJ(fp) is not equal to zero:

1 0;T 5
A(fo) =J(fo) — PoJ(fo) = —fo {2(aiuk) <Cick -3 5ik02> tor—-c <62 - 2) } . (259)
here c:v;l(v—u), and vy =+/2kgT/m is the thermal velocity. Note that the latter expression gives a
complete discrepancy of the linearized local Maxwell approximation, and it is neither big nor small
in itself. An unknown hydrodynamic solution of Eq. (257), foo(n,u,T;v), satisfies the following
equation:

A(fo) =J(foo) = P (fo) =0, (260)

where P, is an unknown projecting operator. Both P, and f., are unknown in Eq. (260), but,
nontheless, one is able to consider a sequence of corrections { fi, f2,...}, {P1,P2,...} to the initial
approximation f; and Py. A method to deal with equations of a form (260) was developed in [6]
for a general case of dissipative systems. In particular, it was shown, how to ensure the H-theorem
on every step of approximations by choosing appropriate projecting operators P,. In the present
illustrative example we will not consider projectors other than Py, rather, we will use an iterative
procedure to find f;.

Let us apply the Newton method with incomplete linearization to Eq. (260) with fy as initial
approximation for f., and with Py as an initial approximation for P.,. Writing fi = fo + 6 f, we
get the first Newton iterate:

L0 f/10) + (Po = 1)(v = u)i0:0f + A(f0) =0, (261)

where L is a linearized collision integral.
L(g) = fo(v)/W(v’l,v’; v1, ) fo(01){g(v}) + g(v') — g(vr) — g(v)} dv| dv' dv; (262)

Here w is a probability density of velocities change, (v,v;) < (v/,v]), of a pair of molecules after
their encounter. When deriving (261), we have accounted PyL =0, and an additional condition which
fixes the same values of n, u, and T in states f; as in LM states f;:

Poof =0 . (263)

Eq. (261) is basic in what follows. Note that it contains no Knudsen number explicitly. Our
strategy will be to treat Eq. (261) in such a way that the Knudsen number will appear explicitly
only at the latest stage of computations.
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The two further approximations will be adopted. The first concerns a linearization of Eq. (261)
about a global equilibria Fj. The second concerns a finite-dimensional approximation of integral
operator in (261) in velocity space. It is worthwhile noting here that none of these approximations
concerns an assumption about the Knudsen number.

Following the first of the approximations mentioned, denote as Jn, du, and 67 deviations of hy-
drodynamic variables from their equilibrium values ng, #y=0, and T}. Introduce also nondimensional
variables An = dn/ng, Au = du/v%., and AT = 5T/Tp, where v is a heat velocity in equilibria, and
a nondimensional relative velocity & =wv/t%. Correction f| in the approximation, linear in deviations
from F, reads:

JS1=Fo(1+ @9+ 1),

where
0o = An + 2Au;& + AT(E —3/2)

is a linearized deviation of LM from Fj, and ¢; is an unknown function. The latter is to be obtained
from a linearized version of Eq. (261).
Following the second approximation, we search for ¢; in a form

01 = A (x)E; <52 - ;) + Bir(x) (fifk - ;5ik52> +-e (264)

where dots denote terms of an expansion of ¢; in velocity polynomials, orthogonal to &(&* — 5/2)
and &;& — 1/30;.E2, as well as to 1, to &, and to £2. These terms do not contribute to shear stress
tensor and heat flux vector in hydrodynamic equations. Independency of functions 4 and B from ¢&?
amounts to the first Sonine polynomial approximation of viscosity and heat transfer coefficients. Put
another way, we consider a projection onto a finite-dimensional subspace spanned by &;(&* — 5/2)
and &;&; — 1/30;E%. Our goal is to derive functions 4 and B from a linearized version of Eq. (261).
Knowing A and B, we get the following expressions for shear stress tensor ¢ and heat flux vector ¢:

5
g=poB, ¢q= 1 pov(}A , (265)

where pg is equilibrium pressure of ideal gas.
Linearizing Eq. (261) near F), using an ansatz for ¢, cited above, and turning to Fourier transform
in space, we derive
Sp

5
0 .. ir0h. = Tk .
3 a;(k) + ivpb;i(k)k; 211)Tk,r(k) ;

% b,](k) + iv%kiaj(k) = —210(}k,yj(k) 5 (266)
0

where i = +/—1, k is the wave vector, 7y is the first Sonine polynomial approximation of shear
viscosity coeflicient, a(k), b(k), ©(k) and y(k) are Fourier transforms of A(x), B(x), AT(x), and
Au(x), respectively, and the over-bar denotes a symmetric traceless dyad:

N 2
aibj = 2a,~b_,~ - 5 5z‘jasbs .
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Introducing a dimensionless wave vector f = [(t%70)/(po)lk, solution to Eq. (266) may be
written as

10 ———
by(k) = =5 i F1(5/3) + (1/2) 1]
G LTIGR) + D + 20T = 2 fifls + 2077

k) =~ i fie(h)[5 + 27

=[5+ 2/217'15/3) + (1/2) L2175 /3) [ilysCh) ) + 1a(R) f2(5 + 2] - (267)

Considering z-axis as a direction of propagation and denoting k. as k, 7 as 7., we obtain from
(266) the k-dependence of a =a, and b =b.,:

3 Py 'movike(k) + 3 pg (v K y(k)
14 2 pg (05 )?k>

4 po "norbiky(k) + py “nd(v))P kP e(k)
L+ 3 o (e R

a(k) =

b

b(k) = (268)

Using expressions for ¢ and q cited above, and also using (268), it is an easy matter to close the
linearized balance equations (given in Fourier terms):

1 .

7 (k) ik =0
2 . .

- 0 (k) + Ik(2(k) + v(k) + ikb(k) = 0 .
T

3 0t + iky(k) + > ika(k)=0 . (269)
209 4
Egs. (269), together with expressions (268), complete our derivation of hydrodynamic equations.
To this end, the Knudsen number was not penetrating our derivations. Now it is worthwhile to
introduce it. The Knudsen number will appear most naturally if we turn to dimensionless form of
Eq. (268). Taking /. = v%n0/po(l. is of order of a mean free path), and introducing a hydrodynamic
scale [, so that k = x/l;,, where x is a nondimensional wave vector, we obtain in (268):

3iert(ic) + 3 €K7,

5
a(k) = — ,
() 1+ 2622
4 2.2
7iexy(ic) + ek 1(k)
b(k) = —23 : 270
where ¢ = [./l,. Considering the limit ¢ — 0 in (270), we come back to the familiar Navier—Stokes
expressions: o) = —% M00-0u,, g = —190.0T, where Ay = 15kgno/4m is the first Sonine polynomial

approximation of heat conductivity coefficient.
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Fig. 6. Attenuation rate of sound waves. Dotts: Burnett approximation. Bobylev’s instability occurs when the curve
intersects the horizontal axis. Solid: First iteration of the Newton method on the invariance equation.

Since we were not assuming smallness of the Knudsen number ¢ while deriving (270), we are
completely legal to put ¢ = 1. With all the approximations mentioned above, Eqgs. (269) and (268)
(or, equivalently, (269) and (270)) may be considered as a model of a linear hydrodynamics at & of
order unity. The most interesting feature of this model is a nonpolynomial dependence on x. This
amounts to that share stress tensor and heat flux vector depend on spatial derivatives of du and of
0T of an arbitrary high order.

To find out a result of nonpolynomial behavior (270), it is most informative to calculate a dis-
persion relation for planar waves. It is worthwhile introducing dimensionless frequency A = wl;,/v%,
where o is a complex frequency of a wave ~ exp(wt + ikz) (Rew is a damping rate, and Im w is
a circular frequency). Making use of Egs. (269) and (270), writing ¢ = 1, we obtain the following
dispersion relation A(x):

1201+ 262227 + 23k%(1 + 206c) 22 + 262 (5 + 5k + S k)A+ (1 + 2%) =0 . (271)

Fig. 6 presents a dependence Re A(x?) for acoustic waves obtained from (271) and for the Burnett
approximation [53]. The violation in the latter occurs when the curve overcomes the horizontal
axis. In contrast to the Burnett approximation [53], the acoustic spectrum (271) is stable for all .
Moreover, Re A(x?) demonstrates a finite limit, as k> — oo.

A discussion of results concerns the following two items:

1. The approach used avoids expansion into powers of the Knudsen number, and thus we obtain a
hydrodynamics valid (at least formally) for moderate Knudsen numbers as an immediate correction
to Euler hydrodynamics. This is in contrast to usual treatment of high-order hydrodynamics as
“(the well established) Navier—Stokes approximation + high-order terms”. The Navier—Stokes
hydrodynamics is recovered a posteriori, as a limiting case, but not as a necessary intermediate
step of computations.

2. Linear hydrodynamics derived is stable for all k£, same as the Navier—Stokes hydrodynamics alone.
The (1 + ak?)~! “cut-off’, as in (268) and (270), was earlier found in a “partial summing” of
Enskog series [25,24].
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Thus, we come to the following two conclusions:

1. A preliminary positive answer is given to the question of whether is it possible to construct
solutions of the Boltzmann equation valid for the Knudsen number of order unity.

2. Linear hydrodynamics derived can be used as a model for e=1 with no danger to get a violation
of acoustic spectra at large k.

Example 5: Dynamic correction to moment approximations

Dynamic correction or extension of the list of variables? Considering the Grad moment ansatz
as a suitable first approximation to a closed finite-moment dynamics, the correction is derived from
the Boltzmann equation. The correction consists of two parts, local and nonlocal. Locally corrected
13-moment equations are demonstrated to contain exact transport coeflicients. Equations resulting
from the nonlocal correction give a microscopic justification to some phenomenological theories of
extended hydrodynamics.

A considerable part of the modern development of nonequilibrium thermodynamics is based on the
idea of extension of the list of relevant variables. Various phenomenological and semi-phenomeno-
logical theories in this domain are known under the common title of the extended irreversible ther-
modynamics (EIT) [180]. With this, the question of a microscopic justification of the EIT becomes
important. Recall that a justification for some of the versions of the EIT was found within the well
known Grad moment method [158].

Originally, the Grad moment approximation was introduced for the purpose of solving the
Boltzmann-like equations of the classical kinetic theory. The Grad method is used in various ki-
netic problems, e.g., in plasma and in phonon transport. We mention also that Grad equations assist
in understanding asymptotic features of gradient expansions, both in linear and nonlinear domains
[178,163,162,23,24].

The essence of the Grad method is to introduce an approximation to the one-particle distribution
function f which would depend only on a finite number N of moments, and, subsequently, to use
this approximation to derive a closed system of N moment equations from the kinetic equation. The
number N (the level at which the moment transport hierarchy is truncated) is not specified in the
Grad method. One particular way to choose N is to obtain an estimation of the transport coefficients
(viscosity and heat conductivity) sufficiently close to their exact values provided by the Chapman—
Enskog method (CE) [51]. In particular, for the 13-moment (13M) Grad approximation it is well
known that transport coefficients are equal to the first Sonine polynomial approximation to the exact
CE values. Accounting for higher moments with N > 13 can improve this approximation (good for
neutral gases but poor for plasmas [176]). However, what should be done, starting with the 13M
approximation, to come to the exact CE transport coefficients is an open question. It is also well
known [161] that the Grad method provides a poorly converging approximation when applied to
strongly nonequilibrium problems (such as shock and kinetic layers).

Another question comes from the approximate character of the Grad equations, and is discussed
in frames of the EIT: while the Grad equations are strictly hyperbolic at any level N (i.e., predicting
a finite speed of propagation), whether this feature will be preserved in the further corrections.

These two questions are special cases of a more general one, namely, how to derive a closed
description with a given number of moments? Such a description is sometimes called mesoscopic
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[195] since it occupies an intermediate level between the hydrodynamic (macroscopic) and the kinetic
(microscopic) levels of description.

Here we aim at deriving the mesoscopic dynamics of 13 moments [9] in the simplest case when
the kinetic description satisfies the linearized Boltzmann equation. Our approach will be based on
the two assumptions: (i). The mesoscopic dynamics of thirteen moments exists, and is invariant
with respect to the microscopic dynamics, and (ii). The 13M Grad approximation is a suitable first
approximation to this mesoscopic dynamics. The assumption (i) is realized as the invariance equation
for the (unknown) mesoscopic distribution function. Following the assumption (ii), we solve the
invariance equation iteratively, taking the 13M Grad approximation for the input approximation, and
consider the first iteration (further we refer to this as to the dynamic correction, to distinguish from
constructing another ansatz). We demonstrate that the correction results in the exact CE transport
coefficients. We also demonstrate how the dynamic correction modifies the hyperbolicity of the
Grad equations. A similar viewpoint on derivation of hydrodynamics was earlier developed in [6]
(see previous examples). We will return to a comparison below.

Invariance equation for 13M parameterization. We denote as ng, up =0, and p, the equilibrium
values of the hydrodynamic parameters (n is the number density, # is the average velocity, and
p =nkgT is the pressure). The global Maxwell distribution function F is

F=no(vr)n > exp(—¢?)

where vy = \/2kgTom~! is the equilibrium thermal velocity, and ¢ =v/vr is the peculiar velocity of
a particle. The near-equilibrium dynamics of the distribution function, f = F(1 + ¢), is due to the
linearized Boltzmann equation:

dqop=Jo=—vre;0i0+ Lo ,

Lo = /WF(vl)[w(v’l) + (') = @(v1) — @(v)]dv} dv' dv;

where I is the linearized collision operator, and w is the probability density of pair encounters.
Furthermore, 0; = 0/0x;, and summation convention in two repeated indices is assumed.

Let n=dn/ng, u=ou/vy, p=0p/py (p=n+T,T = 6T/T), be dimensionless deviations of the
hydrodynamic variables, while 6 =0da/py and g=0q/( povr) are dimensionless deviations of the stress
tensor &, and of the heat flux ¢. The linearized 13M Grad distribution function is fo =F(c)[1+ ¢o],
where

Qo= @1+ Q2 ,
@1 =n+2uc; + T[c* — (3/2)] ,
P2 = 0CiC + (4/5)6]:'01‘[02 —(5/2)] . (272)

The overline denotes a symmetric traceless dyad. We use the following convention:
aiby = aiby + agb; — 3 dyaiby |
0ifi = Oufi + O fi — 5 0u01f -

The 13M Grad’s equations are derived in two steps: first, the 13M Grad’s distribution function
(272) is inserted into the linearized Boltzmann equation to give a formal expression, 0,9 =J o,
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second, projector P, is applied to this expression, where Py = P + P,, and operators P, and P, act
as follows:

F
PIJ:{XO/Xonv+)(I/A)(lev+X4/X4Jdv} )

no

F
pzjz{nk/deerz,-/z,Jdv} . (273)

no

Here Xo = 1, X; = v/2¢;, where i =1,2,3, X4 = /2/3(c* — 2), Yy = V2¢;cr, and Z; = % ci(c = 3).

The resulting equation,
Po[Fd,p0] = PolF.J o] ,

is a compressed representation for the 13M Grad equations for the macroscopic variables
M13 = {n,u, T,O',q}.

Now we turn to the main purpose of this paper, and derive the dynamic correction to the 13M dis-
tribution function (272). Assumption (i) [existence of closed dynamics of thirteen moments] implies
the invariance equation for the true mesoscopic distribution function, f (My3,¢) =F[1 4+ ¢(M3,¢)],
where we have stressed that this function depends parametrically on the same 13 macroscopic
parameters, as the original Grad approximation. The invariance condition for f(Ms,¢) reads [6]

(1-P)FJp]=0, (274)

where P is the projector associated with f . Generally speaking, the projector P depends on the
distribution function f [6,176]. In the following, we use the projector Py (273) which will be
consistent with our approximate treatment of Eq. (274).

Following assumption (ii) [13M Grad’s distribution function (272) is a good initial approxi-
mation], the Grad’s function f;, and the projector Py, are chosen as the input data for solving
Eq. (274) iteratively. The dynamic correction amounts to the first iterate. Let us consider these steps
in a more detail.

Substituting ¢o (272) and P, (273) instead of ¢ and P in the Eq. (274), we get: (1—Po)[FJpo] =
Ay # 0, which demonstrates that (272) is not a solution to Eq. (274). Moreover, 4, splits in two
natural pieces: 4o = AF° + A5°°, where

A = (1 — Py)[FLos] ,
AR = (1 — Po)[ — vrFe;0,00] - (275)

Here we have accounted for Pi[FLo] =0, and Lo, = 0. The first piece of Eq. (275), AXC can be
termed local because it does not account for spatial gradients. Its origin is twofold. In the first place,
recall that we are performing our analysis in a nonlocal-equilibrium state (the 13M approximation
is not a zero point of the Boltzmann collision integral, hence Lo, # 0). In the second place,
specializing to the linearized case under consideration, functions é¢ and ¢[c* —(5/2)], in general, are
not the eigenfunctions of the linearized collision integral, and hence P>[FLqo] # FL,, resulting in
A})oc 7& 0.1

' Except for Maxwellian molecules (interaction potential U ~ #—*) for which Lo # 0 but Py[FLpg] = FLpo. Same
goes for the relaxation time approximation of the collision integral (L = —1~").
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The nonlocal part may be written as
A5 = —0pF (I3, 0565 + )30kq; + T130kq1) (276)
where II are velocity polynomials:

Hl\krs = crleres — (1/3 )5I’S62] - (2/5)5kscrcz 5
Iy = (4/5)[¢” — (7/2)lcick — (1/3)duc?]
Iy = (4/5)[¢* — (5/2)][¢* — (3/2)] — ¢

We seek the dynamic correction of the form

f=F[1+¢o+¢].
Substituting ¢ = @¢ + ¢, and P = Py, into Eq. (274), we derive an equation for the correction ¢:

(1 = P)[FL(p2 + $)] = (1 = Po)lvrFedi(po + )] - (277)

Eq. (277) should be supplied with the additional condition, Py[F'¢] =

Solution of the invariance equation. Let us apply the usual ordering to solve Eq. (277), introducing
a small parameter €, multiplying the collision integral L with ¢!, and expanding ¢ = >, €.
Subject to the additional condition, the resulting sequence of linear integral equations is uniquely
soluble. Let us consider the first two orders in €.

Because 4°¢ # 0, the leading correction is of the order €°, i.e. of the same order as the initial
approximation ¢g. The function ¢* is due the following equation:

(1 = P)[FL(p2 + ¢P)] =0, (278)
subject to the condition, Po[F$©@]=0. Eq. (278) has the unique solution: @, + ¢ =ay ¥\ +¢,2,
where functions, Yl.gco) and Z,-(O), are solutions to the integral equations:

LYY =bYy, L7 =az;, (279)
subject to the conditions, P;[FY®]=0 and P,[FZ®]=0. Factors a and b are:

a= 77:_3/2/e_"ZZIfO)I:Zl.(O)dc,

b i / e YOL YO e

Now we are able to notice that Eq. (279) coincides with the CE equations [51] for the exact
transport coefficients (viscosity and temperature conductivity). Emergency of these well known
equations in the present context is important and rather unexpected: when the moment transport
equations are closed with the locally corrected function [ = F(1 + @y + ¢©), we come to a
closed set of thirteen equations containing the exact CE transport coefficients.

Let us analyze the next order (€'), where 43° comes into play. To simplify matters, we neglect
the difference between the exact and the approximate CE transport coefficients. The correction ¢!
is due to the equation,

(1 = P))[FLPM) + A% =0 , (280)
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the additional condition is: Po[F¢V] = 0. Problem (280) reduces to three integral equations of a
familiar form

1:'1”1|krs = 11 s, ]:q’z\ik = I, Lyy=1I5 , (281)

subject to conditions: Py[F¥ )] =0, Pi[F¥;;]=0, and P,[F'¥3]=0. Integral equations (281) are
of the same structure as are the integral equations appearing in the CE method, and the methods
to handle them are well developed [51]. In particular, a reasonable and simple approximation is to
take ¥, = —A,ll, . Then

¢ = —vr(A1 I, 4,04 05 + Ao TToy30kq; + A3 IT304q1) (282)

where A, are the approximate values of the kinetic coefficients, and which are expressed via matrix
elements of the linearized collision integral:
A;lm—i/emX—ﬁ)H@jﬁhmdc>0. (283)
The estimation can be extended to a computational scheme for any given molecular model
(e.g., for the Lennard—Jones potential), in the manner of the transport coefficients computations in
the CE method.

Corrected 13M equations. To summarize the results of the dynamic correction, we quote first the
unclosed equations for the variables M3 = M3 = {n,u,T,0,q}:

(1/09)0m + du; =0 (284)
/9o + 0T +n) + oy =0 , (285)
(l/v‘})a,T +(2/3)0;u; +(2/3)0;q; =0, (286)
(1/v9)00u + 20ux — (2/3)0iqx + Orhiw = Rix (287)
(2/v7)0iq; — (5/2)0ip — (5/2)0x0ik + Oxgix = R; . (288)

Terms spoiling the closure are: the higher moments of the distribution function,

hik[ = 271_3/2 / e_cz Qcicicy de 5

gir = 2n_3/2/e_cz<pcick02 de ,
and the “moments” of the collision integral,

2 .
Ry = — n3? / efczc,-cqu) de,
vr

2 , R
R, = — 32 / e_°zcich(p de .
vr
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The 13M Grad’s distribution function (272) provides the zeroth-order closure approximation to
both the higher-order moments and the “moments” of the collision integral:

Rl('l(c)) = _:uo_lo'ik, RZ(O) = —xlo_lqi ,
O = (2/3)6401q1 + (4/5)04
019%) = (5/2)0(p + T) + (7/2)0101 (259)

where o and /g are the first Sonine polynomial approximations to the viscosity and the temperature
conductivity coefficients [51], respectively.
The local correction improves the closure of the “moments” of collision integral:

Ry = —,UEEI ok, Ri= _)LEF}%‘ ) (290)

where index CE corresponds to exact Chapman—Enskog values of the transport coefficients.
The nonlocal correction adds the following terms to the higher moments:

0191k = alggg) — 4300191 — 420,014
Orhag = 01k — 418,0,04 (291)

where A4; are the kinetic coefficients derived above.

In order to illustrate what changes in Grad equations with the nonlocal correction, let us consider
a model with two scalar variables, 7T'(x,¢) and ¢(x,¢) (a simplified case of the one-dimensional
corrected 13M system where one retains only the variables responsible for heat conduction):

0T +03,g=0, 0,q+0,T —ad’qg+q=0. (292)

Parameter @ > 0 controls “turning on” the nonlocal correction. Using {gq(k, w), T(k, ) }exp(wt +ikx),
we come to a dispersion relation for the two roots w (k). Without the correction (a = 0), there
are two domains of k: for 0 < k < k_, dispersion is diffusion-like (Rew; (k) < 0,Im w; 2(k) = 0),
while as k& > k_, dispersion is wave-like (w(k)= w3 (k),Im w,(k) # 0). For a between 0 and 1, the
dispersion modifies in the following way: The wave-like domain becomes bounded, and exists for
k € lk_(a),k,(a)[, while the diffusion-like domain consists of two pieces, k£ < k_(a) and &k > k (a).

The dispersion relation for a =1/2 is shown in Fig. 7. As a increases to 1, the boundaries of the
wave-like domain, k_(a) and k,(a), move towards each other, and collapse at a=1. For a > 1, the
dispersion relation becomes purely diffusive (Im w;, =0) for all &.

Discussion: transport coefficients, destroying of the hyperbolicity, etc.

(i) Considering the 13M Grad ansatz as a suitable approximation to the closed dynamics of
thirteen moments, we have found that the first correction leads to exact Chapman—Enskog transport
coefficients. Further, the nonlocal part of this correction extends the Grad equations with terms
containing spatial gradients of the heat flux and of the stress tensor, destroying the hyperbolic nature
of the former. Corresponding kinetic coefficients are explicitly derived for the Boltzmann equation.

(ii) Extension of Grad equations with terms like in (291) was mentioned in many versions of the
EIT [196]. These derivations were based on phenomenological and semi-phenomenological argument.
In particular, the extension of the heat flux with appealing to nonlocality effects in dense fluids. Here
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Fig. 7. Attenuation Rew; (k) (lower pair of curves), frequency Im w; (k) (upper pair of curves). Dashed lines—Grad
case (a =0), drawn lines—dynamic correction (a = 0.5).

we have derived the similar contribution from the simplest (i.e. dilute gas) kinetics, in fact, from
the assumption about existence of the mesoscopic dynamics. The advantage of using the simplest
kinetics is that corresponding kinetic coefficients (283) become a matter of a computation for any
molecular model. This computational aspect will be discussed elsewhere, since it affects the dilute
gas contribution to dense fluids fits. Here we would like to stress a formal support of relevancy of
the above analysis: the nonlocal peace of dynamic correction is intermediated by the local correction,
improving the 13M Grad estimation to the ordinary transport coefficients.

(ii1) When the invariance principle is applied to derive hydrodynamics (closed equations for the
variables n, u and T') then [6] the local Maxwellian f},,, is chosen as the input distribution function
for the invariance equation. In the linear domain, f1,, = F[1 + ¢;], and the projector is P, = Py,
see Egs. (272) and (273). When the latter expressions are substituted into the invariance equation
(274), we obtain Ay, = AN = —prF{20ucic + 0;Tci[c® — (5/2)]}, while 4% = 0 because the
local Maxwellians are zero points of the Boltzmann collision integral. Consequently, the dynamic
correction begins with the order €, and the analog of Eq. (280) reads:

L) = vp {20aucer + 0, Tl — (5/2)1}

subject to a condition, P[F gbfrln)] =0. The latter is the familiar Chapman—Enskog equation, resulting
in the Navier—Stokes correction to the Euler equations [51]. Thus, the nonlocal dynamic correction
is related to the 13M Grad equations entirely in the same way as the Navier—Stokes are related
to the Euler equations. As the final comment to this point, it was recently demonstrated with simple
examples [24] that the invariance principle, as applied to derivation of hydrodynamics, is equivalent
to the summation of the Chapman—Enskog expansion.

(iv) Let us discuss briefly the further corrections. The first local correction (the functions Y, and Z;
in Eq. (279)) is not the limiting point of our iterational procedure. When the latter is continued, the
subsequent local corrections are found from integral equations, LAY,,H =b,.1Y,, and LAZ,,H =ap1 L.

Thus, we are led to the following two eigenvalue problems: iYoo = bYoo, and iZoo = Qoolico,
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where, in accord with general argument [6], @~ and b, are the closest to zero eigenvalues among
all the eigenvalue problems with the given tensorial structure [192].

(v) Approach of this example [9] can be extended to derive dynamic corrections to other
(nonmoment) approximations of interest in the kinetic theory. The above analysis has demonstrated,
in particular, the importance of the local correction, generically relevant to an approximation which
is not a zero point of the collision integral. Very recently, this approach was successfully applied to
improve the nonlinear Grad’s 13-moment equations [197].

7. Decomposition of motions, nonuniqueness of selection of fast motions, self-adjoint linearization,
Onsager filter and quasi-chemical representation

In Section 5 we used the second law of thermodynamics—existence of the entropy—in order to
equip the problem of constructing slow invariant manifolds with a geometric structure. The require-
ment of the entropy growth (universally, for all the reduced models) restricts significantly the form
of projectors (132).

In this section we introduce a different but equally important argument—the micro-reversibility
(T-invariance), and its macroscopic consequences, the reciprocity relations. As first discussed by
Onsager in 1931 [150], the implication of the micro-reversibility is the self-adjointness of the linear
approximation of system (76) in the equilibrium x*:

(D )z| p)x- = (2[(Dxd )x= P)r- - (293)

The main idea in the present section is to use the reciprocity relations (293) for the fast motions.
In order to appreciate this idea, we should mention that the decomposition of motions into fast and
slow is not unique. Requirement (293) for any equilibrium point of fast motions means the selection
(filtration) of the fast motions. We term this Onsager filter. Equilibrium points of fast motions are
all the points on manifolds of slow motions.

There exists a trivial way to symmetrization, linear operator 4 is decomposed into symmetric and
skew-symmetric parts, 4 = %(A +4") + %(A — AT). Here A' is adjoint to 4 with respect to a fixed
scalar product (entropic scalar product in present context). However, replacement of an operator
with its symmetric part can lead to catastrophic (from the physical standpoint) consequences such
as, for example, loss of stability. In order to construct a sensible Onsager filter, we shall use the
quasi-chemical representation.

The formalism of the quasi-chemical representation is one of the most developed means of mod-
elling, it makes it possible to “assemble” complex processes out of elementary processes. There exist
various presentations of the quasi-chemical formalism. Our presentation here is a generalization of
the approach suggested first by Feinberg [187] (see also [186,188,59]).

Symbol A4; (“quasi-substance”) is put into correspondence to each variable x;. The elementary
reaction is defined accordingly to the stoichiometric equation,

Z oid; = Z Bid; (294)

where o; (loss stoichiometric coefficients) and f; (gain stoichiometric coefficients) are real numbers.
Apart from the entropy, one specifies a monotonic function of one variable, ¥(a), ¥/'(a) > 0. In
particular, function ¥(a) = exp(ZLa), 4 = const, is frequently encountered in applications.
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Given the elementary reaction (294), one defines the rates of the direct and of the inverse reactions:

Wt =w*y (Z oc,-,ui> ,
Wo=wy (Z ﬂ,»ul-) : (295)

*

where u; = 0S/0x;, x* = const, x* > 0. The rate of the elementary reaction is then defined as,

W=wt—w-.
The equilibrium of the elementary reaction (294) is given by the following equation:
wh=w-. (296)

Thanks to the strict monotonicity of the function ¥, equilibrium of the elementary reaction is reached
when the arguments of the functions coincide in Eq. (295), that is, whenever

Z(ﬁi — o) =0 . (297)

Vector with the components y; = 5; — «; is termed the stoichiometric vector of the reaction.
Let x° be a point of equilibrium of reaction (294). The linear approximation of the reaction rate
has a particularly simple form:

W’ +0) = —w ¥ (a(x*))(7]0).0 + 0(9) , (298)

where a(x’) =", o;u(x?) =3, Bip(x®), and (|),0 is the entropic scalar product in the equilibrium.
In other words,

(DI )0 = —w* ' (a(x") (7] - (299)
Let us write down the kinetic equation for one elementary reaction:
dx
— =yW(x) . 300
- =) (300)
Linearization of this equation in the equilibrium x° has the following form:
do .
3 = @) (10)a (301)
That is, the matrix of the linear approximation has the form
K==kl (302)
where

kK =w*¥(a(x*)) >0,

while the entropic scalar product of bra- and ket vectors is taken in the equilibrium point x°.

If there are several elementary reactions, then the stoichiometric vectors 9" and the reaction rates
W,.(x) are specified for each reaction, while the kinetic equation is obtained by summing the right
hand sides of Eq. (300) for individual reactions,

d
=) (303)
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Let us assume that under the inversion of motions, the direct reaction transforms into the inverse
reaction. Thus, the T-invariance of the equilibrium means that it is reached in the point of the
detailed balance, where all the elementary reaction come to equilibrium simultaneously:

Wrx*) =W (x*) . (304)

This assumption is nontrivial if vectors )" are linearly dependent (for example, if the number of
reactions is greater than the number of species minus the number of conservation laws).

In the detailed balance case, the linearization of Eq. (303) about x* has the following form
(x=x"40):
dé r s
o= 2R (305)

where
k! =wi¥,(a;) >0,
DY ATCOED TR
The following matrix of the linear approximation is obviously self-adjoint and stable:
K==> "KM, (306)

Note that matrix K is the sum of matrices of rank one.
Let us now extract the self-adjoint part of form (306) in the arbitrary point x. After linearizing
the reaction rate about x, we obtain

W(x +6) = w*(¥'(a(x)){|0): — P'(b(x)){B|d):) + 0(d) , (307)

where

a(x) = Z o i (x)

b(x) = Bipu(x) .

Let us introduce notation,
KM = 3w (P(alx)) + P'(b(x))) > 0,
A (x) = 3w (P (ax)) — P'(b(x))) -
In terms of this notation, Eq. (307) may be rewritten as
W(x+ 0) = —k>™Mx)(y|6)x + k*(x) (o + B[S)x + 0(5) . (308)

The second term vanishes in the equilibrium (k*(x*) =0, due to detailed balance).
Symmetric linearization (Onsager filter) consists in using only the first term in the linearized
vector field (308) when analyzing the fast motion towards the (approximate) slow manifolds, instead
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of the full expression (307). Matrix K(x) of the linear approximation becomes then the form similar
to Eq. (306):

K@)==>_ k™M@, (309)

where

k™M) = 3w (P(a(x)) + Pi(b(x)) > 0,

a,(x) =) _op(x) ,

bi(x) = Bu(x) ,

while the entropic scalar product (|), is taken at the point x. For each index of the elementary
reaction 7, function k5Y™(x) is positive. Thus, stability of the symmetric matrix (309) is evident.

Symmetric linearization (309) is distinguished also by the fact that it preserves the rank of the
elementary processes contributing to the complex mechanism: Same as in the equilibrium, matrix
K(x) is the sum of rank one operators corresponding to each individual process. This is not the case
of the standard symmetrization.

Using the symmetric operator (309) in the above Newton method with incomplete linearization
can be considered as a version of a heuristic strategy of “we act in such a way as if the manifold
F(W) were already slow invariant manifold”. If this were the case, then, in particular, the fast
motions were described by the self-adjoint linear approximation.

We describe the quasi-chemical formalism for finite-dimensional systems. Infinite-dimensional gen-
eralizations are almost obvious in many important cases, and are achieved by a mere replacement
of summation by integration. The best example give us collisions in the Boltzmann equation: each
velocity v corresponds to a quasi-substance 4,, and a collision has a stoichiometric equation:

Av +Aw = Av/ + Aw’ .

In the example to this section we consider the Boltzmann collision integral from this standpoint in
more details.

Example 6: Quasi-chemical representation and self-adjoint linearization of the
Boltzmann collision operator

A decomposition of motions near thermodynamically nonequilibrium states results in a linear
relaxation towards this state. A linear operator of this relaxation is explicitly constructed in the case
of the Boltzmann equation.

An entropy-related specification of an equilibrium state is due to the two points of view. From
the first, thermodynamic viewpoint, equilibria is a state in which the entropy is maximal. From the
second, kinetic viewpoint, a quadratic form of entropy increases in a course of a linear regression
towards this state. If an underlying microscopic dynamics is time-reversible, the kinetic viewpoint
is realized due to known symmetric properties of a linearized kinetic operator.
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In most of near-equilibrium studies, a principle of a decomposition of motions into rapid and
slow occupies a distinct place. In some special cases, decomposition of motions is taken into ac-
count explicitly, by introducing a small parameter into dynamic equations. More frequently, however,
it comes into play implicitly, for example, through an assumption of a rapid decay of memory in
projection operator formalism [154]. Even in presence of long-living dynamic effects (mode cou-
pling), a decomposition of motions appears as a final instance to get a closed set of equations for
slow variables.

However, for closed systems, there remains a question: whether and to what extend the two
aforementioned entropy-related points of view are applicable to nonequilibrium states? Further, if an
answer is positive, then how to make explicitly a corresponding specification?

This example is aimed at answering the questions just mentioned, and it is a straightforward con-
tinuation of results [4,6]. Namely, in [4,6], it was demonstrated that the principle of a decomposition
of motions alone constitutes a necessary and sufficient condition for the thermodynamic specification
of a nonequilibrium state (this will be briefly reviewed in the next section). However, in a general
situation, one deals with states f other than f;,. A question is, whether these two ideas can be
applied to f # fy (at least approximately), and if so, then how to make the presentation explicit.

A positive answer to this question was given partially in frames of the method of invariant
manifolds [4-6]. Objects studied in [4—6] were manifolds in a space of distribution functions, and
the goal was to construct iteratively a manifold that is tangent in all its points to a vector field
of a dissipative system (an invariant manifold), beginning with some initial manifold with no such
property. It was natural to employ methods of KAM-theory (Newton-type linear iterations to improve
the initial manifold). However, an extra idea of a decomposition of motions into rapid and slow
near the manifold was strongly necessary to adapt KAM-theory to dissipative systems. A geometrical
formulation of this idea [4-6] results in a definition of a hyperplane of rapid motion, Iy, associated
with the state f, and orthogonal to the gradient of the entropy in f. In a physical interpretation,
I'; contains all those states from a neighborhood of f, which come into f* in the course of rapid
relaxation (as if f were the final state of rapid processes occurring in its neighborhood). Usually,
I'; contains more states than can come into f in a rapid relaxation because of conservation of some
macroscopic quantities (e.g. density, momentum, and energy, as well as, possibly, higher moments
of f which practically do not vary in rapid processes). Extra states are eliminated by imposing
additional restrictions, cutting out “thinner” linear manifolds, planes of rapid motions Py, inside I.
Extremal property of f on Iy is preserved on P, as well (cf. [4-6]).

Thus, decomposition of motions near a manifold results in the thermodynamical viewpoint:
states f belonging to the manifold are described as unique points of maximum of entropy on cor-
responding hyperplanes of rapid motions Iy. This formulation defines a slow dynamics on
manifolds in agreement with the H-theorem for the Boltzmann equation, or with its analogs for
other systems (see [4—6] for details). As it was shown in [4—6], decomposition of motions in a neigh-
borhood of f is a criteria (a necessary and sufficient condition) of an existence of the thermodynamic
description of f.

Newton iteration gives a correction, f + Jdf, to states of a noninvariant manifold, while Jf
is thought on Iy. Equation for 0/ involves a linearization of the collision integral in state f.
Here, if f # fo, we come to a problem of how to perform a linearization of collision integral in con-
cordance with the H-theorem (corrections to the manifold of local equilibrium states were studied
in detail in [6]).
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Here we show that the aforementioned decomposition of motions results in the kinetic description
of states on manifolds of slow motions, and that Onsager’s principle can be applied in a natural
way to linearize the Boltzmann collision integral.

Due to definition of Iy, the state f is the unique point of minimum of the H-function on I. In
the first nonvanishing approximation, we have the following expression for A in the states on I:

H(f+0f)=H(f)+3(0f10f)y

Here (:|-) » denotes a scalar product generated by the second derivative of H in the state f: (gi]g>) y=
[ /9192 dv.

Decomposition of motions means that quadratic form (J /|0 /) ; decays monotonically in the course
of the linear relaxation towards the state f. It is natural, therefore, to impose the requirement that
this linear relaxation should obey Onsager’s principle. Namely, the corresponding linear operator
should be symmetric (formally self-adjoint) and nonpositively definite in scalar product (|-) s, and
its kernel should consist of linear combinations of conserved quantities (1, v, and v?). In other
words, decomposition of motions should give a picture of linear relaxation in a small neighborhood
of f similar to that in a small neighborhood of fy. Following this idea, we will now decompose
the linearized collision integral L, in two parts: LjszM (satisfying Onsager’s principle), and L?
(nonthermodynamic part).

In the state f, each direct encounter, (v,v;) — (v/,v]), together with the reverse encounter,
(v/,v]) — (v,vy), contribute a rate, G(f') — L(f'), to the collision integral, where (see Section 2):

W(f)=w, vi;0,0)exp{DrH | =@y + DrH | =y}
W'(f)y=w@, vi;v,00)exp{DsH|— s+ DrH | p— sy}

A deviation 0 f from the state f* will change the rates of both the direct and the reverse processes.
Resulting deviations of rates are:

W =W(fW{DH | =y - 0./ () + DiH| y—swy) - 6./ (01)}
SW' = W' (fUDFH | y— sy - f (V') + DiH | r—pwry - 0 f (W)}

Symmetrization with respect to direct and reverse encounters will give a term proportional to a
balanced rate, WSYM(f)=1(W(f)+ W/(f)), in both of the expressions 6/ and 6W’'. Thus, we
come to the decomposition of the linearized collision integral L, = L™ + L}, where

£ off off o 0
Linéf:/wW{;_’_;l’l_;?_;} dv| dv' dv; ; (310)

A _ f/fll_ffl Lfl Lf{ % 57]( I 4./ .
Lféf—/w 5 {f’+f1’+f1 +f}dv1dvdv1, (311)

f=1@). fi=f(o), [ = fO), fi=f@)),0f =5f(v),6f1 =0f(01),0f" =0f(),0f{ =0f(0}).
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Operator L™ (310) has the complete set of the aforementioned properties corresponding to the
Onsager’s principle, namely:
(1) (91|L5™Mg2) r = (92L3M]g1) s (symmetry);
(i) (g[L5"™]g) s < 0 (local entropy production inequality);
(i) f,vf,v"f €ker L7™ (conservation laws).

For an unspecified f, nonthermodynamic operator L? (311) satisfies none of these properties. If
f = fo, then part (311) vanishes, while operator L%YM becomes the usual linearized collision integral
due to the balance W ( fy) = W'( fo).

Nonnegative definite form (6 /|0 f) ; decays monotonically due to the equation of linear relaxation,
0,0 f=L7™4 f, and the unique point of minimum, 6 /=0, of (3/|df); corresponds to the equilibrium
point of vector field LMo 1.

Operator L™ describes the state f as the equilibrium state of a linear relaxation. Note that the
method of extracting the symmetric part (310) is strongly based on the representation of direct and
reverse processes, and it is not a simple procedure like, e.g., %(L r+ L}r). The latter expression
cannot be used as a basis for Onsager’s principle since it would violate conditions (ii) and (iii).

Thus, if motions do decompose into a rapid motion towards the manifold and a slow motion
along the manifold, then states on this manifold can be described from both the thermodynamical
and kinetic points of view. Our consideration results in an explicit construction of operator L?YM
(310) responsible for the rapid relaxation towards the state f. It can be used, in particular, for
obtaining corrections to such approximations as the Grad moment approximations and the Tamm-—
Mott—Smith approximation, in frames of the method [4-6]. The nonthermodynamic part (311) is
always present in L;, when f # fo, but if trajectories of an equation 0,0/ = L0 f are close to
trajectories of an equation 0,0 f =L3"™™d f, then L3 gives a good approximation to L. A conclusion
on a closeness of trajectories depends on particular features of f, and normally it can be made on
a base of a small parameter. On the other hand, the explicit thermodynamic and kinetic presentation
of states on a manifold of slow motions (the extraction of L?YM performed above and construction
of hyper-planes I'y [4-6]) is based only the very idea of a decomposition of motions, and can be
obtained with no consideration of a small parameter. Finally, though we have considered only the
Boltzmann equation, the method of symmetrization can be applied to other dissipative systems with
the same level of generality as the method [4—6].

8. Relaxation methods

Relaxation method is an alternative to the Newton iteration method described in Section 6: The
initial approximation to the invariant manifold F, is moved with the film extension, Eq. (84),

df;
d(ty) = (1 =P )J(F(y) = 4r(y)

till a fixed point is reached. Advantage of this method is a relative freedom in its implementation,
because Eq. (84) needs not be solved exactly, one is interested only in finding fixed points. Therefore,
“large stepping” in the direction of the defect, 4, is possible, the termination point is defined by
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the condition that the vector field becomes orthogonal to Ag(,). For simplicity, let us consider the
procedure of termination in the linear approximation of the vector field. Let Fy(y) be the initial
approximation to the invariant manifold, and we seek the first correction,

Fi(y) = Fo(y) + 14k,

where function 7(y) has dimension of time, and is found from the condition that the linearized
vector field attached to the points of the new manifold is orthogonal to the initial defect,

(AF (| (1 = POIJ(Fo(»)) + 110D ey Ary ) oy = 0 (312)
Explicitly,
(Ary) | AFy () For)
T(y)=— : (313)
(AR (DI Vro() | AFo() For)

Further steps 7;(y) are found in the same way. It is clear from the latter equations that the step of
the relaxation method for the film extension is equivalent to the Galerkin approximation for solving
the step of the Newton method with incomplete linearization. Actually, the relaxation method was
first introduced in these terms in [12]. A partially similar idea of using the explicit Euler method
to approximate the finite-dimensional invariant manifold on the basis of spectral decomposition was
proposed earlier in Ref. [13].

An advantage of Eq. (313) is the explicit form of the size of the steps 74(y). This method was
successfully applied to the Fokker—Plank equation [12].

Example 7: Relaxation method for the Fokker—Planck equation

Here we address the problem of closure for the FPE (31) in a general setting. First, we review the
maximum entropy principle as a source of suitable quasi-equilibrium initial approximations for the
closures. We also discuss a version of the maximum entropy principle, valid for a near-equilibrium
dynamics, and which results in explicit formulae for arbitrary U and D.

In this Example we consider the FPE of form (31):

QW (x,t) =0, - {D-[Wo,U + 0, W]} . (314)

Here W(x,t) is the probability density over the configuration space x, at the time ¢, while U(x)
and D(x) are the potential and the positively semi-definite (y - D - y > 0) diffusion matrix.

Quasi-equilibrium approximations for the Fokker—Planck equation. The quasi-equilibrium
closures are almost never invariants of the true moment dynamics. For corrections to the quasi-
equilibrium closures, we apply the method of invariant manifold [6], which is carried out
(subject to certain approximations explained below) to explicit recurrence formulae for one-moment
near-equilibrium closures for arbitrary U and D. These formulae give a method for computing the
lowest eigenvalue of the problem, and which dominates the near-equilibrium FPE dynamics. Results
are tested with model potential, including the FENE-like potentials [113—115].

Let us denote as M the set of linearly independent moments {My, M), ..., My}, where M;[W] =
[ mi(x)W(x)dx, and where my=1. We assume that there exists a function #*(M,x) which extremizes
the entropy S (32) under the constrains of fixed M. This quasi-equilibrium distribution function
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may be written

W* = Weqexp

k
mekq, (315)
i=0
where A = {Ag, Ay,..., A} are Lagrange multipliers. Closed equations for moments M are derived
in two steps. First, the quasi-equilibrium distribution (315) is substituted into the FPE (314) or (33)
to give a formal expression: 0,W* = M y-(0S/OW )|w—w-. Second, introducing a projector IT*,

k
I .:Z(@W*/@M,-)/m(x). dx ,
i=0

and applying IT* on both sides of the formal expression, we derive closed equations for M in
the quasi-equilibrium approximation. Further processing requires an explicit solution to the con-
strains, [ W*(A,x)m;(x)dx =M,, to get the dependence of Lagrange multipliers A on the moments
M. Though typically the functions A(M) are not known explicitly, one general remark about the
moment equations is readily available. Specifically, the moment equations in the quasi-equilibrium
approximation have the form

k
M;=>>" M3M)@S*(M)/oM;) (316)
j=0

where S*(M)=S[W*(M)] is the macroscopic entropy, and where M;; is an M-dependent (k + 1) x
(k + 1) matrix:

MT = / W*(M,x)[0,m;(x)] - D(x) - [axmj(x)] dx .

The matrix Ml;‘ is symmetric, positive semi-definite, and its kernel is the vector dy;. Thus, the
quasi-equilibrium closure reproduces the GENERIC structure on the macroscopic level, the vector
field of macroscopic equations (316) is a metric transform of the gradient of the macroscopic entropy.

The following version of the quasi-equilibrium closures makes it possible to derive more explicit
results in the general case [190-192,178]: In many cases, one can split the set of moments M in
two parts, My ={My,M,,...,M;} and My ={M,,,...,M;}, in such a way that the quasi-equilibrium
distribution can be constructed explicitly for M; as W"(M,x). The full quasi-equilibrium problem
for M = {M;, My} in the “shifted” formulation reads: extremize the functional S[W* + AW] with
respect to AW, under the constrains MW" + AW ] = M; and My[W; + AW]= My. Let us denote
as AMy = My — My(My) deviations of the moments My from their values in the MEP state WW}". For
small deviations, the entropy is well approximated with its quadratic part

Wi 1 AW?
AS=— [ AW |1 +1In—| dx — = dx .
fowlomit] ec-g [ S
Taking into account the fact that M;[W|"] = M;, we come to the following maximizaton problem:
AS[AW] — max, MI[AW] = 0, MH[AW] == AMI . (317)

The solution to problem (317) is always explicitly found from a (k+ 1) x (k 4+ 1) system of linear
algebraic equations for Lagrange multipliers. This method was applied to systems of Boltzmann
equations for chemical reacting gases [190,191], and for an approximate solution to the Boltzmann
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equation: scattering rates “moments of collision integral” are treated as independent variables, and
as an alternative to moments of the distribution function, to describe the rarefied gas near local
equilibrium. Triangle version of the entropy maximum principle is used to derive the Grad-like
description in terms of a finite number of scattering rates. The equations are compared to the
Grad moment system in the heat nonconductive case. Estimations for hard spheres demonstrate, in
particular, some 10% excess of the viscosity coefficient resulting from the scattering rate description,
as compared to the Grad moment estimation [192].

In the remainder of this section we deal solely with one-moment near-equilibrium closures: M; =
My, (i.e. Wi = Weq), and the set My contains a single moment M = me dx, m(x) # 1. We shall
specify notations for the near-equilibrium FPE, writing the distribution function as W = W,(1+ V),
where the function ¥ satisfies an equation:

QY =Wy 'Jv, (318)
where J = 0, - [WeqD - 0,]. The triangle one-moment quasi-equilibrium function reads:

WO = Wy, [1 + AMm' 9] (319)
where

m® = [(mm) — (m)*)""[m — (m)] . (320)

Here brackets (...) = [ Weq...dx denote equilibrium averaging. The superscript (0) indicates that
the triangle quasi-equilibrium function (319) will be considered as the initial approximation to the
procedure which we address below. Projector for the approximation (319) has the form

©) m® (0)
Substituting function (319) into the FPE (318), and applying projector (321) on both the sides of
the resulting formal expression, we derive the equation for M:

M= —)yAM , (322)

where 1/ is an effective time of relaxation of the moment M to its equilibrium value, in the
quasi-equilibrium approximation (319):

Jo = (MmO @m® . D - 3,m®) . (323)

The invariance equation for the Fokker—Planck equation. Both the quasi-equilibrium and the tri-
angle quasi-equilibrium closures are almost never invariants of the FPE dynamics. That is,
the moments M of solutions to the FPE (314) vary in time differently from the solutions to the
closed moment equations like (316), and these variations are generally significant even for the
near-equilibrium dynamics. Therefore, we ask for corrections to the quasi-equilibrium closures to
finish with the invariant closures. This problem falls precisely into the framework of the method of
invariant manifold [6], and we shall apply this method to the one-moment triangle quasi-equilibrium
closing approximations.
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First, the invariant one-moment closure is given by an unknown distribution function
W) = Wy [1 + AMm>)(x)] which satisfies equation

1 — [NIm> =0 . 324
[ ]

Here I1° is a projector, associated with an unknown function m(®), and which is also yet unknown.
Eq. (324) is a formal expression of the invariance principle for a one-moment near-equilibrium
closure: considering W(>°) as a manifold in the space of distribution functions, parameterized with
the values of the moment M, we require that the microscopic vector field Jm(®) be equal to its
projection, I1°).Jm(®), onto the tangent space of the manifold ().

Now we turn our attention to solving the invariance equation (324) iteratively, beginning with the
triangle one-moment quasi-equilibrium approximation W(® (319). We apply the following iteration
process to Eq. (324):

[1—IPTm*D =0, (325)

where k = 0,1,..., and where m*™) = m® 4+ 4+ and the correction satisfies the condition
(u+Dm®) = 0. Projector is updated after each iteration, and it has the form

(k+1) m+D (k+1)
H .:WquMH/M/m (x)dx . (326)

Applying IT*+1D to the formal expression,
Weqm(k“)M = AM[1 — [T* Dyt
we derive the (k + 1)th update of the effective time (323):

P <6xm("“) .D- axm(k+1)>
k+1 — (m*D 1))

(327)

Specializing to the one-moment near-equilibrium closures, and following general argument [6],
solutions to the invariance equation (324) are eigenfunctions of the operator J, while the formal
limit of the iteration process (325) is the eigenfunction which corresponds to the eigenvalue with
the minimal nonzero absolute value.

Diagonal approximation. To obtain more explicit results, we shall now turn to an approxi-
mate solution to the problem (325) at each iteration. The correction u**! satisfies the condition
(m®u*+D)y =0, and can be decomposed as follows: u*+! = gre® + ¢¥). Here ¢® is the variance
of the kth approximation: e*) = Wegl[l — IO m® = j,m® + R® where

RO =w 'Jm® (328)

The function e!¥) is orthogonal to both ¢®) and m® ((®e®)) =0, and (m®el)) = 0).
Our diagonal approximation (DA) consists in disregarding the part ef)];). In other words, we seek
an improvement of the noninvariance of the kth approximation along its variance e*). Specifically,

we consider the following ansatz at the kth iteration:

m*D = gy e (329)



302 A.N. Gorban et al. | Physics Reports 396 (2004) 197—-403

Table 2
Iterations 1; and the error &; for U = x?/2

0 1 4 8 12 16 20
Ex. 1 7 1.99998 1.99993 1.99575 1.47795  1.00356 1.00001 1.00000
5  016x107%  066x107* 042x1072 0.24 035x 1072  0.13x107* 054 x1077
0 1 2 3 4 5 6
Ex.2 ) 3.399 2.437 1.586 1.088 1.010 1.001 1.0002
5 1.99 1.42 0.83 0.16 029 x 107" 027x107% 057 x 1073

Substituting ansatz (329) into Eq. (325), and integrating the latter expression with the function e®*)
to evaluate the coefficient oy:

A — 22

o = - , 330
g j’/% — 244 + By ( )
where parameters 4; and Bj represent the following equilibrium averages:
Ay = (m® =1 (RO REY
By = (m®m") 15, R® . D . 0,RP)Y (331)

Finally, putting together Eqgs. (327)—(331), we arrive at the following DA recurrence solution, and
which is our main result:

m(k“) = m(k) + ock[/lkm(k) -+ R(k)] 5 (332)

}»k — (Ak — }]% )OCk
T+ (A — 2y

Notice that the stationary points of the DA process (333) are the true solutions to the invariance
equation (324). What may be lost within the DA is the convergency to the true limit of the procedure
(325), i.e. to the minimal eigenvalue.

To test the convergency of the DA process (333) we have considered two potentials U in the FPE
(314) with a constant diffusion matrix D. The first test was with the square potential U = x?/2, in
the three-dimensional configuration space, since for this potential the detail structure of the spectrum
is well known. We have considered two examples of initial one-moment quasi-equilibrium closures
with m® = x; + 100(x*> — 3) (example 1), and m® = x; + 100x%x, (example 2), in Eq. (320). The
result of performance of the DA for /; is presented in Table 2, together with the error J; which was
estimated as the norm of the variance at each iteration: §; = (e®e®)/(m®m®)  In both examples,
we see a good monotonic convergency to the minimal eigenvalue A., = 1, corresponding to the
eigenfunction x;. This convergency is even more striking in example 1, where the initial choice was
very close to a different eigenfunction x> — 3, and which can be seen in the nonmonotonic behavior
of the variance. Thus, we have an example to trust the DA approximation as converging to the
proper object.

D1 = (333)
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Table 3
Iterations /; for U = —501In(1 — x?)

0 1 2 3 4 5 6 7 8

Ex.3 4 213.17 212.186 211914 211.861 211.849 211.845 211.843 211.842 211.841

Ex. 4 2 216.586 213.135 212.212 211.998 211.929 211.899 211.884 211.876 211.871

For the second test, we have taken a one-dimensional potential U = —501In(1 — x?), the configu-
ration space is the segment |x| < 1. Potentials of this type (so-called FENE potential) are used in
applications of the FPE to models of polymer solutions [113—115]. Results are given in Table 3 for
the two initial functions, m(® =x?+10x* — (x? +10x*) (example 3), and Mm@ =x2+10x® — (x> +10x%)
(example 4). Both the examples demonstrate a stabilization of the /1, at the same value after some
ten iterations.

In conclusion, we have developed the principle of invariance to obtain moment closures for the
Fokker—Planck equation (314), and have derived explicit results for the one-moment near-equilibrium
closures, particularly important to get information about the spectrum of the FP operator.

9. Method of invariant grids

Elsewhere above in this paper, we considered immersions F(y), and methods for their construc-
tion, without addressing the question of how to implement F in a constructive way. In most of the
works (of us and of other people on similar problems), analytic forms were needed to represent
manifolds (see, however, dual quasi-equilibrium integrators [198,199]). However, in order to con-
struct manifolds of a relatively low dimension, grid-based representations of manifolds become a
relevant option. The Method of invariant grids (MIG) was suggested recently in [10].

The principal idea of (MIG) is to find a mapping of finite-dimensional grids into the phase space
of a dynamic system. That is we construct not just a point approximation of the invariant manifold
F*(y), but an invariant grid. When refined, in the limit it is expected to converge, of course, to
F*(y), but it is a separate, independently defined object.

Let’s denote L = R", G is a discrete subset of R". A natural choice would be a regular grid,
but, this is not crucial from the point of view of the general formalism. For every point y € G, a
neighborhood of y is defined: V}, C G, where V, is a finite set, and, in particular, y € ;. On regular
grids, V) includes, as a rule, the nearest neighbors of y. It may also include the points, next to the
nearest.

For our purposes, one should define a grid differential operator. For every function, defined on
the grid, also all derivatives are defined:

d
S Y i@y f@), i=1...n. (334)

0yi yeG ey,

where ¢;(z, y) are some coeflicients.
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Here we do not specify the choice of the functions ¢;(z, ). We just mention in passing that, as a
rule, Eq. (334) is established using some interpolation of f in the neighborhood of y in R" by some
differentiable functions (for example, polynomial). This interpolation is based on the values of f at
the points of V. For regular grids, ¢;(z, y) are functions of the difference z — y. For some ys which
are close to the edges of the grid, functions are defined only on the part of V). In this case, the
coefficients in (334) should be modified appropriately in order to provide an approximation using
available values of f. Below we will assume this modification is always done. We also assume
that the number of points in the neighborhood V) is always sufficient to make the approximation
possible. This assumption restricts the choice of the grids G. Let’s call admissible all such subsets
G, on which one can define differentiation operator in every point.

Let F be a given mapping of some admissible subset G C R" into U. For every y € V' we define
tangent vectors:

T, = Lin{g;} , (335)
where vectors ¢; (i =1,...,n) are partial derivatives (334) of the vector-function F’:
oF
gi=7-=) a(zyF(). (336)
! zeVy

or in the coordinate form

OF;
(91); = a—y{ =>4z y)F(z) . (337)

! zeV)

Here (g;); is the jth coordinate of the vector (g;), and F(z) is the jth coordinate of the point F'(z).
The grid G is invariant, if for every node y € G the vector field J(F(y)) belongs to the tangent
space T, (here J is the right hand site of the kinetic equations (76)).

So, the definition of the invariant grid includes:

(1) Finite admissible subset G C R";

(2) A mapping F of this admissible subset G into U (where U is the phase space for kinetic
Egs. (76));

(3) The differentiation formulae (334) with given coefficients g;(z, y);

The grid invariance equation has a form of inclusion:
J(F(y))eT, forevery yeG,
or a form of equation:
(1—-P)J(F(y))=0 forevery yecG,

where P, is the thermodynamic projector (132).

The grid differentiation formulae (334) are needed, in the first place, to establish the tangent space
T;, and the null space of the thermodynamic projector P, in each node. It is important to realise
that locality of construction of thermodynamic projector enables this without a need for a global
parametrization.
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Basically, in our approach, the grid specifics are in: (a) differentiation formulae, (b) grid con-
struction strategy (the grid can be extended, contracted, refined, etc.) The invariance equations (78),
equations of the film dynamics extension (84), the iteration Newton method (167), and the formulae
of the relaxation approximation (313) do not change at all. For convenience, let us repeat all these
formulae in the grid context.

Let x=F(y) be position of a grid’s node y immersed into U. We have set of tangent vectors g;(x),
defined in x (336), (337). Thus, the tangent space 7, is defined by (335). Also, one has entropy
function S(x), the linear functional D..S|,, and the subspace Ty, =T, Nker D, S|, in T,. Let T, # T,.
In this case we have a vector e, € 7,, orthogonal to 7j,, D,S|.(e,) = 1. Then, the thermodynamic
projector is defined as

P, e =P;, e +e,D.S|,e , (338)

where Py, is the orthogonal projector on T, with respect to the entropic scalar product (|),.

If Ty, = T, then the thermodynamic projector is the orthogonal projector on 7, with respect to
the entropic scalar product (|),.

For the Newton method with incomplete linearization, the equations for calculating new node
position x’ = x + ox are:

P,ox=0,

(1 = P)(J(x)+ DJ(x)0x) =0 . (339)

Here DJ(x) is a matrix of derivatives of J, calculated in x. The self-adjoint linearization may be
useful too (see Section 8).

Eq. (339) is a system of linear algebraic equations. In practice, it is convenient to choose some
orthonormal (with respect to the entropic scalar product) basis b; in ker P,. Let r = dim(ker P,).
Then ox =)', ;b;, and the system looks like

i: Se(bi | DIGOb )y = —(J(x) | by, i=1...7. (340)
k=1

Here (|), is the entropic scalar product. This is the system of linear equations for adjusting the
node position accordingly to the Newton method with incomplete linearization.

For the relaxation method, one needs to calculate the defect A, =(1— P, )J(x), and the relaxation
step

{(Ax | Ax)x
=————" 341
)= A DI A, (341)
Then, new node position x” is calculated as
x =x+1(x)4, . (342)

This is the equation for adjusting the node position according to the relaxation method.
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9.1. Grid construction strategy

From all reasonable strategies of the invariant grid construction we will consider here the following
two: growing lump and invariant flag.

9.1.1. Growing lump

In this strategy one chooses as initial the equilibrium point y*. The first approximation is con-
structed as F(y*)=x", and for some initial ¥y (Vy~ C ;) one has F(y)=x"+A4(y — »y*), where 4
is an isometric embedding (in the standard Euclidean metrics) of R" in E.

For this initial grid one makes a fixed number of iterations of one of the methods chosen (Newton’s
method with incomplete linearization or the relaxation method), and, after that, puts V; = Uer0 Vv,
and extends F from }; onto J; using linear extrapolation and the process continues. One of the
possible variants of this procedure is to extend the grid from V; to Vi, not after a fixed number of
iterations, but when invariance defect 4, becomes smaller than a given € (in a given norm, which
is entropic, as a rule), for all nodes y € J;. The lump stops growing when it reaches the boundary
and is within a given accuracy ||4| < €.

9.1.2. Invariant flag

For the invariant flag one uses sufficiently regular grids G, in which many points are situated on
the coordinate lines, planes, etc. One considers the standard flag R C R' ¢ R*> C --- C R" (every
next space is constructed by adding one more coordinate). It corresponds to a succession of grids
{y} CcG'C G* .- C G", where {y*} =R°, and G' is a grid in R

First, y* is mapped in x* and further F(y*)=x*. Then an invariant grid is constructed on V! C G!
(up to the boundaries U and within a given accuracy ||4]| < €). After the neighborhoods in G are
added to the points V', and, using such extensions, the grid V> C G? is constructed (up to the
boundaries and within a given accuracy) and so on, until }” C G" will be constructed.

We must underline here that, constructing the kth grid V¥ C G*, the important role of the grids
of smaller dimension V° C --- C V¥=! C V¥ embedded in it, is preserved. The point F(y*) = x*
is preserved. For every y€ VY (¢ < k) the tangent vectors gi,...,g, are constructed, using the
differentiation operators (334) on the whole V*. Using the tangent space T, = Lin{gi,...,g,}, the
projector P, is constructed, the iterations are applied and so on. All this is done to obtain a succession
of embedded invariant grids, given by the same map F.

9.1.3. Boundaries check and the entropy

We construct grid mapping of F onto the finite set /' € G. The technique of checking if the grid
still belongs to the phase space U of kinetic system U (F (V') C U) is quite straightforward: all the
points y € V' are checked to belong to U. If at the next iteration a point F(y) leaves U, then it is
returned inside by a homothety transform with the center in x*. Since the entropy is a concave func-
tion, the homothety contraction with the center in x* increases the entropy monotonously. Another
variant is cutting off the points leaving U.

By the way it was constructed, (132), the kernel of the entropic projector is annulled by the entropy
differential. Thus, in the first order, steps in the Newton method with incomplete linearization (167)
as well as in the relaxation methods (312), (313) do not change the entropy. But, if the steps are
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Fig. 8. Grid instability. For small grid steps approximations in the calculation of grid derivatives lead to the grid instability
effect. On the figure several successive iterations of the algorithm without adaptation of the time step are shown that lead
to undesirable “oscillations”, which eventually destruct the grid starting from one of it’s ends.

quite large, then the increasing of the entropy can become essential and the points are returned on
their entropy level by the homothety contraction with the center in the equilibrium point.

9.2. Instability of fine grids

When one reduces the grid step (spacing between the nodes) in order to get a finer grid, then,
starting from a definite step, it is possible to face the problem of the Courant instability [202—-204].
Instead of converging, at the every iteration the grid becomes more entangled (see Fig. 8).

The way to get rid off this instability is well-known. This is decreasing the time step. Instead
of the real time step, we have a shift in the Newtonian direction. Formally, we can assign for one
complete step in the Newtonian direction a value & = 1. Let us consider now the Newton method
with an arbitrary 4. For this, let us find ox=0F(y) from (339), but we will change Jx proportionally
to A: the new value of x,.1 = F,.1(y) will be equal to

Fu1(y) = Fu(y) + hadFu(y) (343)

where the lower index n denotes the step number.

One way to choose the / step value is to make it adaptive, controlling the average value of the
invariance defect ||4,|| at every step. Another way is the convergence control: then ) 4, plays a
role of time.

Elimination of Courant instability for the relaxation method can be made quite analogously.
Everywhere the step /4 is maintained as big as it is possible without convergence problems.

9.3. What space is the most appropriate for the grid construction?

For the kinetics systems there are two distinguished representations of the phase space:

e The densities space (concentrations, energy or probability densities, etc.).
e The spaces of conjugate intensive quantities, potentials (temperature, chemical potentials, etc.).
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The density space is convenient for the construction of quasi-chemical representations. Here the
balance relations are linear and the restrictions are in the form of linear inequalities (the densities
themselves or some linear combinations of them must be positive).

The conjugate variables space is convenient in the sense that the equilibrium conditions, given the
linear restrictions on the densities, are in the linear form (with respect to the conjugate variables).
In these spaces the quasi-equilibrium manifolds exist in the form of linear subspaces and, vise versa,
linear balance equations turns out to be equations of the conditional entropy maximum.

The duality we have just described is very well-known and studied in details in many works on
thermodynamics and Legendre transformations [207,208]. This viewpoint of nonequilibrium thermo-
dynamics unifies many well-established mesoscopic dynamical theories, as for example the Boltzmann
kinetic theory and the Navier—Stokes—Fourier hydrodynamics [209]. In the previous section, the grids
were constructed in the density space. But the procedure of constructing them in the space of the
conjugate variables seems to be more consistent. The principal argument for this is the specific role
of quasi-equilibrium, which exists as a linear manifold. Therefore, linear extrapolation gives a ther-
modynamically justified quasi-equilibrium approximation. Linear approximation of the slow invariant
manifold in the neighborhood of the equilibrium in the conjugate variables space already gives the
global quasi-equilibrium manifold, which corresponds to the motion separation (for slow and fast
motions) in the neighborhood of the equilibrium point.

For the mass action law, transition to the conjugate variables is simply the logarithmic transfor-
mation of the coordinates.

9.4. Carleman’s formulae in the analytical invariant manifolds approximations. First benefit of
analyticity: superresolution

When constructing invariant grids, one must define the differential operators (334) for every grid
node. For calculating the differential operators in some point y, an interpolation procedure in the
neighborhood of y is used. As a rule, it is an interpolation by a low-order polynomial, which is
constructed using the function values in the nodes belonging to the neighbourhood of y in G. This
approximation (using values in the closest nodes) is natural for smooth functions. But, we are looking
for the analytical invariant manifold (see discussion in the section: “film extension: analyticity instead
of the boundary conditions”). Analytical functions have much more “rigid” structure than the smooth
ones. One can change a smooth function in the neighborhood of any point in such a way, that outside
this neighborhood the function will not change. In general, this is not possible for analytical functions:
a kind of “long-range” effect takes place (as is well known).

The idea is to use this effect and to reconstruct some analytical function fs using function given
on G. There is one important requirement: if these values on G are values (given at the points of
G) of some function f which is analytical in the given neighborhood U, then if the G is refined
“correctly”, one must have f; — f. The sequence of reconstructed function f; should converge to
the “proper” function f.

What is the “correct refinement”? For smooth functions for the convergence f; — f it is nec-
essary and sufficient that, in the course of refinement, G would approximate the whole U with
arbitrary accuracy. For analytical functions it is necessary only that, under the refinement, G would
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approximate some uniqueness set'?> 4 C U. Suppose we have a sequence of grids G, each next is
finer than previous, which approximates a set 4. For smooth functions, using function values defined
on the grids, one can reconstruct the function in 4. For analytical functions, if the analyticity area U
is known, and 4 is a uniqueness set in U, then one can reconstruct the function in U. The set U can
be essentially bigger than 4; because of this such extension was named as superresolution effects
[210]. There exist constructive formulae for construction of analytical functions f for different areas
U, uniqueness sets 4 C U and for different ways of discrete approximation of 4 by a sequence of
fined grids G [210]. Here we provide only one Carleman’s formula which is the most appropriate
for our purposes.

Let area U = Q? C C”" be a product of strips O, C C, O, = {z|Imz < g}. We will construct
functions holomorphic in Q%. This is effectively equivalent to the construction of real analytical
functions f in whole R” with a condition on the convergence radius r(x) of the Taylor series for f
as a function of each coordinate: »(x) > ¢ in every point x € R".

The sequence of fined grids is constructed as follows: let for every / =1,...,n a finite sequence
of distinct points N; C O, be defined:

Ni={x;|j=123...}, x;#x;fori#j. (344)
The uniqueness set 4, which is approximated by a sequence of fined finite grids, has the form

A=Ny X Ny X -+ X Ny ={(X135 %2155+ s Xi, ) | 1.0 = 1,2,3,...} . (345)
The grid G,, is defined as the product of initial fragments N; of length m:

G = {(X1i5%20, - Xmi,) | 1 <1 n S} (346)

Let’s denote A=20/n (0 is a half—w1dth of the strip Q,). The key role in the construction of the
Carleman’s formula is played by the functional w/ (u, p,/) of three variables: u€ U = Q", p is an
integer, 1 < p <m, [ is an integer, 1 < p < n. Further u will be the coordinate value at the point
where the extrapolation is calculated, / will be the coordinate number, and p will be an element of
multi-index {iy,...,i,} for the point (xy;,,%2,,...,%u;, ) € G:

(e);qp + eﬂj/p )(e).u o e/bcgp) ﬁ (ezlx;p + e/b?;},»)(e/lu o eﬂx/j)

fu, pl) = — _ : . « . _ 347
w;,(u, p, 1) e + iy )u — xlp)e/qu AL (e — ey (et + e’b"/') ( )
j=1 j#p
For real-valued x,; formula (347) becomes simpler:
, u Ax; Axjj u X
(s p1) =2 —— =& H (e te)e” —e?) (348)
1 j#

T e X1p) | (€7 = (4 e)

The Carleman’s formula for extrapolatlon from Gy on U = Q! (¢ = nA/2) has the form

(z=1(z1,...,2zn)):

M@= Y fe[[eon k) . (349)
ki by =1 j=1
where k =ky,... ky, Xk = X1k X2ks - - - > Xk, )-

"2 Let’s remind to the reader that 4 C U is called uniqueness set in U if for analytical in U functions ¥ and ¢ from
V|4 = @la it follows = ¢.
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There exists a theorem [210]:

If f€H*Q"), then f(z)=lim, o fu(z), where H*(Q") is the Hardy class of holomorphic in
Q7 functions.

It is useful to present the asymptotics of (349) for big |Rez;|. For this we will consider the
asymptotics of (349) for big |Reul:

mn eL‘C[p + eL‘CU

|} (u, p, )] = % 11 PR +o(|Reu| ") . (350)
J=1j#p

From formula (349) one can see that for the finite m and |[Rez;| — oo function |f,(z)| behaves
like const - []; |z;| 7"

This property (zero asymptotics) must be taken into account when using formula (349). When
constructing invariant manifolds F(#), it is natural to use (349) not for the immersion F(y), but
for the deviation of F'(y) from some analytical ansatz Fy(y) [211-214].

The analytical ansatz Fy( y) can be obtained using Taylor series, just as in the Lyapunov auxiliary
theorem [144] (also see above in the sections about the film extensions). Another variant is using
Taylor series for the construction of Pade-approximations.

It is natural to use approximations (349) in dual variables as well, since there exists for them (as
the examples demonstrate) a simple and very effective linear ansatz for the invariant manifold. This
is the slow invariant subspace Eg,y, of the operator of linearized system (76) in dual variables in the
equilibrium point. This invariant subspace corresponds to the set of “slow” eigenvalues (with small
[Re 1|, Re A < 0). In the initial space (of concentrations or densities) this invariant subspace is the
quasi-equilibrium manifold. It consists of the maximal entropy points on the affine manifolds of the
X + Egg form, where Egg is the “fast” invariant subspace of the operator of linearized system (76)
in the initial variables in the equilibrium point. It corresponds to the “fast” eigenvalues (big |Re 4|,
Re 4 < 0).

In the problem of invariant grids constructing we can use the Carleman’s formulae in two moments:
first, for the definition grid differential operators (334), second, for the analytical continuation the
manifold from the grid.

Example 8: Two-step catalytic reaction

Let us consider a two-step four-component reaction with one catalyst A,:
A1+A2 <—>A3 <—>A2—|—A4. (351)

We assume the Lyapunov function of the form S = —G = — > | ¢,[In(c;/c{*) — 1]. The kinetic
equation for the four-component vector of concentrations, ¢ = (¢, ¢2,¢3,¢4), has the form

C=p W+ W, . (352)
Here y;, are stoichiometric vectors,
71 :(7137131’0% y2:(0>1:71a1) 5 (353)

while functions W), are reaction rates:

W1 = k1+C1CQ - k1_C3, W2 = k2+C3 — k2_C204 . (354)
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Fig. 9. One-dimensional invariant grid (circles) for two-dimensional chemical system. Projection into the 3d-space of c¢i,
c4, c3 concentrations. The trajectories of the system in the phase space are shown by lines. The equilibrium point is
marked by square. The system quickly reaches the grid and further moves along it.

Here k5, are reaction rate constants. The system under consideration has two conservation laws,
coteatce=B, ct+ta=5, (355)

or (by2,¢) =B, where by =(1,0,1,1) and by =(0, 1, 1,0). The nonlinear system (351) is effectively
two-dimensional, and we consider a one-dimensional reduced description. For our example, we chose
the following set of parameters:

k=03, k =015 k =08, k =20;
1=05 '=01, '=01, '=04;

By =10, B,=02. (356)

In Fig. 9 one-dimensional invariant grid is shown in the (cj,cs,c3) coordinates. The grid was
constructed by growing the grid, as described above. We used Newtonian iterations to adjust the
nodes. The grid was grown up to the boundaries of the phase space.

The grid derivatives for calculating tangent vectors g were taken as simple as g(x;) = (x;11 —
xi—1)/||xi41—x;—1|| for the internal nodes and g(x1)=(x1—x2)/|lx1 —x2|, g(x»)=Cxn—Xn—1)/|[xn—Xn—1]]
for the grid’s boundaries. Here x; denotes the vector of the ith node position, » is the number of
nodes in the grid.

Close to the phase space boundaries we had to apply an adaptive algorithm for choosing the time
step 4: if, after the next growing step and applying N = 20 complete Newtonian steps, the grid did
not converged, then we choose a new #,,; = h,/2 and recalculate the grid. The final value for A
was h =~ 0.001.

The nodes positions are parametrized with entropic distance to the equilibrium point measured in
the quadratic metrics given by H. = —||02S(¢)/dc;0¢;|| in the equilibrium c®9. It means that every
node is on a sphere in this quadratic metrics with a given radius, which increases linearly. On this
figure the step of the increase is chosen to be 0.05. Thus, the first node is on the distance 0.05 from
the equilibrium, the second is on the distance 0.10 and so on. Fig. 10 shows several basic values
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Fig. 10. One-dimensional invariant grid for two-dimensional chemical system. (a) Values of the concentrations along the
grid. (b) Values of the entropy and the entropy production (—dG/d¢) along the grid. (c) Relation of the relaxation times
“toward” and “along” the manifold. The nodes positions are parametrized with entropic distance measured in the quadratic
metrics given by He = —||0%S(c)/dc;0c;]| in the equilibrium ¢, Zero corresponds to the equilibrium.



A.N. Gorban et al. | Physics Reports 396 (2004) 197403 313

which facilitate understanding of the object (invariant grid) extracted. The sign on the x-axis of the
graphs at Fig. 10 is meaningless, since the distance is always positive, but in this situation it denotes
two possible directions from the equilibrium point.

Fig. 10a,b effectively represents the slow one-dimensional component of the dynamics of the
system. Given any initial condition, the system quickly finds the corresponding point on the manifold
and starting from this point the dynamics is given by a part of the graph on the Fig. 10a,b.

One of the useful values is shown on the Fig. 10c. It is the relation between the relaxation times
“toward” and “along” the grid (4,/4;, where A;,4, are the smallest and the second smallest by
absolute value nonzero eigenvalue of the system, symmetrically linearized at the point of the grid
node). It shows that the system is very stiff close to the equilibrium point, and less stiff (by one
order of magnitude) on the borders. This leads to the conclusion that the reduced model is more
adequate in the neighborhood of the equilibrium where fast and slow motions are separated by two
orders of magnitude. On the very end of the grid which corresponds to the positive absciss values,
our one-dimensional consideration faces with definite problems (slow manifold is not well-defined).

Example 9: Model hydrogen burning reaction

In this section we consider a more interesting illustration, where the phase space is six-dimensional,
and the system is four-dimensional. We construct an invariant flag which consists of one- and
two-dimensional invariant manifolds.

We consider chemical system with six species called (provisionally) H, (hydrogen), O, (oxygen),
H,O (water), H, O, OH (radicals). We assume the Lyapunov function of the form § = -G =
— Z?:l cilln(c;/e;*) — 1]. The subset of the hydrogen burning reaction and corresponding (direct)
rate constants have been taken as:

1. H, < 2H, k=2,
2. 0; + 20, k=1,
3. H,O0 < H + OH, k=1,
4. H,+0« H+OH, k =10, (337
5.0,+H< O+O0H, i =10,
6. H, + O < H,0, ki =10" .
The conservation laws are:
2cy, + 2¢eny0 +cn + con = by
2co, + cm,0 + co + con = bo - (358)

For parameter values we took by =2, bo = 1, and the equilibrium point:

=027 ¢ =0135 cl,=07 =005 =002 cg=001. (359)
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Other rate constants k.

VIl

stoichiometric vectors are:

i = 1.6 were calculated from ¢* value and ;. For this system the

1 =(-1,0,0,2,0,0), v,=(0,-1,0,0,2,0),
;s =(0,0,—-1,1,0,1), 94=(-1,0,0,1,—1,1),
’y5:(077150:71a171)’ 'V(,:(*I,O,I,O,*l,o) . (360)

We stress here once again that the system under consideration is fictional in that sense that the
subset of equations corresponds to the simplified picture of this physical-chemical process and the
constants do not correspond to any measured ones, but reflect only basic orders of magnitudes of
the real-world system. In this sense we consider here a qualitative model system, which allows us to
illustrate the invariant grids method without excessive complication. Nevertheless, modeling of real
systems differs only in the number of species and equations. This leads, of course, to computationally
harder problems, but not the crucial ones, and the efforts on the modeling of real-world systems are
on the way.

Fig. 11a presents a one-dimensional invariant grid constructed for the system. Fig. 11b shows
the picture of reduced dynamics along the manifold (for the explanation of the meaning of the
x-coordinate, see the previous subsection). In Fig. 11c the three smallest by absolute value nonzero
eigenvalues of the symmetrically linearized system A®™ have been shown. One can see that the two
smallest values almost “exchange” on one of the grid end. It means that one-dimensional “slow”
manifold has definite problems in this region, it is just not well defined there. In practice, it means
that one has to use at least two-dimensional grids there.

Fig. 12a gives a view onto the two-dimensional invariant grid, constructed for the system, using the
“invariant flag” strategy. The grid was grown starting from the 1D-grid constructed at the previous
step. At the first iteration for every node of the initial grid, two nodes (and two edges) were added.
The direction of the step was chosen as the direction of the eigenvector of the matrix A¥™ (at
the point of the node), corresponding to the second “slowest” direction. The value of the step was
chosen to be € = 0.05 in terms of entropic distance. After several Newtonian iterations done until
convergence, new nodes were added in the direction “orthogonal” to the 1D-grid. This time it is
done by linear extrapolation of the grid on the same step € =0.05. When some new nodes have one
or several negative coordinates (the grid reaches the boundaries) they were cut off. If a new node
has only one edge, connecting it to the grid, it was excluded (since it does not allow calculating
2D-tangent space for this node). The process continues until the expansion is possible (after this,
every new node has to be cut off).

The method for calculating tangent vectors for this regular rectangular 2D-grid was chosen to be
quite simple. The grid consists of rows, which are co-oriented by construction to the initial 1D-grid,
and columns that consist of the adjacent nodes in the neighboring rows. The direction of “columns”
corresponds to the second slowest direction along the grid. Then, every row and column is considered
as 1D-grid, and the corresponding tangent vectors are calculated as it was described before:

grow(xk,i) = (xk,i+1 — Xk,i—1 )/ka,i+1 — Xk,i—1 H

for the internal nodes and

grow(-xk,l ) = (xk,l - xk,2)/ka,l — Xk,2 ”7 grow(-xk,nk) = (-xk,nk — Xk, —1 )/ka,nk — Xk —1 H
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Fig. 11. One-dimensional invariant grid for model hydrogen burning system. (a) Projection into the 3d-space of cy, co,
con concentrations. (b) Concentration values along the grid. (c) three smallest by absolute value nonzero eigenvalues of
the symmetrically linearized system.

for the nodes which are close to the grid’s edges. Here x; ; denotes the vector of the node in the kth
row, ith column; n; is the number of nodes in the kth row. Second tangent vector geo(xx;) is cal-
culated completely analogously. In practice, it is convenient to orthogonalize grow(Xt.;) and geor(xx,;).
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Since the phase space is four-dimensional, it is impossible to visualize the grid in one of the
coordinate 3D-views, as it was done in the previous subsection. To facilitate visualization one can
utilize traditional methods of multi-dimensional data visualization. Here we make use of the principal
components analysis (see, for example, [206]), which constructs a three-dimensional linear subspace
with maximal dispersion of the othogonally projected data (grid nodes in our case). In other words,
method of principal components constructs in multi-dimensional space such a three-dimensional box
inside which the grid can be placed maximally tightly (in the mean square distance meaning).
After projection of the grid nodes into this space, we get more or less adequate representation of
the two-dimensional grid embedded into the six-dimensional concentrations space (Fig. 12b). The
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disadvantage of the approach is that the axes now do not have explicit meaning, being some linear
combinations of the concentrations.

One attractive feature of two-dimensional grids is the possibility to use them as a screen, on
which one can display different functions f(c¢) defined in the concentrations space. This technology
was exploited widely in the nonlinear data analysis by the elastic maps method [205]. The idea is
to “unfold” the grid on a plane (to present it in the two-dimensional space, where the nodes form
a regular lattice). In other words, we are going to work in the internal coordinates of the grid. In
our case, the first internal coordinate (let’s call it s7) corresponds to the direction, co-oriented with
the one-dimensional invariant grid, the second one (let’s call it s,) corresponds to the second slow
direction. By how it was constructed, s, = 0 line corresponds to the one-dimensional invariant grid.
Units of 57 and s, are entropic distances in our case.

Every grid node has two internal coordinates (s1,s;) and, simultaneously, corresponds to a vector
in the concentration space. This allows us to map any function f(c¢) from the multi-dimensional
concentration space to the two-dimensional space of the grid. This mapping is defined in a finite
number of points (grid nodes), and can be interpolated (linearly, in the simplest case) in between
them. Using coloring and isolines one can visualize the values of the function in the neighborhood
of the invariant manifold. This is meaningful, since, by the definition, the system spends most of the
time in the vicinity of the invariant manifold, thus, one can visualize the behavior of the system. As
a result of applying the technology, one obtains a set of color illustrations (a stack of information
layers), put onto the grid as a map. This allows applying all the methods, working with stack
of information layers, like geographical information systems (GIS) methods, which are very well
developed.

In short words, the technique is a useful tool for exploration of dynamical systems. It allows to
see simultaneously many different scenarios of the system behavior, together with different system’s
characteristics.

The simplest functions to visualize are the coordinates: ¢;(¢) =¢;. In Fig. 13 we displayed four
colorings, corresponding to the four arbitrarily chosen concentrations functions (of H,, O, H and OH;
Fig. 13a—d). The qualitative conclusions that can be made from the graphs are that, for example, the
concentration of H, practically does not change during the first fast motion (towards the 1D-grid)
and then, gradually changes to the equilibrium value (the H, coordinate is “slow”). The O coordinate
is the opposite case, it is “fast” coordinate which changes quickly (on the first stage of motion)
to the almost equilibrium value, and then it almost does not change. Basically, the slope angles
of the coordinate isolines give some presentation of how “slow” a given concentration is. Fig. 13c
shows interesting behavior of the OH concentration. Close to the 1D grid it behaves like “slow
coordinate”, but there is a region on the map where it has clear “fast” behavior (middle bottom of
the graph).

The next two functions which one can want to visualize are the entropy S and the entropy
production o(c) = —dG/dt(c) =", In(c;/c;?)¢;. They are shown in Fig. 14a,b.

Finally, we visualize the relation between the relaxation times of the fast motion towards the
2D-grid and along it. This is given in Fig. 14c. This picture allows to make a conclusion that
two-dimensional consideration can be appropriate for the system (especially in the “high H,, high O”
region), since the relaxation times “towards” and “along” the grid are definitely separated. One can
compare this to Fig. 14d, where the relation between relaxation times towards and along the 1D-grid
is shown.
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10. Method of natural projector

Ehrenfest suggested in 1911 a model of dynamics with a coarse-graining of the original con-
servative system in order to introduce irreversibility [215]. The idea of Ehrenfest is the following:
One partitions the phase space of the Hamiltonian system into cells. The density distribution of
the ensemble over the phase space evolves in time according to the Liouville equation within the
time segments nt < ¢t < (n + 1)t, where 7 is the fixed coarse-graining time step. Coarse-graining is
executed at discrete times nt, densities are averaged over each cell. This alternation of the regular
flow with the averaging describes the irreversible behavior of the system.

The formally most general construction extending the Ehrenfest idea is given below. Let us stay
with notation of Section 3, and let a submanifold 7' (') be defined in the phase space U. Furthermore,
we assume a map (a projection) is defined, IT : U — W, with the properties:

HoF=1, IFQY)=y. (361)
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Fig. 14. Two-dimensional invariant grid as a screen for visualizing different functions defined in the concentrations space.
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(a) Entropy. (b) Entropy production. (¢) 43/ relation. (d) 4,/4; relation.

In addition, one requires some mild properties of regularity, in particular, surjectivity of the differ-
ential, D, Il : E — L, in each point x € U.

Let us fix the coarse-graining time t > 0, and consider the following problem: Find a vector field
Y in W,

dy

—=Y(y), 362

=) (362)
such that, for every y e W,

I(T:F(y))= 0.y, (363)

where T is the shift operator for system (76), and @ is the (yet unknown!) shift operator for the
system in question (362).

Eq. (363) means that one projects not the vector fields but segments of trajectories. Resulting
vector field W(y) is called the natural projection of the vector field J(x).
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Let us assume that there is a very stiff hierarchy of relaxation times in system (76): The motions
of the system tend very rapidly to a slow manifold, and next proceed slowly along it. Then there
is a smallness parameter, the ratio of these times. Let us take F for the initial condition to the film
equation (84). If the solution F; relaxes to the positively invariant manifold F, then, in the limit
of a very stiff decomposition of motions, the natural projection of the vector field J(x) tends to the
usual infinitesimal projection of the restriction of J on Fo,, as T — 00:

q’oo(y) :DxH|x=Fx(y)J(FOO(y)) . (364)

For stiff dynamic systems, the limit (364) is qualitatively almost obvious: After some relaxation
time 1y (for ¢ > ty), the motion 7,(x) is located in an €-neighborhood of Fo.(W). Thus, for 7> 1y,
the natural projection ¥ (Egs. (362) and (363)) is defined by the vector field attached to Fo
with any predefined accuracy. Rigorous proofs requires existence and uniqueness theorems, as well
as homogeneous continuous dependence of solutions on initial conditions and right hand sides of
equations.

The method of natural projector is applied not only to dissipative systems but also (and even
mostly) to conservative systems. One of the methods to study the natural projector is based on
series expansion'* in powers of 7. Various other approximation schemes like Pade approximation
are possible too.

The construction of natural projector was rediscovered in completely different context by Chorin
et al. [217]. They constructed the optimal prediction methods for estimation the solution of nonlinear
time-dependent problems when that solution is too complex to be fully resolved or when data are
missing. The initial conditions for the unresolved components of the solution are drawn from a
probability distribution, and their effect on a small set of variables that are actually computed is
evaluated via statistical projection. The formalism resembles the projection methods of irreversible
statistical mechanics, supplemented by the systematic use of conditional expectations and methods
of solution for the orthogonal dynamics equation, needed to evaluate a nonMarkovian memory term.
The result of the computations is close to the best possible estimate that can be obtained given the
partial data.

Most of the methods of invariant manifold can be discussed as development of the Chapman—
Enskog method. The idea is to construct the manifold of distribution functions, where the slow
dynamics occurs. The change-over from solution of the Boltzmann equation to construction of an
invariant manifold was a crucial idea of Enskog and Chapman. On the other hand, the method of
natural projector gives development of ideas of the Hilbert method. This method was historically
the first in the solution of the Boltzmann equation. The Hilbert method is not very popular now,
nevertheless, for some purposes it may be more convenient than the Chapman—Enskog method,
for example, for a studying of stationary solutions [218]. In the method of natural projector we
are looking for a solutions of kinetic equations with quasi-equilibrium initial state (and in Hilbert
method we start from the local equilibrium too). The main new element in the method of natural
projector with respect to the Hilbert method is construction of the macroscopic equation (363). In the

B1n the well known work of Lewis [216], this expansion was executed incorrectly (terms of different orders were
matched on the left and on the right hand sides of Eq. (363)). This created an obstacle in a development of the method.
See more detailed discussion in the section Example 10.
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next example the solution for the matching condition (363) will be found in a form of Taylor
expansion.

Example 10: From reversible dynamics to Navier—Stokes and post-Navier—Stokes hydrodynamics
by natural projector

The starting point of our construction are microscopic equations of motion. A traditional example
of the microscopic description is the Liouville equation for classical particles. However, we need to
stress that the distinction between “micro” and “macro” is always context dependent. For example,
Vlasov’s equation describes the dynamics of the one-particle distribution function. In one statement
of the problem, this is a microscopic dynamics in comparison to the evolution of hydrodynamic
moments of the distribution function. In a different setting, this equation itself is a result of reducing
the description from the microscopic Liouville equation.

The problem of reducing the description includes a definition of the microscopic dynamics, and
of the macroscopic variables of interest, for which equations of the reduced description must be
found. The next step is the construction of the initial approximation. This is the well known
quasi-equilibrium approximation, which is the solution to the variational problem, § — max, where
S in the entropy, under given constraints. This solution assumes that the microscopic distribution
functions depend on time only through their dependence on the macroscopic variables. Direct sub-
stitution of the quasi-equilibrium distribution function into the microscopic equation of motion gives
the initial approximation to the macroscopic dynamics. All further corrections can be obtained from
a more precise approximation of the microscopic as well as of the macroscopic trajectories within a
given time interval t which is the parameter of our method.

The method described here has several clear advantages:

(1) It allows to derive complicated macroscopic equations, instead of writing them ad hoc. This
fact is especially significant for the description of complex fluids. The method gives explicit
expressions for relevant variables with one unknown parameter (7). This parameter can be
obtained from the experimental data.

(ii) Another advantage of the method is its simplicity. For example, in the case where the
microscopic dynamics is given by the Boltzmann equation, the approach avoids evaluation
of Boltzmann collision integral.

(ii1) The most significant advantage of this formalization is that it is applicable to nonlinear sys-
tems. Usually, in the classical approaches to reduced description, the microscopic equation of
motion is linear. In that case, one can formally write the evolution operator in the exponential
form. Obviously, this does not work for nonlinear systems, such as, for example, systems with
mean field interactions. The method which we are presenting here is based on mapping the ex-
panded microscopic trajectory into the consistently expanded macroscopic trajectory. This does
not require linearity. Moreover, the order-by-order recurrent construction can be, in principle,
enhanced by restoring to other types of approximations, like Padé approximation, for example,
but we do not consider these options here.

In the present section we discuss in detail applications of the method of natural projector [16,17,21]
to derivations of macroscopic equations in various cases, with and without mean field interaction



322 A.N. Gorban et al. | Physics Reports 396 (2004) 197—-403

potentials, for various choices of macroscopic variables, and demonstrate how computations are per-
formed in the higher orders of the expansion. The structure of the Example is as follows: In the
next subsection, for the sake of completeness, we describe briefly the formalization of Ehrenfest’s
approach [16,17]. We stress the role of the quasi-equilibrium approximation as the starting point for
the constructions to follow. We derive explicit expressions for the correction to the quasi-equilibrium
dynamics, and conclude this section with the entropy production formula and its discussion. In Sec-
tion 3, we begin the discussion of applications. We use the present formalism in order to derive
hydrodynamic equations. Zeroth approximation of the scheme is the Euler equations of the com-
pressible nonviscous fluid. The first approximation leads to the system of Navier—Stokes equations.
Moreover, the approach allows to obtain the next correction, so-called post-Navier—Stokes equa-
tions. The latter example is of particular interest. Indeed, it is well known that the post-Navier—
Stokes equations as derived from the Boltzmann kinetic equation by the Chapman—Enskog method
(Burnett and super-Burnett hydrodynamics) suffer from unphysical instability already in the linear
approximation [53]. We demonstrate it by the explicit computation that the linearized higher-order
hydrodynamic equations derived within our method are free from this drawback.
General construction. Let us consider a microscopic dynamics given by an equation,

f=J0 . (365)

where f(x,t) is a distribution function over the phase space x at time ¢, and where operator J( f)
may be linear or nonlinear. We consider linear macroscopic variables M = u( ), where operator
maps f into M. The problem is to obtain closed macroscopic equations of motion, M=, (M ). This
is achieved in two steps: First, we construct an initial approximation to the macroscopic dynamics
and, second, this approximation is further corrected on the basis of the coarse-gaining.

The initial approximation is the quasi-equilibrium approximation, and it is based on the entropy
maximum principle under fixed constraints [153,125]:

S(f) —max, u(f)=M, (366)

where S is the entropy functional, which is assumed to be strictly concave, and M is the set of
the macroscopic variables {M}, and p is the set of the corresponding operators. If the solution to
the problem (366) exists, it is unique thanks to the concavity of the entropy functionals. Solution
to Eq. (366) is called the quasi-equilibrium state, and it will be denoted as f*(M). The classical
example is the local equilibrium of the ideal gas: f is the one-body distribution function, S is the
Boltzmann entropy, p are five linear operators, u(f)= [{1,v,0*}f dv, with v the particle’s velocity;
the corresponding f™*(M) is called the local Maxwell distribution function.

If the microscopic dynamics is given by Eq. (365), then the quasi-equilibrium dynamics of the
variables M reads:

My = w(J(f* (M) = ¢ . (367)

The quasi-equilibrium approximation has important property, it conserves the type of the dynamics:

If the entropy monotonically increases (or not decreases) due to Eq. (365), then the same is true

for the quasi-equilibrium entropy, S*(M)=S(f*(M)), due to the quasi-equilibrium dynamics (367).
That is, if

S, 0S(f)

S==7 /=%

J(f)=0,



A.N. Gorban et al. | Physics Reports 396 (2004) 197403 323

then

Y os* . o0S* .
> _Zk:aMkMk_zk:aMk 1 (J(f(M))) =0 . (368)

Summation in k& always implies summation or integration over the set of labels of the macroscopic
variables.

Conservation of the type of dynamics by the quasi-equilibrium approximation is a simple yet
a general and useful fact. If the entropy S is an integral of motion of Eq. (365) then S*(M) is
the integral of motion for the quasi-equilibrium equation (367). Consequently, if we start with a
system which conserves the entropy (for example, with the Liouville equation) then we end up with
the quasi-equilibrium system which conserves the quasi-equilibrium entropy. For instance, if M is
the one-body distribution function, and (365) is the (reversible) Liouville equation, then (367) is
the Vlasov equation which is reversible, too. On the other hand, if the entropy was monotonically
increasing on solutions to Eq. (365), then the quasi-equilibrium entropy also increases monotonically
on solutions to the quasi-equilibrium dynamic equations (367). For instance, if Eq. (365) is the
Boltzmann equation for the one-body distribution function, and M is a finite set of moments (chosen
in such a way that the solution to problem (366) exists), then (367) are closed moment equations for
M which increase the quasi-equilibrium entropy (this is the essence of a well known generalization
of Grad’s moment method).

Enhancement of quasi-equilibrium approximations for entropy-conserving dynamics

The goal of the present subsection is to describe the simplest analytic implementation, the mi-
croscopic motion with periodic coarse-graining. The notion of coarse-graining was introduced by
Ehrenfest’s in their seminal work [215]: The phase space is partitioned into cells, the coarse-grained
variables are the amounts of the phase density inside the cells. Dynamics is described by the two
processes, by the Liouville equation for f, and by periodic coarse-graining, replacement of f'(x)
in each cell by its average value in this cell. The coarse-graining operation means forgetting the
microscopic details, or of the history.

From the perspective of general quasi-equilibrium approximations, periodic coarse-graining amounts
to the return of the true microscopic trajectory on the quasi-equilibrium manifold with the preserva-
tion of the macroscopic variables. The motion starts at the quasi-equilibrium state f;*. Then the true
solution f;(¢) of the microscopic equation (365) with the initial condition f;(0)=f;* is coarse-grained
at a fixed time ¢ =1, solution f;(7) is replaced by the quasi-equilibrium function f, = f*(u( fi(1))).
This process is sketched in Fig. 15.

From the features of the quasi-equilibrium approximation it follows that for the motion with
periodic coarse-graining, the inequality is valid,

ST <S5 s (369)

the equality occurs if and only if the quasi-equilibrium is the invariant manifold of the dynamic
system (365). Whenever the quasi-equilibrium is not the solution to Eq. (365), the strict inequality
in (369) demonstrates the entropy increase.

In other words, let us assume that the trajectory begins at the quasi-equilibrium manifold, then it
takes off from this manifold according to the microscopic evolution equations. Then, after some time
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Fig. 15. Coarse-graining scheme. f is the space of microscopic variables, M is the space of the macroscopic variables,
f™ is the quasi-equilibrium manifold, p is the mapping from the microscopic to the macroscopic space.

7, the trajectory is coarse-grained, that is the, state is brought back on the quasi-equilibrium manifold
keeping the values of the macroscopic variables. The irreversibility is born in the latter process, and
this construction clearly rules out quasi-equilibrium manifolds which are invariant with respect to the
microscopic dynamics, as candidates for a coarse-graining. The coarse-graining indicates the way to
derive equations for macroscopic variables from the condition that the macroscopic trajectory, M(?),
which governs the motion of the quasi-equilibrium states, f*(M(t)), should match precisely the same
points on the quasi-equilibrium manifold, f*(M(t + 7)), and this matching should be independent
of both the initial time, ¢, and the initial condition M(¢). The problem is then how to derive the
continuous time macroscopic dynamics which would be consistent with this picture. The simplest
realization suggested in Refs. [16,17] is based on using an expansion of both the microscopic and the
macroscopic trajectories. Here we present this construction to the third order accuracy, in a general
form, whereas only the second-order accurate construction has been discussed in [16,17].

Let us write down the solution to the microscopic equation (365), and approximate this solution
by the polynomial of third order in 7. Introducing notation, J* =J( f*(M(?))), we write,

. R Y AT ~ AV AoV AR o A 3

Evaluation of the macroscopic variables on function (370) gives

L, T oJ*
Mk(t‘i‘f):Mk‘i‘T(]sk‘i‘?,uk <a‘fJ>

3 oJ* oJ* oL+
+;{Nk< J*) +uk( J*J*>}+o(r3), (371)

of of /2

where ¢} = w(J*) is the quasi-equilibrium macroscopic vector field (the right hand side of
Eq. (367)), and all the functions and derivatives are taken in the quasi-equilibrium state at time ¢.



A.N. Gorban et al. | Physics Reports 396 (2004) 197—-403 325

We shall now establish the macroscopic dynamic by matching the macroscopic and the microscopic
dynamics. Specifically, the macroscopic dynamic equations (367) with the right hand side not yet
defined, give the following third-order result:

M (t + 1) = My + ¢y, + ad)k (f)j
73 0* oy 0y 09, 3
+ = 30 <aM,ZWj ¢j¢j+ m an q’)]> +0(T ) . (372)

ij

Expanding functions ¢ into the series ¢ :Ri0)+rR,({l)+7:2R§€2)+- e (R(O):qﬁ*), and requiring that
the microscopic and the macroscopic dynamics coincide to the order of °, we obtain the sequence
of corrections for the right hand side of the equation for the macroscopic variables. Zeroth order is
the quasi-equilibrium approximation to the macroscopic dynamics. The first-order correction gives

Rz”zé{uk(a"* - ZM } (373)

The next, second-order correction has the following explicit form:
1 oJ* oJ* 02 0y 07
RY = J* JEJ* L
{“ <6f T AT 3v2 oM, aA4j¢f

1 o pr 0g; R R(l) *
53 <6M6M¢¢) Z(aM SRR (374)

Further corrections are found by the same token. Eqs. (373)—~(374) give explicit closed expressions
for corrections to the quasi-equilibrium dynamics to the order of accuracy specified above. They are
used below in various specific examples.

Entropy production. The most important consequence of the above construction is that the re-
sulting continuous time macroscopic equations retain the dissipation property of the discrete time
coarse-graining (369) on each order of approximation n > 1. Let us first consider the entropy pro-
duction formula for the first-order approximation. In order to shorten notations, it is convenient to
introduce the quasi-equilibrium projection operator,

375
oM, (375)
It has been demonstrated in [17] that the entropy production,
. 6S
equals
. T 2 Qx
Sty =—=(1—-P"J* (1—=P")J*. (376)
(1)
2 ofof -
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Eq. (376) is nonnegative definite due to concavity of the entropy. Entropy production (376) is
equal to zero only if the quasi-equilibrium approximation is the true solution to the microscopic
dynamics, that is, if (1 — P*)J* = 0. While quasi-equilibrium approximations which solve the
Liouville equation are uninteresting objects (except, of course, for the equilibrium itself), vanishing
of the entropy production in this case is a simple test of consistency of the theory. Note that the
entropy production (376) is proportional to 7. Note also that projection operator does not appear in
our consideration a priory, rather, it is the result of exploring the coarse-graining condition in the
previous section.

Though Eq. (376) looks very natural, its existence is rather subtle. Indeed, Eq. (376) is a difference
of the two terms, >, t(J*0J*/0f) (contribution of the second-order approximation to the micro-
scopic trajectory), and ), REO)GR/?(O) /OM; (contribution of the derivative of the quasi-equilibrium
vector field). Each of these expressions separately gives a positive contribution to the entropy pro-
duction, and Eq. (376) is the difference of the two positive definite expressions. In the higher order
approximations, these subtractions are more involved, and explicit demonstration of the entropy pro-
duction formulae becomes a formidable task. Yet, it is possible to demonstrate the increase-in-entropy
without explicit computation, though at a price of smallness of 7. Indeed, let us denote S'E"n) the time
derivative of the entropy on the nth order approximation. Then

t+1
/ Szkn)(s)ds = S*(t + T) — S*(t) + O(Tn+1) ,
t

where S*(¢ + 1) and S*(¢) are true values of the entropy at the adjacent states of the H-curve. The
difference 6S = S*(¢ 4 1) — S*(¢) is strictly positive for any fixed 7, and, by Eq. (376), dS ~ ©> for
small 7. Therefore, if 7 is small enough, the right hand side in the above expression is positive, and

TSZ(n)(H(n)) >0,

where ¢ < 0,) < ¢+ 1. Finally, since SZ‘H)([) :SE‘n)(s) + O(t") for any s on the segment [z,¢+ 7], we
can replace S‘;‘n)(G(,,)) in the latter inequality by Sz‘n)(t). The sense of this consideration is as follows:
Since the entropy production formula (376) is valid in the leading order of the construction, the
entropy production will not collapse in the higher orders at least if the coarse-graining time is small
enough. More refined estimations can be obtained only from the explicit analysis of the higher-order
corrections.

Relation to the work of Lewis. Among various realizations of the coarse-graining procedures, the
work of Lewis [216] appears to be most close to our approach. It is therefore pertinent to discuss
the differences. Both methods are based on the coarse-graining condition,

Mi(t + 1) = m(Te f*(M(1))) (377)

where T is the formal solution operator of the microscopic dynamics. Above, we applied a consistent
expansion of both, the left hand side and the right hand side of the coarse-graining condition (377),
in terms of the coarse-graining time 7. In the work of Lewis [216], it was suggested, as a general way
to exploring condition (377), to write the first-order equation for M in the form of the differential
pursuit,

dM; (1)
d¢

Mi(t) + < ~ (T f"(M(1))) . (378)
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In other words, in the work of Lewis [216], the expansion to the first order was considered on
the left (macroscopic) side of Eq. (377), whereas the right hand side containing the microscopic
trajectory T, f*(M(t)) was not treated on the same footing. Clearly, expansion of the right hand
side to first order in 7 is the only equation which is common in both approaches, and this is the
quasi-equilibrium dynamics. However, the difference occurs already in the next, second-order term
(see Refs. [16,17] for details). Namely, the expansion to the second order of the right hand side
of Lewis’ equation [216] results in a dissipative equation (in the case of the Liouville equation,
for example) which remains dissipative even if the quasi-equilibrium approximation is the exact
solution to the microscopic dynamics, that is, when microscopic trajectories once started on the
quasi-equilibrium manifold belong to it in all the later times, and thus no dissipation can be born
by any coarse-graining.

On the other hand, our approach assumes a certain smoothness of trajectories so that application of
the low-order expansion bears physical significance. For example, while using lower-order truncations
it is not possible to derive the Boltzmann equation because in that case the relevant quasi-equilibrium
manifold (N-body distribution function is proportional to the product of one-body distributions, or
uncorrelated states, see next section) is almost invariant during the long time (of the order of the
mean free flight of particles), while the trajectory steeply leaves this manifold during the short-time
pair collision. It is clear that in such a case lower-order expansions of the microscopic trajectory
do not lead to useful results. It has been clearly stated by Lewis [216], that the exploration of
the condition (377) depends on the physical situation, and how one makes approximations. In fact,
derivation of the Boltzmann equation given by Lewis on the basis of the condition (377) does
not follow the differential pursuit approximation: As is well known, the expansion in terms of
particle’s density of the solution to the BBGKY hierarchy is singular, and begins with the l/inear in
time term. Assuming the quasi-equilibrium approximation for the N-body distribution function under
fixed one-body distribution function, and that collisions are well localized in space and time, one
gets on the right hand side of Eq. (377),

S +1)= 1)+ ntJs(f(1)) +o(n) ,

where n is particle’s density, f is the one-particle distribution function, and Jg is the Boltzmann’s
collision integral. Next, using the mean-value theorem on the left hand side of Eq. (377), the
Boltzmann equation is derived (see also a recent elegant renormalization-group argument for this
derivation [36]).

We stress that our approach of matched expansion for exploring the coarse-graining condition
(377) is, in fact, the exact (formal) statement that the unknown macroscopic dynamics which causes
the shift of M) on the left hand side of Eq. (377) can be reconstructed order-by-order to any degree
of accuracy, whereas the low-order truncations may be useful for certain physical situations. A
thorough study of the cases beyond the lower-order truncations is of great importance which is left
for future work.

Equations of hydrodynamics for simple fluid. The method discussed above enables one to establish
in a simple way the form of equations of the macroscopic dynamics to various degrees of approxi-
mation. In this section, the microscopic dynamics is given by the Liouville equation, similar to the
previous case. However, we take another set of macroscopic variables: density, average velocity,
and average temperature of the fluid. Under this condition the solution to problem (366) is the local
Maxwell distribution. For the hydrodynamic equations, the zeroth (quasi-equilibrium) approximation
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is given by Euler’s equations of compressible nonviscous fluid. The next order approximation are
the Navier—Stokes equations which have dissipative terms.

Higher-order approximations to the hydrodynamic equations, when they are derived from the
Boltzmann kinetic equation (so-called Burnett approximation), are subject to various difficulties, in
particular, they exhibit an instability of sound waves at sufficiently short wave length (see, e.g.
[24] for a recent review). Here we demonstrate how model hydrodynamic equations, including post-
Navier—Stokes approximations, can be derived on the basis of coarse-graining idea, and investigate
the linear stability of the obtained equations. We will find that the resulting equations are stable.

Two points need a clarification before we proceed further [17]. First, below we consider the
simplest Liouville equation for the one-particle distribution, describing a free moving particle without
interactions. The procedure of coarse-graining we use is an implementation of collisions leading
to dissipation. If we had used the full interacting N-particle Liouville equation, the result would
be different, in the first place, in the expression for the local equilibrium pressure. Whereas in
the present case we have the ideal gas pressure, in the N-particle case the nonideal gas pressure
would arise.

Second, and more essential is that, to the order of the Navier—Stokes equations, the result of
our method is identical to the lowest-order Chapman—Enskog method as applied to the Boltzmann
equation with a single relaxation time model collision integral (the Bhatnagar—Gross—Krook model
[89]). However, this happens only at this particular order of approximation, because already the next,
post-Navier—Stokes approximation, is different from the Burnett hydrodynamics as derived from the
BGK model (the latter is linearly unstable).

Derivation of the Navier—Stokes equations. Let us assume that reversible microscopic dynamics
is given by the one-particle Liouville equation,

of  of

— = —0; 5
ot ' al"l'

where = f(r,v,t) is the one-particle distribution function, and index 7 runs over spatial components
{x, y,z}. Subject to appropriate boundary conditions which we assume, this equation conserves the
Boltzmann entropy S = —kg [ fIn f dvdr.

We introduce the following hydrodynamic moments as the macroscopic variables: My = [ f dv,
M; = f v fdv, My = f v? f dv. These variables are related to the more conventional density, average
velocity and temperature, n,u, T as follows:

3l’lkBT

(379)

My=n, M;,=nu;, M= + m? ,
m
=My, wi=M;'M, T= My — My 'MiM;) . 380
n 0 u 0 kM, ( 4 0 ) ( )
The quasi-equilibrium distribution function (local Maxwellian) reads:
32 2
m —m(v —u)
= _— | . 381
Jo n<2nkBT> exP( 2T > (381)

Here and below, n, u, and T depend on r and ¢.
Based on the microscopic dynamics (379), the set of macroscopic variables (380), and the
quasi-equilibrium (381), we can derive the equations of the macroscopic motion.
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A specific feature of the present example is that the quasi-equilibrium equation for the density
(the continuity equation),

aini_anui
ot N al"l‘ ’

(382)

should be excluded out of the further corrections. This rule should be applied generally: If a part of
the chosen macroscopic variables (momentum flux nu here) correspond to fluxes of other macroscopic
variables, then the quasi-equilibrium equation for the latter is already exact, and has to be exempted
of corrections.

The quasi-equilibrium approximation for the rest of the macroscopic variables is derived in the
usual way. In order to derive the equation for the velocity, we substitute the local Maxwellian into
the one-particle Liouville equation, and act with the operator 1 = [ v;dv on both the sides of
Eq. (379). We have

ot ory m or;

Onup 0 nkgT  Onuzu;

Similarly, we derive the equation for the energy density, and the complete system of equations of
the quasi-equilibrium approximation reads (Euler equations):

@ B _anui
ot N 8}3
onuy, __i nkgT B onuyu;
o o om or;
oe _ 0 SkBT >
i 67, ( nu; +u nu,) . (383)

Now we are going to derive the next order approximation to the macroscopic dynamics (first order
in the coarse-graining time 7). For the velocity equation we have

1 82f0 a¢nu
Rm‘k = E (/ UkUinW dv — aMk ¢] ,
ior; ; J

where ¢; are the corresponding right hand sides of the Euler equations (383). In order to take
derivatives with respect to macroscopic moments {My, M;, M}, we need to rewrite Eqs. (383) in
terms of these variables instead of {n,u;, T'}. After some computation, we obtain

1 0 (nkgT |[Ow  Ou; 2 0Ou,

For the energy we obtain

., g ¢, \ 5 0 (nkiT oT
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Thus, we get the system of the Navier—Stokes equation in the following form:

@ B _anui
at N ar,» ’
onuy __i nkgT B onuyu; Ei nkgT % % B 2 % ‘
ot Oor m or; 20r, m or;  Ory 3 0ry K)o
% 0 [SksT , 5 0 (nkiT or
o or < m T nu,) ) or; ( m* 0r;) (386)

We see that kinetic coefficients (viscosity and heat conductivity) are proportional to the coarse-
graining time 7. Note that they are identical with kinetic coefficients as derived from the Bhatnagar—
Gross—Krook model [89] in the first approximation of the Chapman—Enskog method [51] (also, in
particular, no bulk viscosity).

Post-Navier—Stokes equations. Now we are going to obtain the second-order approximation to the
hydrodynamic equations in the framework of the present approach. We will compare qualitatively the
result with the Burnett approximation. The comparison concerns stability of the hydrodynamic modes
near global equilibrium, which is violated for the Burnett approximation. Though the derivation is
straightforward also in the general, nonlinear case, we shall consider only the linearized equations
which is appropriate to our purpose here.

Linearizing the local Maxwell distribution function, we obtain

7 m \" ([ n n muvy + mv? 3\ T o~ mt/2knTy
=n _ un R — _
0 27'CkBT() no kBT() 2kBT0 2 TO
2 , 3\ e
= M() + ZMC,' + g M4 — M() cT — E € 5 (387)

where we have introduced dimensionless variables: ¢;=v;/vr, vy =+/2kgTy/m is the thermal velocity,
My = don/ny, M; = ou;/vr, My = (3/2)(on/nyg + 6T/Ty). Note that on, and 6T determine deviations of
these variables from their equilibrium values, ng, and 7.

The linearized Navier—Stokes equations read

oM, oM;

ot __a}"l' ’

aMk 1 6M4 T 0 aMk 6M, 2 BMn
2 — Lo 20y
4 al",

a 3 on or,  or, 3 0,

oM. 50M;, 5 0*M.

4 2T 2 (388)
ot 2 0r; 2 0r;0r;
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Let us first compute the post-Navier—Stokes correction to the velocity equation. In accordance
with Eq. (374), the first part of this term under linear approximation is

YA A dgr ¢
(a7 o) w2 (5 o )

af of
1 03 2 3 2
__6/Ck6r,-6rjar,,cicjcn{MO+2Mci+<3M4_MO> <c —2>}e d’c

5 0 My 1 0 gazMo B 0°M, 50 0°M,
4 Or,0ry,  Ors0r 108 Ory Or Or;

* 108 or; oror, 6 Oy
2 2
10 M, 13 o M, (389)

~3 Or, Ory0ry 108 Ory OrgOry

The part of Eq. (374) proportional to the first-order correction is

R L\ 58 My 10 M (390)
oM; 7] 76 0rp orors 9 Org OrgOrg

_Z<a¢>k

Combining together terms (389), and (390), we obtain

R(z) 1 6 62M0 ﬁi 62M4
Mc ™ 8 Ory Or0ry | 108 Ory OryOrs

Similar calculation for the energy equation leads to the following result:

5 03 2 3 243
— | ¢ =—=——=—cicjcy { Mo + 2M;c; + 3M4—Mo c? —3 e ¢ d’c

Or;0r;0ry.
25 0 O0*M; l gi 0*M; éi 0*M; _ Bi 0*M;
72 or; or, 6rY 6 \ 4 Or; Or,0r, 12 0r; Orgory ) 36 Or; Orgry

The term proportional to the first-order corrections gives
5(0 8% M, +25 o* M,
6 \ or,dr, O, 4 \orors o ) -

Thus, we obtain

59 /2 oM,
9 <arsars 6ri> ' (391)

(2) _
RM4 =
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Ren(k)

Fig. 16. Attenuation rates of various modes of the post-Navier—Stokes equations as functions of the wave vector. Attenua-

tion rate of the twice degenerated shear mode is curve 1. Attenuation rate of the two sound modes is curve 2. Attenuation
rate of the diffusion mode is curve 3.

Finally, combining together all the terms, we obtain the following system of linearized hydro-
dynamic equations:

oM, oM,

ot o

L0 o (0 020
ot 3 0, 40 or; ory 3 0y,

1 0 *M, 89 0 M,
+ - — = =
8 Ory Ory0ry 108 0Ory OrgOr,
oM, 5 oM; 5 0*M, 259 < 0? 6M,->

- or,0ry Or; (392)

=— + 7= +7
ot 2 al”l‘ 2 a}"l‘al"i 9
Now we are in a position to investigate the dispersion relation of this system. Substituting

M; = M;exp(wt + i(k,r)) (i = 0,k,4) into Eq. (392), we reduce the problem to finding the
spectrum of the matrix:

0 —ik, —ik, —ik, 0
ik ik - R 2 —EE i+ 5
_iky %2 _k‘i? _% K~ 112 k; _% _iky(s + %
—ik; % _k'flzcz _kflzcz -3 k2 12 kz2 ik (3 + 819()168

0 —ik (2 + 59k _ y(2 4 59k —ik (2 + 59k _§k2

This matrix has five elgenvalues. The real parts of these elgenvalues responsible for the decay rate
of the corresponding modes are shown in Fig. 16 as functions of the wave vector k. We see that all
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real parts of all the eigenvalues are nonpositive for any wave vector. In other words, this means that
the present system is linearly stable. For the Burnett hydrodynamics as derived from the Boltzmann
or from the single relaxation time Bhatnagar—Gross—Krook model, it is well known that the decay
rate of the acoustic becomes positive after some value of the wave vector [53,24] which leads to
the instability. While the method suggested here is clearly semi-phenomenological (coarse-graining
time 7 remains unspecified), the consistency of the expansion with the entropy requirements, and
especially the latter result of the linearly stable post-Navier—Stokes correction strongly indicates that
it might be more suited to establishing models of highly nonequilibrium hydrodynamics.

Example 11: Natural projector for the McKean model

In this section the fluctuation—dissipation formula recently derived by the method of natural pro-
jector [18] is illustrated by the explicit computation for McKean’s kinetic model [219]. It is demon-
strated that the result is identical, on the one hand, to the sum of the Chapman—Enskog expansion,
and, on the other hand, to the exact solution of the invariance equation. The equality between all
the three results holds up to the crossover from the hydrodynamic to the kinetic domain.

General scheme. Let us consider a microscopic dynamics (76) given by an equation for the
distribution function f(x,¢) over a configuration space x:

oS =J(f), (393)

where operator J(f) may be linear or nonlinear. Let m(f) be a set of linear functionals whose
values, M =m( f), represent the macroscopic variables, and also let f(M,x) be a set of distribution
functions satisfying the consistency condition,

m(f(M))=M . (394)

The choice of the relevant distribution functions is the point of central importance which we discuss
later on but for the time being we need only specification (394).

The starting point has been the following observation [16,17]: Given a finite time interval 7, it
is possible to reconstruct uniquely the macroscopic dynamics from a single condition. For the sake
of completeness, we shall formulate this condition here. Let us denote as M(¢) the initial condition
at the time ¢ to the yet unknown equations of the macroscopic motion, and let us take f(M(¢),x)
for the initial condition of the microscopic equation (393) at the time z. Then the condition for the
reconstruction of the macroscopic dynamics reads as follows: For every initial condition {M(¢),¢},
solutions to the macroscopic dynamic equations at the time ¢ + 7 are equal to the values of the
macroscopic variables on the solution to Eq. (393) with the initial condition { f(M(t),x),t}:

M(t + 1) = m(T. f(M(2))) , (395)

where T, is the formal solution operator of the microscopic equation (393). The right hand side of
Eq. (395) represents an operation on trajectories of the microscopic equation (393), introduced in a
particular form by Ehrenfest’s [215] (the coarse-graining): The solution at the time ¢+ 7 is replaced
by the state on the manifold f(M,x). Notice that the coarse-graining time t in Eq. (395) is finite,
and we stress the importance of the required independence from the initial time ¢, and from the
initial condition at ¢.
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The essence of the reconstruction of the macroscopic equations from the condition just formulated
is in the following [16,17]: Seeking the macroscopic equations in the form,

oM = R(M, 1) , (396)

we proceed with Taylor expansion of the unknown functions R in terms of powers t”, where n =
0,1,..., and require that each approximation, R, of the order n, is such that resulting macroscopic
solutions satisfy the condition (396) to the order t"*'. This process of successive approximation is
solvable. Thus, the unknown macroscopic equation (396) can be reconstructed to any given accuracy.

Coming back to the problem of choosing the distribution function f(M,x), we recall that many
physically relevant cases of the microscopic dynamics (393) are characterized by existence of a
concave functional S(f) (the entropy functional; discussions of S can be found in [151,152,125]).
Traditionally, two cases are distinguished, the conservative [dS/df = 0 due to Eq. (393)], and the
dissipative [dS/df = 0 due to Eq. (393), where equality sign corresponds to the stationary solution].
Approach (395) and (396) is applicable to both these situations. In both of these cases, among the
possible sets of distribution functions f(M,x), the distinguished role is played by the well-known
quasi-equilibrium approximations, f*(M,x), which are maximizers of the functional S(f") for fixed
M. We recall that, due to convexity of the functional S, if such a maximizer exists then it is
unique. The special role of the quasi-equilibrium approximations is due to the well known fact that
they preserve the type of dynamics: If dS/df = 0 due to Eq. (393), then dS*/d¢t > 0 due to the
quasi-equilibrium dynamics, where S*(M)=S(f*(M)) is the quasi-equilibrium entropy, and where
the quasi-equilibrium dynamics coincides with the zeroth order in the above construction, R(® =
m(J(f*(M))). We notice it in passing that, since the well known work of Jaynes [153], the useful-
ness of quasi-equilibrium approximations is well understood in various versions of projection operator
formalism for the conservative case [95,154-156], as well as for the dissipative dynamics [125,4—
6]. Relatively less studied remains the case of open or externally driven systems, where invariant
quasi-equilibrium manifolds may become unstable [84]. The use of the quasi-equilibrium approxima-
tions for the above construction has been stressed in [16,17,20]. In particular, the strict increase in the
quasi-equilibrium entropy has been demonstrated for the first and higher order approximations [17].
Examples have been provided [17], focusing on the conservative case, and demonstrating that several
well known dissipative macroscopic equations, such as the Navier—Stokes equation and the diffusion
equation for the one-body distribution function, are derived as the lowest order approximations of this
construction.

The advantage of the approach [16,17] is the locality of construction, because only Taylor series
expansion of the microscopic solution is involved. This is also its natural limitation. From the physical
standpoint, finite and fixed coarse-graining time t remains a phenomenological device which makes
it possible to infer the form of the macroscopic equations by a noncomplicated computation rather
than to derive a full form thereof. For instance, the form of the Navier—Stokes equations can be
derived from the simplest model of free motion of particles, in which case the coarse-graining is a
substitution for collisions. Going away from the limitations imposed by the finite coarse graining time
[16,17] can be recognized as the major problem of a consistent formulation of the nonequilibrium
statistical thermodynamics. Intuitively, this requires taking the limit T — oo, allowing for all the
relevant correlations to be developed by the microscopic dynamics, rather than to be cut off at the
finite 7. Indeed, in the case of the dissipative dynamics, in particular, for the linearized Boltzmann
equation, one typically expects an initial layer [87] which is completely cut off in the short-memory
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approximation, whereas those effects can be made small by taking 7 large enough. A way of doing
this in the general nonlinear setting for entropy-conserving systems still requires further work at the
time of this writing.

Natural projector for linear systems. However, there is one important exception when the ‘t — oo
problem’ is readily solved [17,18]. This is the case where Eq. (393) is linear,

of=Lf, (397)

and where the quasi-equilibrium is a linear function of M. This is, in particular, the classical case
of linear irreversible thermodynamics where one considers the linear macroscopic dynamics near the
equilibrium, £, Lf“1=0. We assume, for simplicity of presentation, that the macroscopic variables
M vanish at equilibrium, and are normalized in such a way that m(f*im') =1, where T denotes
transposition, and 1 is an appropriate identity operator. In this case, the linear dynamics of the
macroscopic variables M has the form,

oM =RM |, (398)

where the linear operator R is determined by the coarse-graining condition (395) in the limit 1 — oo:
1

R = lim — In[m(c* f*9m")] . (399)
T—00 T

Formula (399) has been already briefly mentioned in [17], and its relation to the Green—Kubo
formula has been demonstrated in [18]. In our case, the Green—Kubo formula reads:

Rex = / (O dt (400)
0

where angular brackets denote equilibrium averaging, and where st = Lim. The difference between
formulae (399) and (400) stems from the fact that condition (395) does not use an a priori hypothesis
of the separation of the macroscopic and the microscopic time scales. For the classical N-particle
dynamics, Eq. (399) is a complicated expression, involving a logarithm of noncommuting operators.
It is therefore very desirable to gain its understanding in simple model situations.

Explicit example of the fluctuation—dissipation formula. In this section we want to give explicit
example of formula (399). In order to make our point, we consider here dissipative rather than
conservative dynamics in the framework of the well known toy kinetic model introduced by McKean
[219] for the purpose of testing various ideas in kinetic theory. In the dissipative case with a clear
separation of time scales, existence of formula (399) is underpinned by the entropy growth in both
the rapid and the slow parts of the dynamics. This physical idea underlies generically the extraction
of the slow (hydrodynamic) component of motion through the concept of normal solutions to kinetic
equations, as pioneered by Hilbert [52], and has been discussed by many authors, e.g. [87,157,158].
Case studies for linear kinetic equation help clarifying the concept of this extraction [159,160,219].

Therefore, since for the dissipative case there exist well established approaches to the problem
of reducing the description, and which are exact in the present setting, it is very instructive to
see their relation to formula (399). Specifically, we compare the result with the exact sum of the
Chapman—Enskog expansion [51], and with the exact solution in the framework of the method of
invariant manifold [4—6]. We demonstrate that both the three approaches, different in their nature,
give the same result as long as the hydrodynamic and the kinetic regimes are separated.
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The McKean model is the kinetic equation for the two-component vector function f(r,¢) =

(S (r,0), f(r, )

O fe=—0fy € (’(;f‘ - f+> ,

oS =0 f 4! <f+42rf‘ - f> . (401)
Eq. (401) describes the one-dimensional kinetics of particles with velocities +1 and —1 as a
combination of the free flight and a relaxation with the rate €' to the local equilibrium. Using
the notation, (x,y), for the standard scalar product of the two-dimensional vectors, we introduce
the fields, n(r,¢t) = (n,f) [the local particle’s density, where n = (1,1)], and j(r,t) = (j,f) [the
local momentum density, where j = (1,—1)]. Eq. (401) can be equivalently written in terms of
the moments,

on=—0,j ,

0 j=—0m—€ . (402)
The local equilibrium,

fim=3n. (403)

is the conditional maximum of the entropy,
S [(fimnfis gy,

under the constraint which fixes the density, (n,f*) = n. The quasi-equilibrium manifold (403) is
linear in our example, as well as is the kinetic equation.

The problem of reducing the description for model (401) amounts to finding the closed equation
for the density field n(r,¢). When the relaxation parameter €~! is small enough (the relaxation
dominance), then the first Chapman—Enskog approximation to the momentum variable, j(r,t) ~
—€0,n(r,t), amounts to the standard diffusion approximation. Let us consider now how formula
(399), and other methods, extend this result.

Because of the linearity of Eq. (401), and of the local equilibrium, it is natural to use the Fourier
transform, Ay = [ exp(ikr)h(r)dr. Eq. (401) is then written as

0ufi = Lific (404)
where

| |
kT3 2
L= | ¢ € - (405)
— ik — —
20 T2

Derivation of formula (399) in our example goes as follows: We seek the macroscopic dynamics of
the form

atl’lk = Rknk , (406)
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where the function R; is yet unknown. In the left hand side of Eq. (395) we have

mi(t + 1) = e®emp(t) . (407)
In the right hand side of Eq. (395) we have
1
(n, e’ L f* (i (1)) = 5 e Lemn (1) . (408)

After equating expressions (407) and (408), we require that the resulting equality holds in the limit
T — oo independently of the initial data n;(¢). Thus, we arrive at formula (399):

1
Ry = lim ;1n[(n, eLim)] . (409)

Eq. (409) defines the macroscopic dynamics (406) within the present approach. Explicit evaluation
of expression (409) is straightforward in the present model. Indeed, operator L; has two eigenvalues,
/12[, where

1 1
A:t - 4+ — k2. 410
k 2¢ — \ 4e2 (410)

Let us denote as e,ic two (arbitrary) eigenvectors of the matrix L, corresponding to the eigenvalues
Aki. Vector n has a representation, n = oc,‘:e,': + o, e, , where oc,fE are complex-valued coefficients.

With this, we obtain in Eq. (409),
1 . .
Ry = lim —In[o; (m, e )e™ + o (n,e; )™ ] . (411)
T—00 T
For k < k, where kZ = 4€, we have A} > A,". Therefore,

Ry =/ for k <k . (412)

As was expected, formula (399) in our case results in the exact hydrodynamic branch of the spectrum
of the kinetic equation (401). The standard diffusion approximation is recovered from Eq. (412) as
the first nonvanishing approximation in terms of the (k/k.)*.

At k = k., the crossover from the extended hydrodynamic to the kinetic regime takes place, and
Re A,‘f = Re 4, . However, we may still extend the function R; for k > k. on the basis of formula
(409):

R, =Re A for k >k . (413)
Notice that the function R; as given by Eqgs. (412) and (413) is continuous but nonanalytic at the
crossover.

Comparison with the Chapman—Enskog method and solution of invariance equation

Let us now compare this result with the Chapman—Enskog method. Since the exact
Chapman—Enskog solution for the systems like Eq. (403) has been recently discussed in detail
elsewhere [23,24,162—165], we shall be brief here. Following the Chapman—Enskog method, we
seek the momentum variable j in terms of an expansion,

[eS)
OB — Z el o (414)
n=0
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The Chapman—Enskog coefficients, j, are found from the recurrence equations,

n—1
j(n) _ _Z agm)j(n—l—m) , (415)
m=0

where the Chapman—Enskog operators 65’")

op = —a,;0m . (416)

The recurrence equations (414)—(416), become well defined as soon as the aforementioned zero-order
approximation ;) is specified,

O (417)

From Eqs. (415)—(417), it follows that the Chapman—Enskog coefficients ;) have the following
structure:

J" = b7, (418)

where coefficients b, are found from the recurrence equation,

are defined by their action on the density »:

n—1
bo=> byt mbu bo=-1. (419)

m=0

Notice that coefficients (419) are real-valued, by the sense of the Chapman—Enskog procedure. The
Fourier image of the Chapman—Enskog solution for the momentum variable has the form,

JoF = ikBSEny | (420)
where
(o0}
B =Y bu(—€k?)" . (421)
n=0

Equation for the function B (421) is easily found upon multiplying Eq. (419) by (—k?)", and
summing in n from zero to infinity:
€k’BI + B +1=0. (422)

Solution to the latter equation which respects condition (417), and which constitutes the exact
Chapman—Enskog solution (421) is

k2A, k <k,
BCE = k ¢ (423)
none, k=k .
Thus, the exact Chapman—Enskog solution derives the macroscopic equation for the density as
follows:
oy = —ikjc® = R{Eny. (424)
where
A, k <k,
RCE _{ k ‘ (425)

none, k =k, .
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The Chapman—Enskog solution does not extends beyond the crossover at k.. This happens because
the full Chapman—Enskog solution appears as a continuation the diffusion approximation, whereas
formula (409) is not based on such an extension a priori.

Finally, let us discuss briefly the comparison with the solution within the method of invariant
manifold [4-6]. Specifically, the momentum variable ji" = ikBi"™n; is required to be invariant of
both the microscopic and the macroscopic dynamics, that is, the time derivative of ji™ due to the
macroscopic subsystem,

Ainv

0j k
Ny

0y = kB (—ik)[ikBI™] , (426)

should be equal to the derivative of ji" due to the microscopic subsystem,
0 i = —ikny — € "kB™ny | (427)

and that the equality between Eqs. (426) and (427) should hold independently of the specific value
of the macroscopic variable n;. This amounts to a condition for the unknown function B}(“V, which is
essentially the same as Eq. (422), and it is straightforward to show that the same selection procedure
of the hydrodynamic root as above in the Chapman—Enskog case results in Eq. (425).

In conclusion, in this Example we have given the explicit illustration for formula (399). The
example considered above demonstrates that formula (399) gives the exact macroscopic evolution
equation, which is identical to the sum of the Chapman—Enskog expansion, as well as to the invari-
ance principle. This identity holds up to the point where the hydrodynamics and the kinetics cease
to be separated. Whereas the Chapman—Enskog solution does not extend beyond the crossover point,
formula (399) demonstrates a nonanalytic extension. The example considered adds to the confidence
of the correctness of the approach suggested in [16—19].

11. Slow invariant manifold for a closed system has been found. What next?

Suppose that the slow invariant manifold is found for a dissipative system. What have we
constructed it for?

First of all, for solving the Cauchy problem, in order to separate motions. This means that the
Cauchy problem is divided in the following two subproblems:

e Reconstruct the “fast” motion from the initial conditions to the slow invariant manifold (the initial
layer problem).
e Solve the Cauchy problem for the “slow” motions on the manifold.

Thus, solving the Cauchy problem becomes easier (and in some complicated cases it just becomes
possible).

Let us stress here that for any sufficiently reliable solution of the Cauchy problem one must solve
not only the reduced Cauchy problem for the slow motion, but also the initial layer problem for fast
motions.

While solving the latter problem it was found to be surprisingly effective to use piece-wise linear
approximations with smoothing or even without it [14,15]. This method was used for the Boltzman
equation, for chemical kinetics equations, and for the Pauli equation.
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There exists a different way to model the initial layer in kinetics problems: it is the route of model
equations. For example, the Bhatnagar, Gross, Krook (BGK) equation [89] is the simplest model
for the Boltzmann equation. It describes relaxation into a small neighborhood of the local Maxwell
distribution. There are many types and hierarchies of the model equations [89,87,90,10,129]. The
principal idea of any model equation is to replace the fast processes by a simple relaxation term.
As a rule, it has a form dx/df=--- — (x —xg(x))/t, where xg(x) is a point of the approximate slow
manifold. Such form is used in the BGK-equation, or in the quasi-equilibrium models [90]. It also
can take a gradient form, like in the gradient models [10,129]. These simplifications not only allows
to study the fast motions separately but it also allows to zoom in the details of the interaction of
fast and slow motions in the vicinity of the slow manifold.

What concerns solving the Cauchy problem for the “slow” motions, this is the basic problem of
the hydrodynamics, of the gas dynamics (if the initial “big” systems describes kinetics of a gas or a
fluid), etc. Here invariant manifold methods provide equations for a further study. However, even a
preliminary consideration of the practical aspects of these studies shows a definite shortcoming. In
practice, obtained equations are exploited not only for “closed” systems. The initial equations (76)
describe a dissipative system that approaches the equilibrium. The equations of slow motion describe
dissipative system too. Then these equations are supplied with various forces and flows, and after
that they describe systems with more or less complex dynamics.

Because of this, there is a different answer to our question, what have we constructed the invariant
manifold for?

First of all, in order to construct models of open system dynamics in the neighborhood of the
slow manifold.

Various approaches to this modeling are described in the following subsections.

11.1. Slow dynamics in open systems. Zero-order approximation and the thermodynamic
projector

Let the initial dissipative system (76) be “spoiled” by an additional term (“external vector field”
Jex(x,1)):

dx

i

For this new system the entropy does not increase everywhere. In the new system (428) different
dynamic effects are possible, such as a nonuniqueness of stationary states, auto-oscillations, etc. The
“inertial manifold” effect is well-known: solutions of (428) approach some relatively low-dimensional
manifold on which all the nontrivial dynamics takes place [234,235,136]. This “inertial manifold”
can have a finite dimension even for infinite-dimensional systems, for example, for the “reaction+
diffusion” systems [237].

In the theory of nonlinear control of partial differential equation systems a strategy based on
approximate inertial manifolds [238] is proposed to facilitate the construction of finite-dimensional
systems of ordinary differential equations (ODE), whose solutions can be arbitrarily close to the
solutions of the infinite-dimensional system [240].

It is natural to expect that the inertial manifold of system (428) is located somewhere close to the
slow manifold of the initial dissipative system (76). This hypothesis has the following basis. Suppose

J(x) + Je(x,t), xCU. (428)
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that the vector field Je(x,¢) is sufficiently small. Let’s introduce, for example, a small parameter
&> 0, and consider eJ(x,?) instead of J(x,?). Let’s assume that for system (76) a separation
of motions into “slow” and “fast” takes place. In this case, there exists such interval of positive ¢
that eJex(x,¢) is comparable to J only in a small neighborhood of the given slow motion manifold
of system (76). Outside this neighborhood, eJ(x,?) is negligibly small in comparison with J and
only negligibly influences the motion (for this statement to be true, it is important that system (76)
is dissipative and every solution comes in finite time to a small neighborhood of the given slow
manifold).

Precisely this perspective on system (428) allows to exploit slow invariant manifolds constructed
for the dissipative system (76) as the ansatz and the zero-order approximation in a construction of
the inertial manifold of the open system (428). In the zero-order approximation, the right part of
Eq. (428) is simply projected onto the tangent space of the slow manifold.

The choice of the projector is determined by the motion separation which was described above:
fast motion is taken from the dissipative system (76). A projector which is suitable for all dissipative
systems with given entropy function is unique. It is constructed in the following way (detailed con-
sideration of this is given above in the sections “Entropic projector without a priori parametrization”
and in Ref. [177]). Let a point x € U be defined and some vector space 7, on which one needs to
construct a projection (7 is the tangent space to the slow manifold at the point x). We introduce
the entropic scalar product (| ),:

(a|b), = —(a,DIS(D)) . (429)

Let us consider 7, that is a subspace of 7 and which is annulled by the differential S at the
point x.

To={a€T|D,S(a)=0} . (430)

Suppose ' that 7o # T. Let ¢, € T, e, L Ty with respect to the entropic scalar product (| ), and
D,S(ey) = 1. These conditions define vector e, uniquely.
The projector onto 7 is defined by the formula

P(J)=Po(J)+ e,D,S(J) (431)

where Py is the orthogonal projector onto 7 with respect to the entropic scalar product (|),. For
example, if 7" a finite-dimensional space, then projector (431) is constructed in the following way.
Let ey,...,e, be a basis in 7, and for definiteness, D,S(e;) # 0.

1) Let us construct a system of vectors

bi:ei+1_/lie17 (izla"‘an_l)a (432)

where /; = D.S(e;;1)/D:S(e1), and hence D,S(b;) = 0. Thus, {bl-}’]’_1 is a basis in 7.

2) Let us orthogonalize {h;}7~' with respect to the entropic scalar product (|), (76). We thus
derived an orthonormal with respect to {|), basis {g;}1~" in Tp.

3) We find e, € T from the conditions:

(eglg9i)x=0, (i=1,...,n—1), D:S(ey)=1 (433)

“1f Ty = T, then the thermodynamic projector is the orthogonal projector on 7' with respect to the entropic scalar
product (])«.
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and, finally we get

n—1

P(J)= " gilgi|T)c +e,DS(J) . (434)

i=1

If D.S(T) =0, then the projector P is simply the orthogonal projector with respect to the (| ).
scalar product. This is possible if x is the global maximum of entropy point (equilibrium). Then

n

P(J) = Zgi<gi“]>xa (9ilg;) = 6y - (435)

i=1

Remark. In applications, Eq. (76) often has additional linear balance constraints such as numbers
of particles, momentum, energy, etc. Solving the closed dissipative system (76) we simply choose
balance values and consider the dynamics of (76) on the corresponding affine balance subspace.

For driven system (428) the balances can be violated. Because of this, for the open system (428)
the natural balance subspace includes the balance subspace of (76) with different balance values.
For every set of balance values there is a corresponding equilibrium. Slow invariant manifold of the
dissipative systems that is applied to the description of the driven systems (428) is usually the union
of slow manifolds for all possible balance values. The equilibrium of the dissipative closed system
corresponds to the entropy maximum given the balance values are fixed. In the phase space of the
driven system (428) the entropy gradient in the equilibrium points of system (76) is not necessarily
equal to zero.

In particular, for the Boltzmann entropy in the local finite-dimensional case one gets the thermo-
dynamic projector in the following form:

S=— / F)In(f(0) — Ddo |

DyS(J)=— /J(v)lnf(v)dv ,

— (. DS(o)) = [ Yew)
Y lo)r=—.DrS(p)) = ) dv ,
n—1
P(J)= ;gi(u)/ g"(]’jzi)(”) do — e,(v) /J(v)ln f)dv, (436)
where ¢;(v) and e,(v) are constructed accordingly to the scheme described above,
gi()g;(w) .

/g,—(v)ln f(v)dv=0, (438)
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/g,-(v)eg(v)dv =0, (439)

/ e,(Vn f(v)ydv=1. (440)

If for all g€ T we have [ g(v)ln f(v)dv =0, then the projector P is defined as the orthogonal
projector with respect to the (| ), scalar product.

11.2. Slow dynamics in open systems. First-order approximation

Thermodynamic projector (431) defines a “slow and fast motions” duality: if 7 is the tangent
space of the slow motion manifold then 7= im P, and ker P is the plane of fast motions. Let us
denote by P, the projector at a point x of a given slow manifold.

The vector field Je(x, ) can be decomposed in two components:

Jex(x,1) = Pedex(x, 1) + (1 = Pi)Jex(x, 1) (441)

Let us denote Jox g = PyJex, Jex f = (1 — Py)Jex. The slow component J,, gives a correction to the
motion along the slow manifold. This is a zero-order approximation. The “fast” component shifts
the slow manifold in the fast motions plane. This shift changes P,Jox accordingly. Consideration of
this effect gives a first-order approximation. In order to find it, let us rewrite the invariance equation
taking J into account:

(I =P )(J(x + 0x) + eJex(x,2)) =0

P.ox=0. (442)
The first iteration of the Newton method subject to incomplete linearization gives:

(1 = Pe)(DxJ (0x) + eJex(x, 1)) = 0

P.ox=0. (443)

(1 — PODJ(1 — Po)J(6x) = —eJex(x,1) . (444)

Thus, we have derived a linear equation in the space ker P. The operator (1 — P)D,J(1 — P) is
defined in this space.

Utilization of the self-adjoint linearization instead of the traditional linearization D,J operator (see
“Decomposition of motions, nonuniqueness of selection...” section) considerably simplifies solving
and studying Eq. (444). It is necessary to take into account here that the projector P is a sum of
the orthogonal projector with respect to the (|), scalar product and a projector of rank one.

Assume that the first-order approximation equation (444) has been solved and the following func-
tion has been found:

51x(xa 8Jexf) = _[(1 - Px)DxJ(l - Px)]_l&]exf 5 (445)

where D,J is either the differential of J or symmetrized differential of J (309).
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Let x be a point on the initial slow manifold. At the point x + ox(x, eJo ) the right hand side of
Eq. (428) in the first-order approximation is given by

J(x) + edex(x,1) + Dy J (0x(x,eJex 1)) - (446)

Due to the first-order approximation (446), the motion of a point projection onto the manifold is
given by the following equation:

dx

dt

Note that, in Eq. (447), the vector field J(x) enters only in the form of projection, P,J(x). For

the invariant slow manifold it holds P,J(x) =J(x), but actually we always deal with approximately
invariant manifolds, hence, it is necessary to use the projection P,J instead of J in (447).

= Po(J(x) + eJex(x,1) + D (0x(x, eJex s (x,1)))) - (447)

Remark. The notion “projection of a point onto the manifold” needs to be specified. For every point
x of the slow invariant manifold M there are defined both the thermodynamic projector P, (431)
and the fast motions plane ker P,. Let us define a projector IT of some neighborhood of M onto M
in the following way:

HH(z)=x if P(z—x)=0. (448)

Qualitatively, it means that z, after all fast motions took place, comes into a small neighborhood
of x. Operation (431) is defined uniquely in some small neighborhood of the manifold M.

A derivation of slow motions equations requires not only an assumption that eJ. is small but it
must be slow as well: d/d#(eJe) must be small too.

One can get the further approximations for slow motions of system (428), taking into account
the time derivatives of Je. This is an alternative to the usage of the projection operators methods
[154]. This is considered in a more detail in example 12 for a particularly interesting driven system
of dilute polymeric solutions. A short scheme description is given in the next subsection.

11.3. Beyond the first-order approximation: higher-order dynamical corrections, stability loss and
invariant manifold explosion

Let us pose formally the invariance problem for the driven system (428) in the neighborhood of
the slow manifold M of the initial (dissipative) system.

Let for a given neighborhood of M an operator II (448) be defined. One needs to define the
function dx(x,...) = ox(x,Jex, JexsJexs - - . ), X €M, with the following properties:

P.(ox(x,...))=0

J(x 4 0x(x,...)) + Jex(x + 0x(x,...), 1) = Xg + Dedx(x, .. )oq + Z i OX(x, . )JETD 1 (449)

where Xy = Po(J(x + 0x(x,...)) + Jex(x + 0x(x,...), 1)), J& = d"Jex/dt", D inx(x,...) is a partial

differential of the function 5x(x,ch,ch,j cx,...,Jé,’f),...) with respect to the variable Je()'f ). One can
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rewrite Egs. (449) in the following form:
(1 — P, — Dox(x,...))(J(x + ox(x,...)) + Jex(x + 0x(x,...), 1))

[e's)
=3 D (s, )T (450)
n=0

For solving Eq. (450) one can use an iteration method and take into account smallness consider-
ation. The series in the right hand side of Eq. (450) can be rewritten as
k—1
RHS = Z ¢ D i ox(x, .. IS (451)
n=0
at the kth iteration, considering expansion terms only to order less than k. The first iteration equation
was solved in the previous subsection. On second iteration one gets the following equation:

(1 - Px - Dxélx(-xa-]ex))('](x + 51x(x:Jex))
+DZJ(Z)‘z:x+51x(x,]cx) : (52x - 51X(X,Jex)) +Jex)
=Dy, 01x(%, Jex Wex - (452)

This is a linear equation with respect to d,x. The solution 52x(x,JeX,Jex) depends linearly on
Jex, but nonlinearly on Je. Let us remind that the first iteration equation solution depends linearly
on Juy.

In all these iteration equations the field J.x and it’s derivatives are included in the formulas as
if they were functions of time ¢ only. Indeed, for any solution x(¢) of Egs. (428) Je(x,t) can be
substituted for Jex(x(?),¢). The function x(¢) will be a solution of system (428) in which Je(x,?) is
substituted for J(?) in this way.

However, in order to obtain the macroscopic equations (447) one must return to Jex(x,?). For the
first iteration such return is quite simple as one can see from (446). There J(x,?) is calculated in

points of the initial slow manifold. For general case, suppose that dx = ox(x, Jex,J ex,...,Je(,]f)) has
been found. The motion equations for x (447) have the following form:

d

dit‘ — Po(J(x + 0%) + Jex (x + Ox,1)) . (453)

In these equations the shift ox must be a function of x and ¢ (or a function of x,¢,«, where o are
external fields, see example 12, but from the point of view of this consideration dependence on the
external fields is not essential). One calculates the shift dox(x,?) using the following equation:

Jex = Jex(x 4+ 0x(x, Jexs S exs - - s T8, 1) (454)

crvex

It can be solved, for example, by the iterative method, taking Jo o = Jex (¥, 1):

Jex(n+l) = Jex(x + 5X(X, Jex(n)ajex(n); (N ,Jg:()n)), t) . (455)

We hope that using J, in Eqgs. (454) and (455) both as a variable and as a symbol of unknown
function J(x,¢) will not lead to a confusion.

In all the constructions introduced above it was assumed that Jx is sufficiently small and the driven

system (428) will not deviate too far from the slow invariant manifold of the initial system. However,
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a stability loss is possible: solutions of Eq. (428) can deviate arbitrarily far given some perturbations
level. The invariant manifold can loose it’s stability. Qualitatively, this effect of invariant manifold
explosion can be represented as follows.

Suppose that J. includes the parameter &: one has &Jo in Eq. (428). When ¢ is small, sys-
tem motions are located in a small neighborhood of the initial manifold. This neighborhood grows
monotonically and continuously with increase of &, but after some ¢ a sudden change happens
(“explosion”) and the neighborhood, in which the motion takes place, becomes significantly wider
at ¢ > g than at ¢ < g. The stability loss is not necessarily connected with the invariance loss. In
example 13 it is shown how the invariant manifold (which is at the same time the quasi-equilibrium
manifold in the example) can loose it’s stability. This “explosion” of the invariant manifold leads
to essential physical consequences (see example 13).

11.4. Lyapunov norms, finite-dimensional asymptotic and volume contraction

In a general case, it is impossible to prove the existence of a global Lyapunov function on the
basis of local data. We can only verify or falsify the hypothesis about a given function, is it a global
Lyapunov function, or is it not. On the other hand, there exists a more strict stability property which
can be verified or falsified (in principle) on the base of local data analysis. This is a Lyapunov
norm existence.

A norm ||e|| is the Lyapunov norm for system (428), if for any two solutions x1(¢), x?)(¢), t > 0,
the function ||x(!(¢) — x)(¢)|| is nonincreasing in time.

Linear operator A is dissipative with respect to a norm || e ||, if exp(4¢) (¢ = 0) is a semigroup
of contractions: ||exp(4¢)x|| < ||x|| for any x and ¢ > 0. The family of linear operators {4, },cx is
simultaneously dissipative, if all operators A, are dissipative with respect to some norm ||e|| (it should
be stressed that there exists one norm for all 4,, « € K). The mathematical theory of simultaneously
dissipative operators for finite-dimensional spaces was developed in Refs. [220-224].

Let system (428) be defined in a convex set U C E, and A4, be Jacobi operator at the point x:
A, = Dy(J(x) + Jex(x)). This system has a Lyapunov norm, if the family of operators {4, }icv is
simultaneously dissipative. If one can choose such ¢ > 0 that for all 4,, ¢t > 0, any vector z, and
this Lyapunov norm ||exp(4,¢)z|| < exp(—et)|z||, then for any two solutions x(1)(¢), x®)(¢), t >0
of Egs. (428) k(1) —x2(1)]| < exp(—e)[x)(0) — x>(0)].

The simplest class of nonlinear kinetic (open) systems with Lyapunov norms was described in the
paper [225]. These are reaction systems without interactions of various substances. The stoichiometric
equation of each elementary reaction has a form

OC”‘A[ — Zﬁ”AJ 5 (456)
J

where r enumerates reactions, «,;, f,; are nonnegative stoichiometric coefficients (usually they are
integer), A; are symbols of substances.

In the right hand side of Eq. (456) there is one initial reagent, though o,; > 1 is possible (there
may be several copies of A4;, for example 34 — 2B + C).

Kinetic equations for reaction system (456) have a Lyapunov norm [225]. This is /' norm with
weights: ||x|| = >, wi|x;|, w; > 0. There exists no quadratic Lyapunov norm for reaction systems
without interaction of various substances.
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Existence of the Lyapunov norm is a very strong restriction on nonlinear systems, and such
systems are not wide spread in applications. But if we go from distance contraction to contraction of
k-dimensional volumes (k=2,3,...,) [231], the situation changes. There exist many kinetic systems
with a monotonous contraction of k-dimensional volumes for sufficiently big & (see, for example,
[234-237]). Let x(¢), t = 0 be a solution of Eq. (428). Let us write a first approximation equation
for small deviations from x(¢):

dAx

—— = AynAx . 457

T oL (457)
This is linear system with coefficients depending on ¢. Let us study how system (457) changes
k-dimensional volumes. A k-dimensional parallelepiped with edges x(!), x®), ... x®) is an element of

the kth exterior power:

xDAXDA A EENEN-- NE
k
(this is an antisymmetric tensor). A norm in the kth exterior power of the space E is a measure
of k-dimensional volumes (one of the possible measures). Dynamics of parallelepipeds induced by
system (457) can be described by equations

%(Axm AAXD A A AXD)

= (Ax(t)Ax(l)) A Ax(z) A A Ax(k) + Ax(l) AN (AX(Z)AX(Z)) FANKIEIIVAN Ax(k) + e

+ AXD A AP A A (Ao Ax ) = AZN (A A A A A A (458)

Here A%\)" are operators of induced action of A, on the kth exterior power of E. Again, a

decreasing of ||Ax() A Ax®) A - A Ax®)|| in time is equivalent to dissipativity of all operators
AL, t =0 in the norm ||e]|. Existence of such norm for all 47"* (x € U) is equivalent to decreasing
of volumes of all parallelepipeds due to first approximation system (457) for any solution x(¢) of
Egs. (428). If one can choose such ¢ > 0 that for all 4, (x € U), any vector z€ EAENA---AE, and
this norm |lexp(42"\¢)z|| < exp(—et)||z||, then the volumes of parallelepipeds decrease exponentially
as exp(—et).

For such systems we can estimate the Hausdorff dimension of the attractor [226] (under some
additional technical conditions about solutions boundedness): it cannot exceed k. Tt is necessary to
stress here that this estimation of the Hausdorff dimension does not solve the problem of construction
of the invariant manifold containing this attractor, and one needs special technique and additional
restriction on the system to obtain this manifold (see [235,242,238,243]).

The simplest way for construction slow invariant manifold is possible for systems with a domi-
nance of linear part in highest dimensions. Let an infinite-dimensional system have a form: u+ Au=
R(u), where A4 is self-adjoint, and has discrete spectrum 4; — oo with sufficiently big gaps between
Ai, and R(u) is continuous. One can build the slow manifold as the graph over a root space of 4. Let
the basis consists of eigenvectors of 4. In this basis u; = —A;u; + R;(u), and it seems very plausible
that for some & and sufficiently big i functions u;(¢) exponentially fast tend to u;(u(¢),...ux(2)), if
R;(u) are bounded and continuous in a suitable sense.

Different variants of rigorous theorems about systems with such a dominance of linear part in
highest dimensions linear may be found in literature (see, for example, the textbook [76]). Even if
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all the sufficient conditions hold, it remains the problem of efficient computing of these manifold,
and different ways for calculation are proposed: from Euler method for manifold correction [13] to
different algorithms of discretisations [3,81,239].

The simplest conditions of simultaneous dissipativity for the family of operators {4,} can be
created in a following way: let us take a norm || e ||. If all operators A, are dissipative with respect
to this norm, then the family A, is (evidently) simultaneously dissipative in this norm. So, we can
verify or falsify a hypothesis about simultaneous dissipativity for a given norm. Simplest examples
give us quadratic and /' norms.

For quadratic norm associated with a scalar product (|) dissipativity of operator 4 is equivalent to
nonpositivity of all points of spectrum 4 + A", where A" is the adjoint to A4 operator with respect
to scalar product (|).

For /' norm with weights ||x|| =, wi|x;|, w; > 0. The condition of operator 4 dissipativity for
this norm is the weighted diagonal predominance for columns of the 4 matrix 4 = (a;;):

ai; <0,  wila;| = ij’aji‘
JJ#

For exponential contraction it is necessary and sufficient that some gap exists in the dissipativity
inequalities:

for quadratic norm o(4 + A%) < & <0, where (4 + A™) is the spectrum of 4 + 4™;

for /' norm with weights a; < 0, w;|a;| = > wilajil +¢ &> 0.

The sufficient conditions of simultaneous dissipativity can have another form (not only the form
of dissipativity checking with respect to a given norm) [221-224], but the problem of necessary and
sufficient conditions in general case is open.

The dissipativity conditions for operators 42"** of induced action of 4, on the kth exterior power
of E have the similar form, for example, if we know the spectrum of A + 4™, then it is easy to find

the spectrum of Af(f)k + (Af(f)k )*: each eigenvalue of this operator is a sum of & distinct eigenvalues

of A+ 4%; the AZN + (457)" spectrum is a closure of set of sums of k distinct points 4 + 4"
spectrum.
A basis the kth exterior power of E can be constructed from the basis {e;} of E: it is

{eiliz,__ik} = {e,‘] AN € A A eik}, i1 < i2 << ik.

For /' norm with weights in the kth exterior power of E the set of weights is {Wii.iy >0,
i <ip <---<i;}. The norm of a vector z is

llz]| = E Wirigoig Ziniz.oii | -
1 <i) <+ <ig

AD/\k

The dissipativity conditions for operators of induced action of 4 in /! norm with weights have

the form

A iy + Ajyiy + -+ Ajiy <0 )

Wiliz...ik ’ai|i| + Aisiy +--+ aikik’ § E thtz s ‘a]lI’
=1 jj;él] lz ,,,,, i
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for any

n<ihb<---<ig, (459)

Lj
where w;"/

iy, = Wi, multiindex I consists of indices i, (p # /), and j.

For infinite-dimensional systems the problem of volume contraction and Lyapunov norms for
exterior powers of £ consists of three parts: geometrical part concerning the choice of norm for si-
multaneous dissipativity of operator families, topological part concerning topological nonequivalence
of constructed norms, and estimation of the bounded set containing compact attractor.

The difficult problem may concern the appropriate a priori estimations of the bounded convex
positively invariant set /' C U where the compact attractor is situated. It may be crucial to solve
the problem of simultaneous dissipativity for the most narrow family of operators {4,, x € '} (and
their induced action on the kth exterior power of F).

The estimation of attractor dimension based on Lyapunov norms in the exterior powers is rather
rough. This is a local estimation. More exact estimations are based on global Lyapunov exponents
(Lyapunov or Kaplan—Yorke dimension [228,229]). There are many different measures of dimension
[227,230], and many efforts are applied to create good estimations for different dimensions [241].
Estimations of attractor dimension was given for different systems: from the Navier—Stokes hydro-
dynamic [233] to climate dynamics [232]. The introduction and review of many results is given in
the book [235]. But local estimations remain the main tools for estimation of attractors dimension,
because global estimations for complex systems are much more complicated and often unattainable
because of computation complexity.

Example 12: The universal limit in dynamics of dilute polymeric solutions

The method of invariant manifold is developed for a derivation of reduced description in kinetic
equations of dilute polymeric solutions. It is demonstrated that this reduced description becomes
universal in the limit of small Deborah and Weissenberg numbers, and it is represented by the
(revised) Oldroyd 8 constants constitutive equation for the polymeric stress tensor. Coefficients of this
constitutive equation are expressed in terms of the microscopic parameters. A systematic procedure
of corrections to the revised Oldroyd 8 constants equations is developed. Results are tested with
simple flows.

Kinetic equations arising in the theory of polymer dynamics constitute a wide class of microscopic
models of complex fluids. Same as in any branch of kinetic theory, the problem of reduced description
becomes actual as soon as the kinetic equation is established. However, in spite of an enormous
amount of work in the field of polymer dynamics [113-115,249,259], this problem remains less
studied as compared to other classical kinetic equations.

It is the purpose of this section to suggest a systematic approach to the problem of reduced
description for kinetic models of polymeric fluids. First, we would like to specify our motivation
by comparing the problem of the reduced description for that case with a similar problem in the
familiar case of the rarefied gas obeying the classical Boltzmann kinetic equation [87,51].

The problem of reduced description begins with establishing a set of slow variables. For the
Boltzmann equation, this set is represented by five hydrodynamic fields (density, momentum and
energy) which are low-order moments of the distribution function, and which are conserved quantities
of the dissipation process due to particle’s collisions. The reduced description is a closed system of
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equations for these fields. One starts with the manifold of local equilibrium distribution functions
(local Maxwellians), and finds a correction by the Chapman—Enskog method [51]. The resulting
reduced description (the Navier—Stokes hydrodynamic equations) is universal in the sense that the
form of equations does not depend on details of particle’s interaction whereas the latter shows up
explicitly only in the transport coefficients (viscosity, temperature conductivity, etc.).

Coming back to the complex fluids, we shall consider the simplest case of dilute polymer so-
lutions represented by dumbbell models studied below. Two obstacles preclude an application of
the traditional techniques. First, the question which variables should be regarded as slow is at least
less evident because the dissipative dynamics in the dumbbell models has no nontrivial conservation
laws compared to the Boltzmann case. Consequently, a priori, there are no distinguished manifolds
of distribution functions like the local equilibria which can be regarded as a starting point. Second,
while the Boltzmann kinetic equation provides a self-contained description, the dumbbell kinetic
equations are coupled to the hydrodynamic equations. This coupling manifests itself as an external
flux in the kinetic equation.

The well-known distinguished macroscopic variable associated with the dumbbell kinetic equations
is the polymeric stress tensor [113,259]. This variable is not the conserved quantity but nevertheless
it should be treated as a relevant slow variable because it actually contributes to the macroscopic
(hydrodynamic) equations. Equations for the stress tensor are known as the constitutive equations,
and the problem of reduced description for the dumbbell models consists in deriving such equations
from the kinetic equation.

Our approach is based on the method of invariant manifold [6], modified for systems coupled
with external fields. This method suggests constructing invariant sets (or manifolds) of distribution
functions that represent the asymptotic states of slow evolution of the kinetic system. In the case
of dumbbell models, the reduced description is produced by equations which constitute stress-strain
relations, and two physical requirements are met by our approach: The first is the principle of
frame-indifference with respect to any time-dependent reference frame. This principle requires that
the resulting equations for the stresses contain only frame-indifferent quantities. For example, the
frame-dependent vorticity tensor should not show up in these equations unless being presented in
frame-indifferent combinations with another tensors. The second principle is the thermodynamic
stability: In the absence of the flow, the constitutive model should be purely dissipative, in other
words, it should describe the relaxation of stresses to their equilibrium values.

The physical picture addressed below takes into account two assumptions: (i) In the absence of
the flow, deviations from the equilibrium are small. Then the invariant manifold is represented by
eigenvectors corresponding to the slowest relaxation modes. (ii) When the external flow is taken into
account, it is assumed to cause a small deformation of the invariant manifolds of the purely dissipa-
tive dynamics. Two characteristic parameters are necessary to describe this deformation. The first is
the characteristic time variation of the external field. The second is the characteristic intensity of the
external field. For dumbbell models, the first parameter is associated with the conventional Deborah
number while the second one is usually called the Weissenberg number. An iteration approach which
involves these parameters is developed.

Two main results of the analysis are as follows: First, the lowest-order constitutive equations with
respect to the characteristic parameters mentioned above has the form of the revised phenomenologi-
cal Oldroyd 8 constants model. This result is interpreted as the macroscopic limit of the microscopic
dumbbell dynamics whenever the rate of the strain is low, and the Deborah number is small. This
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limit is valid generically, in the absence or in the presence of the hydrodynamic interaction, and
for the arbitrary nonlinear elastic force. The phenomenological constants of the Oldroyd model are
expressed in a closed form in terms of the microscopic parameters of the model. The universality
of this limit is similar to that of the Navier—Stokes equations which are the macroscopic limit of
the Boltzmann equation at small Knudsen numbers for arbitrary hard-core molecular interactions.
The test calculation for the nonlinear FENE force demonstrates a good quantitative agreement of the
constitutive equations with solutions to the microscopic kinetic equation within the domain of their
validity.

The second result is a regular procedure of finding corrections to the zero-order model. These
corrections extend the model into the domain of higher rates of the strain, and to flows which
alternate faster in time. Same as in the zero-order approximation, the higher-order corrections are
linear in the stresses, while their dependence on the gradients of the flow velocity and its time
derivatives becomes highly nonlinear.

The section is organized as follows: For the sake of completeness, we present the nonlinear
dumbbell kinetic models in the next subsection, “The problem of reduced description in polymer dy-
namics”. In the section, “The method of invariant manifold for weakly driven systems”, we describe
in details our approach to the derivation of macroscopic equations for an abstract kinetic equation
coupled to external fields. This derivation is applied to the dumbbell models in the section, “Con-
stitutive equations”. The zero-order constitutive equation is derived and discussed in detail in this
section, as well as the structure of the first correction. Tests of the zero-order constitutive equation
for simple flow problems are given in the section, “Tests on the FENE dumbbell model”.

The problem of reduced description in polymer dynamics

FElastic dumbbell models. The elastic dumbbell model is the simplest microscopic model of polymer
solutions [113]. The dumbbell model reflects the two features of real-world macromolecules to be
orientable and stretchable by a flowing solvent. The polymeric solution is represented by a set of
identical elastic dumbbells placed in an isothermal incompressible liquid. In this example we adopt
notations used in kinetic theory of polymer dynamics [113]. Let Q be the connector vector between
the beads of a dumbbell, and ¥(x, Q,¢) be the configuration distribution function which depends
on the location in the space x at time ¢. We assume that dumbbells are distributed uniformly, and
consider the normalization, [ ¥(x, Q,t)dQ=1. The Brownian motion of beads in the physical space
causes a diffusion in the phase space described by the Fokker—Planck equation (FPE) [113]:

DY 0 2kBT 0 0 F
T Y R (aQT+ lp)
Here D/Dt = 0/3t +v -V is the material derivative, V is the spatial gradient, k(x,t) = (Vv)! is the
gradient of the velocity of the solvent v, T denotes transposition of tensors, D is the dimensionless
diffusion matrix, kg is the Boltzmann constant, 7' is the temperature, ¢ is the dimensional coeffi-
cient characterizing a friction exerted by beads moving through solvent media (friction coefficient
[113,114]), and F =0¢/0Q is the elastic spring force defined by the potential ¢». We consider forces
of the form F = Hf(Q?)Q, where f(0?) is a dimensionless function of the variable 0> = Q - O,
and H is the dimensional constant. Incompressibility of solvent implies >, k; =0

(460)
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Let us introduce a time dimensional constant
/lr = i P
4H
which coincides with a characteristic relaxation time of dumbbell configuration in the case when the
force F is linear: f(Q?) = 1. It proves convenient to rewrite the FPE (460) in the dimensionless
form

DZ/:—aA-E-QWjLaA'D-(aAlPJrﬁW) : (461)
Dt 0Q 0Q 0Q

Various dimensionless quantities used are: (A) = (HlkgT)'*Q, D/Dt = 8/t + v -V, T =t/ is the
dimensionless time, V=1,V is the reduced space gradient, and K:k/lr:(v_v)T is the dimensionless
tensor of the gradients of the velocity. In the sequel, only dimensionless quantities (A) and F are
used, and we keep notations Q and F for them for the sake of simplicity.

The quantity of interest is the stress tensor introduced by Kramers [113]:

T=—vg+nksT(1 — (FQ)) , (462)

where v, is the viscosity of the solvent, y =k + k' is the rate-of-strain tensor, n is the concentration
of polymer molecules, and the angle brackets stand for the averaging with the distribution function
P: (o) = [eP(Q)dQ. The tensor

e = nksT(1 — (FQ)) (463)

gives a contribution to stresses caused by the presence of polymer molecules.
The stress tensor is required in order to write down a closed system of hydrodynamic equations:
Dv _
=P Vp—-V.-1[¥]. (464)
Here p is the pressure, and p = ps + p, is the mass density of the solution where p; is the solvent,
and p, is the polymeric contributions.
Several models of the elastic force are known in the literature. The Hookean law is relevant to
small perturbations of the equilibrium configuration of the macromolecule:

F=0. (465)

In that case, the differential equation for 7 is easily derived from the kinetic equation, and is the
well known Oldroyd-B constitutive model [113].

The second model, the FENE force law [250], was derived as an approximation to the inverse

Langevin force law [113] for a more realistic description of the elongation of a polymeric molecule
in a solvent:

_9Q
1-02%/05
This force law takes into account the nonlinear stiffness and the finite extendibility of dumbbells,
where Q) is the maximal extendibility.

The features of the diffusion matrix are important for both the microscopic and the macroscopic
behavior. The isotropic diffusion is represented by the simplest diffusion matrix

Di=11. (467)

F= (466)

N —
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Here 1 is the unit matrix. When the hydrodynamic interaction between the beads is taken into
account, this results in an anisotropic contribution to the diffusion matrix (467). The original form
of this contribution is the Oseen—Burgers tensor Dy [251,252]:

D= DI - KDH, DH = é (1 + ngQ> . (468)

where

H 1/2 é
K=|——F .
(kBT> 1677.'\)5

Several modifications of the Oseen—Burgers tensor can be found in the literature (the Rotne—Prager—
Yamakawa tensor [253,254]), but here we consider only the classical version.

Properties of the Fokker—Planck operator. Let us review some of the properties of the Fokker—
Planck operator J in the right hand side of Eq. (461) relevant to what will follow. This operator
can be written as J =J3 + Jj, and it represents two processes.

The first term, Jy, is the dissipative part,

Jd:a-D-<a+F> . (469)

This part is responsible for the diffusion and friction which affect internal configurations of dumbbells,
and it drives the system to the unique equilibrium state,

Ve = ¢! exp(—¢(Q2)) >
where ¢ = [‘exp(—¢)dQ is the normalization constant.
The second part, Jy,, describes the hydrodynamic drag of the beads in the flowing solvent:
O o~

—@ok-Q. (470)

The dissipative nature of the operator Jy is reflected by its spectrum. We assume that this spectrum
consists of real-valued nonpositive eigenvalues, and that the zero eigenvalue is not degenerated. In
the sequel, the following scalar product will be useful:

(o= [ wahdo.
The operator J4 is symmetric and nonpositive definite in this scalar product:

(Jag, h)s = (g,Jah)s and (J4g,9)s <O . (471)

Since
(Jag.g)s = — / v (09/00) - WD - (09/00)dQ

the above inequality is valid if the diffusion matrix D is positive semidefinite. This happens if D=D;
(467) but is not generally valid in the presence of the hydrodynamic interaction (468). Let us split
the operator Jy according to the splitting of the diffusion matrix D:

Jo=J} —1Ji where J;" =0/0Q - Dy - (8/0Q + F) .

-~

Jp =
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Both the operators Jj and J}' have nondegenerated eigenvalue 0 which corresponds to their common
eigenfunction ¥eq: Jj’H‘Peq = 0, while the rest of the spectrum of both operators belongs to the
nonpositive real semi-axis. Then the spectrum of the operator Jq =J} — kJ§' remains nonpositive for
sufficiently small values of the parameter k. The spectral properties of both operators J;’H depend
only on the choice of the spring force F. Thus, in the sequel we assume that the hydrodynamic
interaction parameter x is sufficiently small so that the thermodynamic stability property (471) holds.

We note that the scalar product (e, ®); coincides with the second differential D*S lw,, of an entropy
functional S[¥]: (e, e); = —DS |w,,[®,®], where the entropy has the form

S[W]:—/Wln(; )dQ:—<1n<; )> . (472)
eq €q

The entropy S grows in the course of dissipation:

DS[Js¥] >0 .

This inequality similar to inequality (471) is satisfied for sufficiently small x. Symmetry and non-
positiveness of operator Jy in the scalar product defined by the second differential of the entropy is
a common property of linear dissipative systems.

Statement of the problem. Given the kinetic equation (460), we aim at deriving differential equations
for the stress tensor t (462). The latter includes the moments (FQ) = [ FO¥ dQ.

In general, when the diffusion matrix is nonisotropic and/or the spring force is nonlinear, closed
equations for these moments are not available, and approximations are required. With this, any
derivation should be consistent with the three requirements:

(1) Dissipativity or thermodynamic stability: the macroscopic dynamics should be dissipative in
the absence of the flow.
(i1) Slowness: the macroscopic equations should represent slow degrees of freedom of the kinetic
equation.
(ii1) Material frame indifference: the form of equations for the stresses should be invariant with
respect to the Eucluidian, time dependent transformations of the reference frame [113,255].

While these three requirements should be met by any approximate derivation, the validity of our
approach will be restricted by two additional assumptions:

(a) Let us denote 0; the inertial time of the flow, which we define via characteristic value of the
gradient of the flow velocity: 0; = |Vv|™!, and 0, the characteristic time of the variation of the flow
velocity. We assume that the characteristic relaxation time of the molecular configuration 0, is small
as compared to both the characteristic times 6, and 6,:

01— < 91 and 91— < 92 . (473)

(b) In the absence of the flow, the initial deviation of the distribution function from the equilibrium
is small so that the linear approximation is valid.

While assumption (b) is merely of a technical nature, and it is intended to simplify the treatment
of the dissipative part of the Fokker—Planck operator (469) for elastic forces of a complicated form,
assumption (a) is crucial for taking into account the flow in an adequate way. We have assumed
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that the two parameters characterizing the composed system ‘relaxing polymer configuration-+flowing
solvent” should be small: These two parameters are:

&1 = 9r/91’ & = 9r/92 . (474)

The characteristic relaxation time of the polymeric configuration is defined via the coefficient A;:
0. = c/;, where ¢ is some positive dimensionless constant which is estimated by the absolute value
of the lowest nonzero eigenvalue of the operator Jy. The first parameter &, is usually termed the
Weissenberg number while the second one &, is the Deborah number (cf. Ref. [256, Section 7-2]).

The method of invariant manifold for weakly driven systems

The Newton iteration scheme. In this section we introduce an extension of the method of invariant
manifold [6] onto systems coupled with external fields. We consider a class of dynamic systems of
the form

dvy

ar =LY +Jx()¥ , (475)
where Jy is a linear operator representing the dissipative part of the dynamic vector field, while
Jex(2) is a linear operator which represents an external flux and depends on a set of external fields

o ={a,...,0}. Parameters o are either known functions of the time, o = o(¢), or they obey a set
of equations,
do
— =D(¥, ). 476
= OV, (476)

Without any restriction, parameters o are adjusted in such a way that Jx(2«=0) = 0. Kinetic equation
(461) has form (475), and general results of this section will be applied to the dumbbell models
below in a straightforward way.

We assume that the vector field Jy¥ has the same dissipative properties as the Fokker—Planck op-
erator (469). Namely there exists the globally convex entropy function S which obeys: DS[J4¥] = 0,
and the operator Jy is symmetric and nonpositive in the scalar product (e, e), defined by the sec-
ond differential of the entropy: (g,h)s = —D?S[g,h]. Thus, the vector field J4¥ drives the system
irreversibly to the unique equilibrium state V.

We consider a set of n real-valued functionals, M*[¥'] (macroscopic variables), in the phase space
& of system (475). A macroscopic description is obtained once we have derived a closed set of
equations for the variables M.

Our approach is based on constructing a relevant invariant manifold in phase space %. This
manifold is thought as a finite-parametric set of solutions ¥(M) to Egs. (475) which depends on
time implicitly via the n variables M;[¥]. The latter may differ from the macroscopic variables M;*.
For systems with external fluxes (475), we assume that the invariant manifold depends also on the
parameters o, and on their time derivatives taken to arbitrary order: ¥(M, .<7), where .7 ={a, aD .}
is the set of time derivatives o) = d¥o/d¢*. It is convenient to consider time derivatives of o as
independent parameters. This assumption is important because then we do not need an explicit form
of the Eqgs. (476) in the course of construction of the invariant manifold.
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By a definition, the dynamic invariance postulates the equality of the “macroscopic” and the
“microscopic” time derivatives:

JIP(M,J?{)—ZMdM iz alp(]v([n)&{) (n+1)

i=1 n=0 j=1

o (477)

where J =Jy + Jex(). The time derivatives of the macroscopic variables, dA;/d¢, are calculated as
follows:

dﬂf" = DM{[JP(M, /)] , (478)

where DM, stands for differentials of the functionals M;.
Let us introduce the projector operator associated with the parameterization of the manifold
Y(M, .o/) by the values of the functionals M;[¥V]:

PM:ZWDM[ 1. (479)

It projects vector fields from the phase space # onto tangent bundle 7¥(M,.o/) of the manifold
Y(M,.o/). Then Eq. (477) is rewritten as the invariance equation:

(1 — Py)JY(M, /) = ZZ - (n) o (480)

n=0 j=1
which has the invariant manifolds as its solutions.

Furthermore, we assume the following: (i) The external flux Je (o)W is small in comparison to the
dissipative part Jg¥, i.e. with respect to some norm we require: |Jex(2) V| <|Jg¥|. This allows us to
introduce a small parameter ¢;, and to replace the operator Jox with ¢;Jex in Eq. (475). Parameter ¢
is proportional to the characteristic value of the external variables «. (ii) The characteristic time 0,
of the variation of the external fields « is large in comparison to the characteristic relaxation time
0;, and the second small parameter is ¢, = 0,/0, < 1. The parameter & does not enter the vector field
J explicitly but it shows up in the invariance equation. Indeed, with a substitution, o) — & a(), the
invariance equation (477) is rewritten in a form which incorporates both the parameters ¢ and &;:

(1 = Py ){Ja + e1Jex } P —8222 - ([) ol (481)

We develop a modified Newton scheme for solution of this equation. Let us assume that we
have some initial approximation to desired manifold ¥). We seek the correction of the form
Yy = %)+ ¥i. Substituting this expression into Eq. (481), we derive

oY,
(I—P(O)){Jd+31Jex}lI/l —822 a (11) §+1)
© %) el
=—(1-"Py )J'I’(O)+82ZZ (482)

' aa(l)
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Here P,(\B) is a projector onto tangent bundle of the manifold ¥ ). Further, we neglect two terms in
the left hand side of this equation, which are multiplied by parameters ¢; and &, regarding them
small in comparison to the first term. In the result we arrive at the equation,

00
(1—P{)Jg¥) = —(1 — P ))J‘I’(o)—i—szzz aa((f)’ ol (483)

For (n + 1)th iteration we obtain

" W ¢
(1= Py W = —(1 = P )Ja”<n)+szzza§,; ol (484)

l

where ¥,y =), ¥; is the approximation of nth order and P](\Z) is the projector onto its tangent
bundle.

It should be noted that deriving Eqgs. (483) and (484) we have not varied the projector Py, with
respect to yet unknown term ¥, ;, i.e. we have kept Py, :P}‘Z) and have neglected the contribution
from the term ¥,.;. The motivation for this action comes from the original paper [6], where it
was shown that such modification generates iteration schemes properly converging to slow invariant
manifold.

In order to gain the solvability of Eq. (484) an additional condition is required:

POW, =0 . (485)

This condition is sufficient to provide the existence of the solution to linear system (484), while the
additional restriction onto the choice of the projector is required in order to guarantee the uniqueness
of the solution. This condition is

ker [(1 — PU)Jg] Nker P =0 . (486)

Here ker denotes a null space of the corresponding operator. How this condition can be met is
discussed in the next subsection.

It is natural to begin the iteration procedure (484) starting from the invariant manifold of the
nondriven system. In other words, we choose the initial approximation ¥ as the solution of the
invariance equation (481) corresponding to ¢y =0 and ¢ = 0:

(1 = P\)Ja¥0)=0 . (487)

We shall return to the question how to construct solutions to this equation in the subsection “Linear
zero-order equations”.

The above recurrent equations (484), (485) present the simplified Newton method for the solution
of invariance equation (481), which involves the small parameters. A similar procedure for the Grad
equations of the Boltzmann kinetic theory was used recently in the Ref. [9]. When these parameters
are not small, one should proceed directly with Eqgs. (482).

Above, we have focused our attention on how to organize the iterations to construct invariant
manifolds of weakly driven systems. The only question we have not yet answered is how to choose
projectors in iterative equations in a consistent way. In the next subsection we discuss the problem
of derivation of the reduced dynamics and its relation to the problem of the choice of projector.
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Projector and reduced dynamics. Below we suggest the projector which is equally applicable for
constructing invariant manifolds by the iteration method (484), (485) and for generating macroscopic
equations based on given manifold.

Let us discuss the problem of constructing closed equations for macroparameters. Having some
approximation to the invariant manifold, we nevertheless deal with a noninvariant manifold and we
face the problem how to construct the dynamics on it. If the n-dimensional manifold ¥ is found the
macroscopic dynamics is induced by any projector P onto the tangent bundle of ¥ as follows [6]:

dM*
dt

To specify the projector we involve the two above mentioned principles: dissipativity and slowness.
The dissipativity is required to have the unique and stable equilibrium solution for macroscopic
equations, when the external fields are absent (o = 0). The slowness condition requires the induced
vector field PJ¥ to match the slow modes of the original vector field JY.

Let us consider the parameterization of the manifold @(M ) by the parameters M;[¥]. This pa-
rameterization generates associated projector P = Py, by Eq. (479). This leads us to look for the
admissible parameterization of this manifold, where by admissibility we understand the concordance
with the dissipativity and the slowness requirements. We solve the problem of the admissible pa-
rameterization in the following way. Let us define the functionals M; i =1,...,n by the set of the
lowest eigenvectors ¢; of the operator Jy:

M[{j]] = <(pi’ §I>s 5

— DM} |3[PJ V] . (488)

where Jyp;=4;¢;. The lowest eigenvectors ¢y, ..., ¢, are taken as a join of basises in the eigenspaces
of the eigenvalues with smallest absolute values: 0 < |4;]| < |4,| < -+ < |4,]. For simplicity we shall
work with the orthonormal set of eigenvectors: (¢@;, ¢;)s = 6;; with J;; the Kronecker symbol. Since
the function ¥, is the eigenvector of the zero eigenvalue we have: M;[Veq] = (@i, Weq)s = 0.
Then the associated projector P, written as
PM = ~ aa];jl <(pia .>S s (489)

will generate the equations in terms of the parameters M; as follows:
dM;/dt = (@PuJ P)s = (@i P)s .
Their explicit form is
dM;
dt

where the J is the adjoint to operator J., with respect to the scalar product (e, e),.

Apparently, in the absence of forcing (¢ = 0) the macroscopic equations dM;/dt = A;M; are
thermodynamically stable. They represent the dynamics of slowest eigenmodes of equations
d¥W/dt=J3%W. Thus, projector (489) complies with the above stated requirements of dissipativity and
slowness in the absence external flux.

To rewrite the macroscopic equations (490) in terms of the required set of macroparameters,
M) = (m,¥);, we use formula (488) which is equivalent to the change of variables

= JiM; + (I ()i, P(M))s (490)
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{M} — {M*(M)}, M} = (m], W(M))s in Eqgs. (490). Indeed, this is seen from the relation:

oM; -
i1, DMLl 1

DM |3[PyJ 1=
J

We have constructed the dynamics with the help of the projector P, associated with the lowest
eigenvectors of the operator Jg. It is directly verified that such projector (489) fulfills condition
(485) for arbitrary manifold ¥,y = ¥. For this reason it is natural to use the projector (489) for
both procedures, constructing the invariant manifold, and deriving the macroscopic equations.

We have to note that the above described approach to defining the dynamics via the projector
is different from the concept of “thermodynamic parameterization” proposed in Refs. [6,5]. The
latter was applicable for arbitrary dissipative systems including nonlinear ones, whereas the present
derivations are applied solely for linear systems.

Linear zero-order equations. In this section we focus our attention on the solution of the zero-order
invariance equation (487). We seek the linear invariant manifold of the form

Vo) (a) = Weqg + Y _ aim; (491)

i=1

where a; are coordinates on this manifold. This manifold can be considered as an expansion of the
relevant slow manifold near the equilibrium state. This limits the domain of validity of manifolds
(491) because they are not generally positively definite. This remark indicates that nonlinear invariant
manifolds should be considered for large deviations from the equilibrium but this goes beyond the
scope of this Example.

The linear n-dimensional manifold representing the slow motion for the linear dissipative system
(475) is associated with n slowest eigenmodes. This manifold should be built up as the linear hull
of the eigenvectors ¢; of the operator Jy, corresponding to the lower part of its spectrum. Thus we
choose m; = ;.

Dynamic equations for the macroscopic variables M* are derived in two steps. First, following
the subsection, “Projector and reduced dynamics”, we parameterize the linear manifold ¥y, with the
values of the moments M;[V] = (¢@;, ¥)s. We obtain that the parameterization of manifold (491) is
given by a; = M,, or:

Yo (M)=¥eq + ZM% ;
i=1
Then the reduced dynamics in terms of variables M; reads

dM;
dt

= 4iM; + Z (Jex@is 0))sM; + (S @i, Peq)s » (492)
J

where /; = (@;,Ja¢;)s are eigenvalues which correspond to eigenfunctions ¢;.
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Second, we switch from the variables A; to the variables M*(M) = (m}, ¥()(M))s in Eq. (492).
Resulting equations for the variables M* are also linear:

dM* — * - *
5 = B )y ApBuAM] + Y (B )ik, ox) SAM;
ki ik
+Z(B_1)i/<fe§€0j, Peq)s - (493)

Here AM = M* Me*q‘ is the deviation of the variable M from its equilibrium value M* ., and

Bjj = (m}, ;) and A;; = 4;5;.

eqli®

Auxiliary formulas: 1. Approximations to eigenfunctions of the Fokker—Planck operator

In this subsection we discuss the question how to find the lowest eigenvectors ¥eqmo(Q?) and
lI’eql(Qz)QQ of the operator Jy (469) in the classes of functions having a form: wy(Q) and

wl(Q)QOQ. The results presented in this subsection were used in the subsections: “Constitutive
equations” and “Tests on the FENE dumbbell model”. It is directly verified that

Jawo = Ggwo
Jowi1QQ = (Giw1)QQ ,
where the operators G and G are given by
Gb =Gy —xHy, G'"=G, —«H, . (494)

The operators Gy, and Hj; act in the space of isotropic functions (i.e. dependent only on

0=(0-0)"?) as follows:

o= (i 126" 570) e
) o
n=5 (s~ 127" 57g) wn

The following two properties of the operators G&l are important for our analysis: Let us define
two scalar products (e,e); and (e, e);:

<y’x>0 = <xy>e 5

(yx)1 = (xy0*).
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Here (o). is the equilibrium average as defined in (511). Then we state that for sufficiently small
K the operators Gi and G are symmetric and nonpositive in the scalar products (e, ), and (e, e);,
respectively. Thus for obtaining the desired eigenvectors of the operator J; we need to find the
eigenfunctions mo and m, related to the lowest nonzero eigenvalues of the operators Gj ;.

Since we regard the parameter x small it is convenient, first, to find lowest eigenfunctions ¢go; of
the operators Gy ; and, then, to use standard perturbation technique in order to obtain m ;. For the
perturbation of the first order one finds [262]:

HyG,
mo = go + kho, ho=—go (9oHoGogo)o _ GoHogo
<go,go>o
HG
my =g +Kkhi, h = _glw - GiHig . (499)
<glagl>1

For the rest of this subsection we describe one recurrent procedure for obtaining the functions my
and m,; in a constructive way. Let us solve this problem by minimizing the functionals Ag:

h
mo,1, Go.1M0,1)0,1 .

/10,1[;110,1]:—< > Go1mo.1) — min , (500)
<m0,1,m0,1>o,1

by means of the gradient descent method.
Let us denote ey the eigenfunctions of the zero eigenvalues of the operators Ggl Their explicit

values are ¢p =1 and e; = 0. Let the initial approximations m( ) to the lowest eigenfunctions my

be chosen so that <mg’)f,eo,1)0,] = 0. We define the variation derlvatlve 0/¢,1/0myp,; and look for the

correction in the form

. oA
) =m0+ om0 o] — o 2

. (501)

where scalar parameter oo < 0 is found from the condition:

3o, [my) ()]

5 =0.

In the explicit form the result reads:

sm\© ) (O)A(O)

0,1 01 »
where
0 0) (0 0
A(}: G ( ()/{() GOlm() ,
(m 01>m01>
(0) (0)
o) _ <m01,G01m o1

0,1 — 0 0 >
(m, mfy f)o I
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0 0
(mi}.m§ Do,

N =go1— | B+ e
(461, 4501
0 0 0 0
" 1 <mBI>G01 ( )>0,1 <AE)}’G814‘( )> (502)
1=
(AP A 0r \ (m Bof,mg)bm (48], 4800,

Having the new correction mf)]) we can repeat the procedure and eventually generate the recur-

rence scheme. Since by the construction all iterative approximations mf)”]) remain orthogonal to zero
eigenfunctions e ;: <m(()'f%,eo,1)o’1 =0 we avoid the convergence of this recurrence procedure to the
eigenfunctions e ;.

The quantities 58’1]):
(467, 450
(gt mg o,
can serve as relative error parameters for controlling the convergence of the iteration procedure
(501).

(n) _
50,1 =

Auxiliary formulas: 2. Integral relations

Let Q be a sphere in R? with the center at the origin of the coordinate system or be the entire
space R>. For any function s(x?), where x> = x - x, x € R?, and any square 3 x 3 matrices A, B, C
independent of x the following integral relations are valid:

o o 2 o
/S(XZ)XX(XX cA)dx = A/ sxtdx ;
o 157" Jo

/s(x IXX(XX : A)(XX : B)dx—ﬁ(A B—I—B A)/sx dx ;

/ s(x?)XX(xX : A)(xX : B)(xx : C)dx
Q

315{A(B C)+B(A:C)+C(A : B)}/sx dx .

Microscopic derivation of constitutive equations

Iteration scheme. In this section we apply the above developed formalism to the elastic dumbbell
model (461). External field variables o are the components of the tensor k.

Since we aim at constructing a closed description for the stress tensor t (462) with the six
independent components, the relevant manifold in our problem should be six-dimensional. Moreover,
we allow a dependence of the manifold on the material derivatives of the tensor k: k) = Dik/Dr".
Let Y*(M, %) # = {k,k1,...} be the desired manifold parameterized by the six variables M;

i=1,...,6 and the independent components (maximum eight for each k) of the tensors k). Small
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parameters ¢; and &, introduced in the section: “The problem of reduced description in polymer
dynamics”, are established by Eq. (474) Then we define the invariance equation:

0¥
(1= Puda + s =2 305 0 i (503)

i=0 Im

where Py, =(0W/0M;)DM;[e] is the projector associated with chosen parameterization and summation
indexes /,m run only eight independent components of tensor k.
Following the further procedure we straightforwardly obtain the recurrent equations:

n n 4 n Al
(1= Py = —(1 = P + 61k P iy + 22> D ak@; ket (504)
i Im Im
PYW,i1 =0, (505)

where ¥, is the correction to the manifold ¥, = Z?:o v,
The zero-order manifold is found as the relevant solution to equation:

(1 = P)Ja¥0)=0 . (506)

We construct zero-order manifold ¥ (o) in the subsection, “Zero-order constitutive equation”.

The dynamics in general form. Let us assume that some approximation to invariant manifold i’(a, A)
is found (here a={aj,...,as} are some coordinates on this manifold). The next step is constructing
the macroscopic dynamic equations.

In order to comply with dissipativity and slowness by means of the recipe from the previous
section we need to find six lowest eigenvectors of the operator Jy. We shall always assume in
a sequel that the hydrodynamic interaction parameter x is small enough that the dissipativity of
Jq (471) is not violated.

Let us consider two classes of functions: % = {wo(Q?)} and % = {wi(0*)QQ}, where wy
are functions of O and the notation o indicates traceless parts of tensor or matrix, e.g. for the

dyad QQ:
° 1
(QQ);; = 0i0; — 3 5ijQ2
Since the sets %, and %, are invariant with respect to operator Jy, i.e. J46, C 6, and J4%, C %,

and densities FQ = f QOQ+(1 /3)1£0? of the moments comprising the stress tensor 7, (463) belong
to the space 4, + %,, we shall seek the desired eigenvectors in the classes %; and %,. Namely,
we intend to find one lowest isotropic eigenvector Weqmo(Q?) of eigenvalue —4y (49 > 0) and five

nonisotropic eigenvectors m;; = Weqmi(0?)(QQ);; of another eigenvalue —4; (4; > 0). The method
of derivation and analytic evaluation of these eigenvalues are discussed in the subsection “Auxiliary
formulas, 1”. For a while we assume that these eigenvectors are known.

In the next step we parameterize given manifold y by the values of the functionals:

MO = (Tequs i’>s = /mO@dQ 5

M = (Peqm QQ, ), = / mQQ¥dQ . (507)
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Once a desired parameterization lf’(Mo,l\(;[,J{ ) is obtained, the dynamic equations are found as

b M° oMo = ((G: QQml) .
° ° A~ o 1 -~ ° n °
Mo+ M= —3 1M~ 5 3m0%) + (QQG: QQm)) . (508)

where all averages are calculated with the df ¥, ie. (o) = [e¥dQ, mg | = dmg,1(0*)/d(Q*) and
subscript [1] represents the upper convective derivative of tensor:
DA ~ ~
Apj=—= —{k-A+4-k} .
m= "7 1 }

The parameters A ;, which are absolute values of eigenvalues of operator Jy, are calculated by
formulas (for definition of operators G; and G, see subsection “Auxiliary formulas, 17):

7o = _ moGomo)e o (509)
<m0m0>e
(Q*mGimy),
MM=———-=7"">0 510
1 <m1le4>e > 5 ( )

where we have introduced the notation of the equilibrium average:

<y>e=/'f'eqde. (511)

Equations on components of the polymeric stress tensor 7, (463) are constructed as a change of
variables {Mo,l\o/[} — 1,. The use of the projector P makes this operation straightforward:
Drp

I = —nkgT /FQINDJ“?’(MO(‘cp,%), M(rp,%),f)dQ . (512)

Here, the projector P is associated with the parameterization by the variables M, and M:

~ aw o
P= aM eqﬂ’lo, s+ Z M eqml(QQ)k17.>s . (513)
ki

We note that sometimes it is easier to make transition to the variables 7, after solving Eqgs. (508)
rather than to construct explicitly and solve equations in terms of t,. It allows to avoid inverting

the functions rp(Mo,l\o/[) and to deal with simpler equations.

Zero-order constitutive equation. In this subsection we derive the closure based on the zero-order
manifold ¥, found as appropriate solution to Eq. (506). Following the approach described in
subsection, “Linear zero-order equations”, we construct such a solution as the linear expansion near

the equilibrium state W, (491). After parameterization by the values of the variables M, and M
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associated with the eigenvectors ‘Peqmo and ¥.;m;QQ we find:

m o °
Yoy = ¥eq <1 + My ——— + M QQ
(momo)e
Then with the help of projector (513):
m 15 m ° °
P = o { I (ot 2 Q0.0

momo)c 2 (mim Q%)

W)'

by formula (512) we obtain
Dtr rp

+Atr, = ao(rp y)

o o a Ao 1 o a n
Tp[l] + lo‘L'p = bo[‘L'p -y + b ‘L'p] — 5 I(Tp . ’y) + (b] tr ‘Cp — bznkBT)‘}) ,

where the constants b;, ao are

b (S moQ)elmom Q).
’ (fmoQ¥e(md)e
b — 2 (mm Q%)
T (MY
_ 1 <fm1Q4>e{ (momy0*). <m0m1Q2>e}
b1 =35 meg). i, T im0 f
4
bz— 1 <fle> {2< > +5<le2>e}-

15 <m1m1Q4>

365

(514)

(515)

(516)

(517)

We remind that mjg | = dmq, 1/ 0(0Q?). These formulas were obtained using the auxiliary results from

subsection “Auxiliary formulas, 2”.

Revised Oldroyd 8 constant constitutive equation for the stress. It is remarkable that being rewritten

in terms of the full stresses T = —vy + 1, the dynamic system (516) takes a form:

t+atptoa{y- 419} +oes(tre)y+ L(cet: 9+ cgtre)
=—v{i+ ey t+ar-i+e(i:i},
where the parameters v, ¢; are given by the following relationships:
v=Avsit, u=1+nkgTiiby/vs
1 =Mh/l,  c=A/(ph),
¢y = —boi/do, 4= —2bol/(ph1) ,

;ur "I‘
es =55 (2o —3b1 — 1), cﬁz%(zbwl—ao),
1
1
Cc7 cg = g (}vo//tl - 1) .

(518)

(519)
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In the last two formulas we returned to the original dimensional quantities: time ¢ and gradient of
velocity tensor k=Vv, and at the same time we kept the old notations for the dimensional convective
derivative Ajjj=DA/Dt —k-A—A - kt.

Note that all parameters (519) are related to the entropic spring law f due to Eq. (517). Thus,
the constitutive relation for the stress ¢ (518) is fully derived from the microscopic kinetic model.

If the constant cg were equal to zero, then the form of Eq. (518) would be recognized as the
Oldroyd 8 constant model [257], proposed by Oldroyd about 40 years ago on a phenomenological
basis. Nonzero cg indicates a presence of difference between /./4g and A,/4; which are relaxation
times of trace trt and traceless components 7 of the stress tensor f.

Higher-order constitutive equations. In this subsection we discuss the properties of corrections to
the zero-order model (518). Let Pj(\g) (515) be the projector onto the zero-order manifold ¥ oy (514).
The invariance equation (504) for the first-order correction ¥(;) = ¥(o) + ¥ takes a form

LY, = —(1 — P+ )P0 »
POw =0, (520)

where L = (1 — P(O))J (1 - P )) is the syrnmetrlc operator If the manifold ¥(o) is parameterlzed

by the functionals My = [ go¥()dQ and M = i leQ‘I’(o)dQ where Weqmo and ‘Pqule are
lowest eigenvectors of Jy, then the general form of the solution is given by

V) = Peq {20Mo(7: QQ) +21(M: QQ)(: QQ)

+zz{)5'1\3l+1\0/[-33}:Q0Q+Z3)?:1\0/[+;?:QOQ} . (521)

The terms zy—z3 are the functions of Q* found as the solutions to some linear differential equations.

We observe two features of the new manifold: first, it remains /inear in variables M, and M and
second it contains the dependence on the rate of strain tensor y. As the consequence, the transition
to variables 7 is given by the linear relations:

——L— =M+ My +r{y - M+M-j}+r3)-7,

I’lkBT

tre .o

——L = poMy + p13:M , (522)
I’lkBT

where »; and p; are some constants. Finally the equations in terms of t should be also linear.
Analysis shows that the first-order correction to the modified Oldroyd 8 constants model (518) will
be transformed into the equations of the following general structure:

ety + {1 -t - T+ Tt T} 4+ Ty(trt) + Fy(F's i) = —vols (523)

where I'1—I'¢ are tensors dependent on the rate-of-strain tensor y and its first convective derivative
Y117, constant ¢; is the same as in Eq. (519) and v is a positive constant.

Because the explicit form of the tensors I'; is quite extensive we do not present them in this
section. Instead we give several general remarks about the structure of the first- and higher-order
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corrections:

(1) Since manifold (521) does not depend on the vorticity tensor &=k — k' the latter enters Egs.
(523) only via convective derivatives of 7 and y. This is sufficient to acquire the frame indifference
feature, since all the tensorial quantities in dynamic equations are indifferent in any time dependent
reference frame [256].

(2) When k=0 the first order equations (523) as well as equations for any order reduce to linear
relaxation dynamics of slow modes:

Dz il o 0

JR— — T =

Dt ), ’

Dtrzt j,()
Ltrr=0

Dt * Ar r ’

which is obviously concordant with the dissipativity and the slowness requirements.
(3) In all higher-order corrections one will be always left with linear manifolds if the projector

associated with functionals My[¥] and M[‘P] is used in every step. It follows that the resulting
constitutive equations will always take a linear form (523), where all tensors y;, depend on higher
order convective derivatives of y (the highest possible order is limited by the order of the correction).
Similarly to the first and zero orders the frame indifference is guaranteed if the manifold does not
depend on the vorticity tensor unless the latter is incorporated in any frame invariant time derivatives.
It is reasonable to eliminate the dependence on vorticity (if any) at the stage of constructing the
solution to iteration equations (504).

(4) When the force F is linear F = Q our approach is proven to be also correct since it leads
the Oldroyd-B model (Eq. (518) with ¢; =0 for i =3,...,8). This follows from the fact that the
spectrum of the corresponding operator J4 is more degenerated, in particular 4o = 4; = 1 and the
corresponding lowest eigenvectors comprise a simple dyad ¥.,00.

Tests on the FENE dumbbell model

In this section we specify the choice of the force law as the FENE springs (466) and present
results of test calculations for the revised Oldroyd 8 constants (516) equations on the examples of
two simple viscometric flows.

We introduce the extensibility parameter of FENE dumbbell model b:

~ Qg
b=Q;= N
It was estimated [113] that b is proportional to the length of polymeric molecule and has a meaningful
variation interval 50—1000. The limit & — oo corresponds to the Hookean case and therefore to the
Oldroyd-B constitutive relation.

In our test calculations we will compare our results with the Brownian dynamic (BD) simulation
data made on FENE dumbbell equations [258], and also with one popular approximation to the
FENE model known as FENE-P (FENE-Peterelin) model [259,113,260]. The latter is obtained by
self-consistent approximation to FENE force:

1
F:WQ. (525)

(524)
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Table 4
Values of constants to the revised Oldroyd 8 constants model computed on the base of the FENE dumbbells model

b A0 A bo b bs ao

20 1.498 1.329 —0.0742 0.221 1.019 0.927
50 1.198 1.135 —0.0326 0.279 1.024 0.982
100 1.099 1.068 —-0.0179 0.303 1.015 0.990
200 1.050 1.035 0.000053 0.328 1.0097 1.014
oo 1 1 0 1/3 1 1
Table 5

Corrections due to hydrodynamic interaction to the constants of the revised Oldroyd 8 constants model based on
FENE force

b 5Ao 5)1 517() 51)1 (sz (Sao
20 —0.076 —0.101 0.257 —0.080 —0.0487 —0.0664
50 —0.0618 —0.109 —0.365 0.0885 —0.0205 —0.0691
100 —0.0574 —0.111 —1.020 0.109 —0.020 —0.0603

This force law like Hookean case allows for the exact moment closure leading to nonlinear consti-
tutive equations [113,260]. Specifically we will use the modified variant of FENE-P model, which
matches the dynamics of original FENE in near equilibrium region better than the classical variant.
This modification is achieved by a slight modification of Kramers definition of the stress tensor:

t, = nkgT(1 — 0b)1 — (FQ) . (526)

The case 0 =0 gives the classical definition of FENE-P, while more thorough estimation [249,260]
is 0 =(b(b+2))"".

Constants. The specific feature of the FENE model is that the length of dumbbells Q can vary
only in a bounded domain of R, namely inside a sphere S, = {Q* < b}. The sphere S, defines
the domain of integration for averages (o). = |, s, Veq ®dQ, where the equilibrium distribution reads
ey =7 (1 = Q)2 e = [ (1 - Q*/b)"2dQ.

In order to find constants for the zero-order model (516) we do the following: First we analytically

compute the lowest eigenfunctions of operator Jy: ¢1(0?)QQ and ¢o(Q?) without account of the
hydrodynamic interaction (x = 0). The functions gy and g; are computed by a procedure presented
in subsection “Auxiliary formulas, 1” with the help of the symbolic manipulation software Maple
V.3 [261]. Then we calculate the perturbations terms /4 ; by formulas (499) introducing the account
of hydrodynamic interaction. Table 4 presents the constants A 1, a;, b; (510), (517) of the zero-order
model (516) without inclusion of hydrodynamic interaction x = 0 for several values of extensibility
parameter b. The relative error dp; (see subsection “Auxiliary formulas, 1) of approximation for
these calculations did not exceed the value 0.02. Table 5 shows the linear correction terms for
constants from Table 4 which account a hydrodynamic interaction effect: /18,1 = 20.1(1 + x(d40,1)),
a'=a;(1+x(8a;)), b =b;(1+x(5b;)). The latter are calculated by substituting the perturbed functions
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mo,1 =¢go,1 +Kkho into (510) and (517), and expanding them up to first-order in x. One can observe,
since k > 0, the effect of hydrodynamic interaction results in the reduction of the relaxation times.

Dynamic problems. The rest of this section concerns the computations for two particular flows.
The shear flow is defined by

[0 1 0
k(t)y=7y¢)|0 0 0] , (527)
00 0
where J(¢) is the shear rate, and the elongation flow corresponds to the choice:
10 0
k(t)y=4¢t) |0 —1/2 0 , (528)
|0 0 —1/2

where £(¢) is the elongation rate.

In test computations we will look at the so-called viscometric material functions defined through
the components of the polymeric part of the stress tensor 7,. Namely, for shear flow they are the
shear viscosity v, the first and the second normal stress coefficients y, Y,, and for elongation flow
the only function is the elongation viscosity v. In dimensionless form they are written as

V— Vg - Tp,lZ

v = = 529
! nkBTir ”?I’lkBT ’ ( )
- I Tp,22 — Tp,11
_ _ % AL 530
lp] I’lkB Tllg "le’lkBT ( )
- Iz Tp,33 — Tp22
= == : 531
lpz I’lkB T;% 372nkBT ( )
V — 3\)5 ‘L'p’zz — ‘L'p,11
= - (532)

" nkgTh,  EnkgT

where 7 =17/, and §=¢4, are dimensionless shear and elongation rates. Characteristic values of latter
parameters y and & allow to estimate the parameter &; (474). For all flows considered below the
second flow parameter (Deborah number) ¢, is equal to zero.

Let us consider the steady state values of viscometric functions in steady shear and elongation
flows: 7 = const, é¢ = const. For the shear flow the steady values of these functions are found from
Egs. (516) as follows:

T=by/(a —¢7%), Y =290, Yo =2b¢V/A

where ¢ = 2/3(2b% + 2by — 1)/21 + 2b1ao/29. Estimations for the constants (see Table 1) shows that
¢ < 0 for all values of b (case ¢=0 corresponds to b=o0), thus all three functions are monotonically
decreasing in absolute value with increase of quantity j, besides the case when b = co. Although
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Y
Fig. 17. Dimensionless shear viscosity v and first normal stress coefficient @1 vs. shear rate: (——) revised Oldroyd 8
constants model; (------ ) FENE-P model; (o o o) BD simulations on the FENE model; (— - — - — ) Hookean dumbbell

model.

they qualitatively correctly predict the shear thinning for large shear rates due to power law, but the
exponent —2 of power dependence in the limit of large 7 from the values —0.66 for parameter v
and —1.33 for @1 observed in Brownian dynamic simulations [258]. It is explained by the fact that
slopes of shear thining lie out of the applicability domain of our model. A comparison with BD
simulations and modified FENE-P model is depicted in Fig. 17.

The predictions for the second normal stress coefficient indicate one more difference between
revised Ol(iroyd 8 constant equation and FENE-P model. FENE-P model shows identically zero
values for y, in any shear flow, either steady or time dependent, while the model (516), as well as
BD simulations (see Fig. 9 in Ref. [258]) predict small, but nonvariishing Xalues for this quantity.
Namely, due to model (516) in shear flows the following relation v, = by is always valid, with
proportionality coefficient by small and mostly negative, what leads to small and mostly negative
values of @z.



A.N. Gorban et al. | Physics Reports 396 (2004) 197—-403 371

b=50
120
1001
80} o
o 60}
401
20t
10" 10° 10" 10°
3
Fig. 18. Dimensionless elongation viscosity vs. elongation rate: (——) revised Oldroyd 8 constants model, (------ )
FENE-P model, (o o o) BD simulations on the FENE model; (— - — - — ) Hookean dumbbell model.
Table 6
Singular values of elongation rate
b 20 50 100 120 200 %9
& 0.864 0.632 0.566 0.555 0.520 0.5

In the elongation flow the steady state value to ¥ is found as
3b,

9= . 533
}ul - %(2[)0 + 1)5 - 7b1a0§2//10 ( )
The denominator has one root on positive semi-axis
1/2
520(2bo + 1 5202bo + )Y Aid
P 0o(2bo + )Jr 0o(2bg + 1) 4 Mt ’ (534)
84b1a0 84b1a0 7b1(l0

which defines a singularity point for the dependence ¥(&). The BD simulation experiments [258]
on the FENE dumbbell models shows that there is no divergence of elongation viscosity for all
values of elongation rate (see Fig. 18). For Hookean springs &, = 1/2 while in our model (516) the
singularity point shifts to higher values with respect to decreasing values of b as it is demonstrated
in Table 6.

Fig. 19 gives an example of dynamic behavior for elongation viscosity in the instant start-up of
the elongational flow. Namely it shows the evolution of initially vanishing polymeric stresses after
instant jump of elongation rate at the time moment ¢ =0 from the value £ =0 to the value € =0.3.

It is possible to conclude that the revised Oldroyd 8 constants model (516) with estimations
given by (517) for small and moderate rates of strain up to & = A|y|/(24;) ~ 0.5 yields a good
approximation to original FENE dynamics. The quality of the approximation in this interval is the
same or better than the one of the nonlinear FENE-P model.
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Fig. 19. Time evolution of elongation viscosity after inception of the elongation flow with elongation rate £=0.3: (——)
revised Oldroyd 8 constants model, (------ ) FENE-P model, (— — —) BD simulations on FENE model; (— - — - — )
Hookean dumbbell model.

The main results of this Example are as follows:

(i) We have developed a systematic method of constructing constitutive equations from the kinetic
dumbbell models for the polymeric solutions. The method is free from a priori assumptions
about the form of the spring force and is consistent with basic physical requirements: frame
invariance and dissipativity of internal motions of fluid. The method extends so-called the
method of invariant manifold onto equations coupled with external fields. Two characteristic
parameters of fluid flow were distinguished in order to account for the effect of the presence
of external fields. The iterative Newton scheme for obtaining a slow invariant manifold of the
system driven by the flow with relatively low values of both characteristic parameters was
developed.
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(i) We demonstrated that the revised phenomenological Oldroyd 8 constants constitutive equations
represent the slow dynamics of microscopic elastic dumbbell model with any nonlinear spring
force in the limit when the rate of strain and frequency of time variation of the flow are
sufficiently small and microscopic states at initial time of evolution are taken not far from the
equilibrium.

(iii) The corrections to the zero-order manifold lead generally to linear in stresses equations but
with highly nonlinear dependence on the rate of strain tensor and its convective derivatives.

(iv) The zero-order constitutive equation is compared to the direct Brownian dynamics simulation
for FENE dumbbell model as well as to predictions of FENE-P model. This comparison shows
that the zero-order constitutive equation gives the correct predictions in the domain of its
validity, but does not exclude qualitative discrepancy occurring out of this domain, particularly
in eclongation flows.

This discrepancy calls for a further development, in particular, the use of nonlinear manifolds
for derivation of zero-order model. The reason is in the necessity to provide concordance with the
requirement of the positivity of distribution function. It may lead to nonlinear constitutive equation
on any order of correction. These issues are currently under consideration and results will be reported
separately.

Example 13: Explosion of invariant manifold, limits of macroscopic description for
polymer molecules, molecular individualism, and multimodal distributions

Derivation of macroscopic equations from the simplest dumbbell models is revisited [84]. It is
demonstrated that the onset of the macroscopic description is sensitive to the flows. For the FENE-P
model, small deviations from the Gaussian solution undergo a slow relaxation before the macroscopic
description sets on. Some consequences of these observations are discussed. A new class of closures
is discussed, the kinetic multipeak polyhedra. Distributions of this type are expected in kinetic
models with multidimensional instability as universally, as the Gaussian distribution appears for stable
systems. The number of possible relatively stable states of a nonequilibrium system grows as 2",
and the number of macroscopic parameters is in order mn, where # is the dimension of configuration
space, and m is the number of independent unstable directions in this space. The elaborated class of
closures and equations pretends to describe the effects of “molecular individualism”.

Dumbbell models and the problem of the classical Gaussian solution stability

We shall consider the simplest case of dilute polymer solutions represented by dumbbell models.
The dumbbell model reflects the two features of real-world macromolecules to be orientable and
stretchable by a flowing solvent [113].

Let us consider the simplest one-dimensional kinetic equation for the configuration distribution
function ¥Y(q,t), where ¢ is the reduced vector connecting the beads of the dumbbell. This equation
is slightly different from the usual Fokker—Planck equation. It is nonlinear, because of the dependence
of potential energy U on the moment M[¥] = [ ¢*¥(q)dq. This dependence allows us to get
the exact quasi-equilibrium equations on M,, but this equations are not solving the problem: this
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quasi-equilibrium manifold may become unstable when the flow is present [84]. Here is this model:
1
0¥ =—0,{(t)q ¥} + 3 Ry . (535)

Here

(1) = k(1) — 3 V(1)) (536)

K(t) is the given time-independent velocity gradient, ¢ is the reduced time, and the function — fg is
the reduced spring force. Function f may depend on the second moment of the distribution function
M, = [ ¢*¥(q,t)dq. In particular, the case f =1 corresponds to the linear Hookean spring, while
f =1[1— My(t)/b]~" corresponds to the self-consistent finite extension nonlinear elastic spring (the
FENE-P model, first introduced in [260]). The second moment M, occurs in the FENE-P force f
as the result of the pre-averaging approximation to the original FENE model (with nonlinear spring
force f=[1—¢?/b]™"). The parameter b changes the characteristics of the force law from Hookean
at small extensions to a confining force for g> — b. Parameter b is roughly equal to the number of
monomer units represented by the dumbbell and should therefore be a large number. In the limit
b — o0, the Hookean spring is recovered. Recently, it has been demonstrated that FENE-P model
appears as first approximation within a systematic self-confident expansion of nonlinear forces [16].

Eq. (535) describes an ensemble of noninteracting dumbbells subject to a pseudo-elongational
flow with fixed kinematics. As is well known, the Gaussian distribution function,

1 q*
PO (M) = exp [—=——| , 537
(M>) mar P [ 2M2] (537)
solves Eq. (535) provided the second moment M, satisfies
dMm.
Tzz =1+ 20(1)M; . (538)

Solution (537) and (538) is the valid macroscopic description if all other solutions of Eq. (535)
are rapidly attracted to the family of Gaussian distributions (537). In other words [6], the special
solution (537) and (538) is the macroscopic description if Eq. (537) is the stable invariant manifold
of the kinetic equation (535). If not, then the Gaussian solution is just a member of the family of
solutions, and Eq. (538) has no meaning of the macroscopic equation. Thus, the complete answer
to the question of validity of Eq. (538) as the macroscopic equation requires a study of dynamics
in the neighborhood of manifold (537). Because of the simplicity of model (535), this is possible
to a satisfactory level even for M,-dependent spring forces.

Dynamics of the moments and explosion of the Gaussian manifold

In the paper [84] it was shown, that there is a possibility of “explosion” of the Gaussian manifold:
with the small initial deviation from it, the solutions of Eq. (535) are very fast going far from, and
then slowly come back to the stationary point which is located on the Gaussian manifold. The
distribution function ¥ is stretched fast, but loses the Gaussian form, and after that the Gaussian
form recovers slowly with the new value of M,. Let us describe briefly the results of [84].
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Let M, = [ ¢*"¥ dg denote the even moments (odd moments vanish by symmetry). We consider
deviations ,, = M, — Man, where Mg = j g*"¥Sdg are moments of the Gaussian distribution
function (537). Let ¥(q, %) be the initial condition to Eq. (535) at time #=¢y. Introducing functions,

pa(t, 1) = exp [411 /[ oc(t')dt'} , (539)
where t > 1), and 2n > 4, ttohe exact time evolution of the deviations ,, for 2n > 4 reads
pa(t) = pa(t, to)ua(to) (540)
and
pan(t) = {uzn(m) +2n(4n — 1) / l pan—2(t) p3, (7, 10) A7 | pou(t,to) (541)
0

for 2n > 6. Eqgs. (539)—(541) describe evolution near the Gaussian solution for arbitrary initial
condition ¥(q,ty). Notice that explicit evaluation of the integral in Eq. (539) requires solution to
the moment equation (538) which is not available in the analytical form for the FENE-P model.

It is straightforward to conclude that any solution with a nonGaussian initial condition converges
to the Gaussian solution asymptotically as ¢ — oo if

t
lim / a(f)dt' <0 . (542)
—00 t

However, even if this asymptotic condition is met, deviations from the Gaussian solution may survive
for considerable finite times. For example, if for some finite time 7, the integral in Eq. (539) is
estimated as ft; o(t')ydt’ > a(t —ty), « > 0, t < T, then the Gaussian solution becomes exponentially
unstable during this time interval. If this is the case, the moment equation (538) cannot be regarded
as the macroscopic equation. Let us consider specific examples.

For the Hookean spring (f = 1) under a constant elongation (x = const), the Gaussian solution is
exponentially stable for k < 0.5, and it becomes exponentially unstable for k¥ > 0.5. The exponential
instability in this case is accompanied by the well known breakdown of the solution to Eq. (538)
due to infinite stretching of the dumbbell. The situation is much more interesting for the FENE-P
model because this nonlinear spring force does not allow the infinite stretching of the dumbbell
[274,275].

Eqgs. (538) and (540) were integrated by the 5th order Runge—Kutta method with adaptive time
step. The FENE-P parameter b was set equal to 50. The initial condition was ¥(g,0)=C(1—¢?/b)"?,
where C is the normalization (the equilibrium of the FENE model, notoriously close to the FENE-P
equilibrium [258]). For this initial condition, in particular, 14(0) = —6b?/[(b + 3)*(b + 5)] which is
about 4% of the value of M, in the Gaussian equilibrium for 4 = 50. In Fig. 20 we demonstrate
deviation p4(¢) as a function of time for several values of the flow. Function M,(¢) is also given
for comparison. For small enough x we find an adiabatic regime, that is u4 relaxes exponentially to
zero. For stronger flows, we observe an initial fast runaway from the invariant manifold with ||
growing over three orders of magnitude compared to its initial value. After the maximum deviation
has been reached, pu4 relaxes to zero. This relaxation is exponential as soon as the solution to
Eq. (538) approaches the steady state. However, the time constant for this exponential relaxation
|otoo| 1s very small. Specifically, for large «,

1
too = lim a(t) = —— + O(x™ ") . (543)
t—00 2b
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Fig. 20. Deviations of reduced moments from the Gaussian solution as a function of reduced time ¢ in pseudo-elongation
flow for the FENE-P model. Upper part: Reduced second moment X = M,/b. Lower part: Reduced deviation of fourth

moment from Gaussian solution ¥ = —,u;/z/b. Solid: k =2, dash-dot: k=1, dash: kK =0.75, long dash: x=0.5. (The figure

from the paper [84], computed by P. Ilg.)

Thus, the steady state solution is unique and Gaussian but the stronger is the flow, the larger is the
initial runaway from the Gaussian solution, while the return to it thereafter becomes flow-independent.
Our observation demonstrates that, though the stability condition (542) is met, significant deviations
from the Gaussian solution persist over the times when the solution of Eq. (538) is already
reasonably close to the stationary state. If we accept the usually quoted physically reasonable
minimal value of parameter b of the order 20 then the minimal relaxation time is of order 40 in
the reduced time units of Fig. 20. We should also stress that the two limits, k — oo and b — oo,
are not commutative, thus it is not surprising that estimation (543) does not reduce to the above
mentioned Hookean result as b — oo. Finally, peculiarities of convergence to the Gaussian solution
are even furthered if we consider more complicated (in particular, oscillating) flows x(z). Further
numerical experiments are presented in [85]. The statistics of FENE-P solutions with random strains
was studied recently by J.-L. Thiffeault [263].

Two-peak approximation for polymer stretching in flow and explosion of the Gaussian manifold

In accordance with [264] the ansatz for ¥ can be suggested in the following form:

P ({0,c}.q) = (e (@HRT 4 gmlamry (544)

1
20V21
Natural inner coordinates on this manifold are ¢ and ¢. Note, that now o2 # M,. The value % is a
dispersion of one of the Gaussian summands in (544),

My(P*"({o,cl.q)) =0+ .
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To build the thermodynamic projector on manifold (544), the thermodynamic Lyapunov function
is necessary. It is necessary to emphasize, that Eqs. (535) are nonlinear. For such equations, the
arbitrarity in the choice of the thermodynamic Lyapunov function is much smaller than for the linear
Fokker—Planck equation. Nevertheless, such a function exists. It is the free energy

F = UMI[¥]) — TS[¥] , (545)

where
S[¥Y]= /'I’(ln'f’ 1)dg ,

U(M,[¥V]) is the potential energy in the mean field approximation, 7 is the temperature (further we
assume that 7 =1).
Note, that Kullback-form entropy [118] Sy = — [ ¥ In(¥/¥*) also has the form Sy = —F/T:

Y* =exp(—U) ,

S [¥] = —(U) —/‘Plandq .

If U(M,[¥]) in the mean field approximation is the convex function of M,, then the free energy
(545) is the convex functional too.

For the FENE-P model U = —In[1 — M,/b].

In accordance to the thermodynamics the vector / of flow of ¥ must be proportional to the
gradient of the corresponding chemical potential u:

I=-B(¥Y)V,u, (546)

where = 0F/0¥, B = 0. From Eq. (545) it follows, that

u= d(éj(‘i\[?) ¢+ Iy

I=—B(¥) [2;52 g+ q/—‘vqlp] (547)
If we suppose here B = D/2W¥, then we get

I=-D [(;i]\(/;z'qu—i_;quj}

%“Z’ :ddiI:D(i((;](‘Z[Z)%(q‘P)—i—gaqu, (548)

When D =1 this equations coincide with (535) in the absence of the flow: due to Eq. (548)
dF/dt < 0.
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Let us construct the thermodynamic projector with the help of the thermodynamic Lyapunov
function F (545). Corresponding entropic scalar product at the point ¥ has the form

d2
Slg)w = dMljz '/qu(q)dq-/ng(q)dq+ f(;zz()q)dq

During the investigation of ansatz (544) the scalar product (549), constructed for the correspond-
ing point of the Gaussian manifold with M, = ¢, will be used. It will let us to investigate the
neighborhood of the Gaussian manifold (and to get all the results in the analytical form):

(549)

My=M;[¥]

d?U 20p2
F0)e =S| - [ r@da- [ oo+ ovim [ @@ (550
2 MQZUZ
Also we will need to know the functional DF at the point of Gaussian manifold:
dU(M) 1 / )
DF . = - — d 551
(/) ( b |, 262> ¢ /(9)dq . (s51)
(with the condition [ f(g)dg =0). The point
dU(M;) s
dM2 M2:02 N 20‘2 ’

corresponds to the equilibrium.
The tangent space to manifold (544) is spanned by the vectors

oy oy

e S
f, = ! o (groret (@ F P —d I e el C Sital I
’ 463\2m o? o’ ’
1 —grepne 4TS —g—eppe (@ —9)
| et IS | (g0 , 550
VE doror/2n [ e i 5 (552)

The Gaussian entropy (free energy) production in the directions f; and f. (551) has a very simple

form

dU(M>)
dM,

1
262

DFp(f:) = DFp(fs) = (553)

MQZG'2

The linear subspace ker DF . in lin{ f;, f-} is spanned by the vector f. — f;.
Let us have the given vector field d¥/dt = J(¥) at the point ¥({o,c}). We need to build the
projection of J onto the tangent space 7, . at the point ¥({a,¢}):

Pe(J)=ofs+ @ f- . (554)

2

This equation means, that the equations for ¢ and ¢*> will have the form

do? d¢?
—— =05 =

. 555
T a P (533)
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Projection (¢, ¢.) can be found from the following two equations:
0ot 0.~ [ @IPN0) da 5

(Pofo+ 0S| fo — [ = T(PNSfo— [ (556)

where (f9),2 = (J(V)|fs — f-)s2, (549). First equation of (556) means, that the time derivative
dM,/dt is the same for the initial and the reduced equations. Due to the formula for the dissipation
of the free energy (551), this equality is equivalent to the persistence of the dissipation in the
neighborhood of the Gaussian manifold. Indeed, in according to (551) dF/dt=A(a?) [ ¢*J(¥)(q) dg=
A(c?)dM,/dt, where A(c?) does not depend of J. On the other hand, time derivative of M, due to
projected equation (555) is @, + ., because M, = ¢? + 2.

The second equation in (556) means, that J is projected orthogonally on ker DSN T, .. Let us use
the orthogonality with respect to the entropic scalar product (550). The solution of Eqs. (556) has
the form

d702:(p :<J‘f<7_f2>02+M2(J)(<f§fc>oz_<fafc>02)

dr ’ <f(7_f€’f0'_f€>o2 ’

digz _ _ _<J|f0 _f€>02 +M2(J)(<f0’fa>az — (fo fg>02)

dr B (fo“_f;fzr_f;>a2 ’ (357)

where J =J(¥), My(J) = [ ¢*J(¥)dq.

It is easy to check, that formulas (557) are indeed defining the projector: if f, (or f.) is substituted
there instead of the function J, then we will get ¢, =1,¢0. =0 (or ¢, =0, ¢. = 1, respectively).
Let us substitute the right part of the initial kinetic equations (535), calculated at the point ¥(q) =
Y({o,c},q) (see Eq. (544)) in Eq. (557) instead of J. We will get the closed system of equations
on ¢2,¢? in the neighborhood of the Gaussian manifold.

This system describes the dynamics of the distribution function ¥. The distribution function is
represented as the half-sum of two Gaussian distributions with the averages of distribution £¢ and
mean-square deviations . All integrals in the right hand part of (557) are possible to calculate
analytically.

Basis (f,, f-) is convenient to use everywhere, except the points in the Gaussian manifold, ¢ =0,
because if ¢, then

Let us analyze the stability of the Gaussian manifold to the “dissociation” of the Gaussian peak
in two peaks (544). To do this, it is necessary to find first nonzero term in the Taylor expansion in
¢? of the right hand side of the second equation in system (557). The denominator has the order of
¢*, the numerator has, as it is easy to see, the order not less, than ¢c® (because the Gaussian manifold
is invariant with respect to the initial system).

With the accuracy up to ¢*:

1 ng g2 §4
g gt a) (53%)
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Fig. 21. Phase trajectories for the two-peak approximation, FENE-P model. The vertical axis (¢ = 0) corresponds to the
Gaussian manifold. The triangle with a(M>) > 0 is the domain of exponential instability.
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Fig. 22. Phase trajectories for the two-peak approximation, FENE model: (a) A stable equilibrium on the vertical axis,
one stable peak; (b) A stable equilibrium with ¢ > 0, stable two-peak configuration.

where
dU(M>)
K— ———2 .
sz M2=02

So, if o > 0, then ¢? grows exponentially (¢ ~ e*) and the Gaussian manifold is unstable; if
o < 0, then ¢? decreases exponentially and the Gaussian manifold is stable.

Near the vertical axis do?/df=1+2ac?.'> The form of the phase trajectories is shown qualitative
on Fig. 21. Note that this result completely agrees with Eq. (540).

For the real equation FPE (for example, with the FENE potential) the motion in presence of
the flow can be represented as the motion in the effective potential well U(q) = U(q) — %qu.
Different variants of the phase portrait for the FENE potential are present on Fig. 22. Instability and
dissociation of the unimodal distribution functions (“peaks”) for the FPE is the general effect when
the flow is present.

15 Pavel Gorban calculated the projector (557) analytically without Taylor expansion and with the same, but exact result:
de’/dt = 20¢* do?/dt =1 + 200°.
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The instability occurs when the matrix U/ 0q;0q; starts to have negative eigenvalues (U is the
effective potential energy, U(q) = U(q) — % Zi,j Ki qiq;)-

Polymodal polyhedron and molecular individualism

The discovery of the molecular individualism for dilute polymers in the flow [265] was the
challenge to theory from the very beginning. “Our data should serve as a guide in developing
improved microscopic theories for polymer dynamics”... was the concluding sentence of the paper
[265]. P. de Gennes invented the term “molecular individualism” [266]. He stressed that in this case
the usual averaging procedures are not applicable. At the highest strain rates distinct conformation
shapes with different dynamics were observed [265]. Further works for shear flow demonstrated not
only shape differences, but different large temporal fluctuations [267].

Equation for the molecules in a flow are known. These are the Fokker—Planck equations with
external force. The theory of the molecular individualism is hidden inside these equations. Following
the logic of model reduction we should solve two problems: to construct the slow manifold, and to
project the equation on this manifold. The second problem is solved: the thermodynamic projector
is necessary for this projection.

How to solve the first problem? We can find a hint in previous subsections. The Gaussian dis-
tributions form the invariant manifold for the FENE-P model of polymer dynamics, but, as it was
discovered in [84], this manifold can become unstable in the presence of a flow. We propose to
model this instability as dissociation of the Gaussian peak into two peaks. This dissociation describes
appearance of an unstable direction in the configuration space.

In the classical FENE-P model of polymer dynamics a polymer molecule is represented by one
coordinate: the stretching of molecule (the connector vector between the beads). There exists a
simple mean field generalized models for multidimensional configuration spaces of molecules. In
these models dynamics of distribution functions is described by the Fokker—Planck equation in
a quadratic potential well. The matrix of coefficients of this quadratic potential depends on the
matrix of the second order moments of the distribution function. The Gaussian distributions form the
invariant manifold for these models, and the first dissociation of the Gaussian peak after appearance
of the unstable direction in the configuration space has the same nature and description, as for the
one-dimensional models of molecules considered below.

At the highest strain there can appear new unstable directions, and corresponding dissociations
of Gaussian peaks form a cascade of dissociation. For m unstable directions we get the Gaussian
parallelepiped: The distribution function is represented as a sum of 2” Gaussian peaks located in
the vertixes of parallelepiped:

_ ! s o .
D)= e vaes 2 )e"p< > (Z (q * ;F>‘1 * ;F» » (559)

e==x1,(i=1,..,m

where n is dimension of configuration space, 2¢; is the vector of the ith edge of the parallelepiped,
2 is the one peak covariance matrix (in this model 2 is the same for all peaks). The macroscopic
variables for this model are:

1. The covariance matrix 2 for one peak;
2. The set of vectors g; (or the parallelepiped edges).
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The stationary polymodal distribution for the Fokker—Planck equation corresponds to the persis-
tence of several local minima of the function U(g). The multidimensional case is different from
one-dimensional because it has the huge amount of possible configurations. An attempt to describe
this picture quantitative meet the following obstacle: we do not know the potential U, on the other
hand, the effect of molecular individualism [265-267] seems to be universal in its essence, without
dependence of the qualitative picture on details of interactions. We should find a mechanism that is
as general, as the effect. The simplest dumbbell model which we have discussed in previous subsec-
tion does not explain the effect, but it gives us a hint: the flow can violate the stability of unimodal
distribution. If we assume that the whole picture is hidden insight a multidimensional Fokker—Planck
equation for a large molecule in a flow, then we can use this hint in such a way: when the flow
strain grows there appears a sequence of bifurcations, and for each of them a new unstable direction
arises. For qualitative description of such a picture we can apply a language of normal forms [268],
but with some modification.

The bifurcation in dimension one with appearance of two point of minima from one point has
the simplest polynomial representation: U(g,a) = ¢* + ag®. If o >0, then this potential has one
minimum, if o < 0, then there are two points of minima. The normal form of degenerated singularity
is U(q) = ¢*. Such polynomial forms as ¢* + ag® are very simple, but they have inconvenient
asymptotic at ¢ — co. For our goals it is more appropriate to use logarithms of convex combinations
of Gaussian distributions instead of polynomials. It is the same class of jets near the bifurcation,
but with given quadratic asymptotic ¢ — co. If one needs another class of asymptotic, it is possible
just to change the choice of the basic peak. All normal forms of the critical form of functions, and
families of versal deformations are well investigated and known [268].

Let us represent the deformation of the probability distribution under the strain in multidimensional
case as a cascade of peak dissociation. The number of peaks will duplicate on the each step.
The possible cascade of peaks dissociation is presented qualitatively on Fig. 23. The important
property of this qualitative picture is the linear complexity of dynamical description with exponential
complexity of geometrical picture. Let m be the number of bifurcation steps in the cascade. Then

e For description of parallelepiped it is sufficient to describe m edges;
e There are 2”~! geometrically different conformations associated with 2" vertex of parallelepiped
(central symmetry halved this number).

Another important property is the threshold nature of each dissociation: It appears in points of
stability loss for new directions, in these points the dimension of unstable direction increases.
Positions of peaks correspond to parallelepiped vertices. Different vertices in configuration
space present different geometric forms. So, it seems plausible'® that observed different forms
(“dumbbells”, “half-dumbbells”, “kinked”, “folded” and other, not classified forms) correspond to

' We cannot prove it now, and it is necessary to determine the status of proposed qualitative picture: it is much more
general than a specific model, it is the mechanism which acts in a wide class of models. The cascade of instabilities can
appear and, no doubt, it appears for the Fokker—Planck equation for a large molecule in a flow. But it is not proven
yet that the effects observed in well-known experiments have exactly this mechanism. This proof requires quantitative
verification of a specific model. And now we talk not about a proven, but about the plausible mechanism which typically
appears for systems with instabilities.
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Fig. 23. Cartoon representing the steps of molecular individualism. Black dots are vertices of Gaussian parallelepiped. Zero,
one, and four-dimensional polyhedrons are drawn. The three-dimensional polyhedron used to draw the four-dimensional
object is also presented. Each new dimension of the polyhedron adds as soon as the corresponding bifurcation occurs.
Quasi-stable polymeric conformations are associated with each vertex. First bifurcation pertinent to the instability of a
dumbbell model in elongational flow is described in the text.

these vertices of parallelepiped. Each vertex is a metastable state of a molecule and has its own basin
of attraction. A molecule goes to the vertex which depends strongly on details of initial conditions.

The simplest multidimensional dynamic model is the Fokker—Planck equation with quadratic mean
field potential. This is direct generalization of the FENE-P model: the quadratic potential U(q)
depends on the tensor of second moments M,=(q,q;) (here the angle brackets denote the averaging).
This dependence should provide the finite extensibility. This may be, for example, a simple matrix
generalization of the FENE-P energy:

Uq) = Kyqiq, K=K+ ¢(M/b), (U(q))=tr(KMp/b)
ij
where b is a constant (the limit of extensibility), K° is a constant matrix, M, is the matrix of second
moments, and ¢ is a positive analytical monotone increasing function of one variable on the interval
(0,1), ¢p(x) — oo for x — 1 (for example, ¢(x) = —In(1 —x)/x, or Pp(x)=(1 —x)~").
For quadratic multidimensional mean field models persists the qualitative picture of Fig. 21: there
is nonstationary molecular individualism for stationary “molecular collectivism”. The stationary
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distribution is the Gaussian distribution, and on the way to this stationary point there exists an
unstable region, where the distribution dissociates onto 2" peaks (m is the number of unstable
degrees of freedom).

Dispersion of individual peak in unstable region increases too. This effect can deform the ob-
served situation: If some of the peaks have significant intersection, then these peaks join into new
extended classes of observed molecules. The stochastic walk of molecules between connected peaks
can be observed as “large nonperiodical fluctuations”. This walk can be unexpected fast, because
it can be effectively a motion in a low-dimensional space, for example, in one-dimensional space
(in a neighborhood of a part of one-dimensional skeleton of the polyhedron).

We discussed the important example of ansatz: the multipeak models. Two examples of these type
of models demonstrated high efficiency during decades: the Tamm—Mott—Smith bimodal ansatz for
shock waves, and the Langer—Bar-on—Miller [269-271] approximation for spinodal decomposition.

The multimodal polyhedron appears every time as an appropriate approximation for distribution
functions for systems with instabilities. We create such an approximation for the Fokker—Planck
equation for polymer molecules in a flow. Distributions of this type are expected to appear in each
kinetic model with multidimensional instability as universally, as Gaussian distribution appears for
stable systems. This statement needs a clarification: everybody knows that the Gaussian distribution
is stable with respect to convolutions, and the appearance of this distribution is supported by central
limit theorem. Gaussian polyhedra form a stable class: convolution of two Gaussian polyhedra is a
Gaussian polyhedron, convolution of a Gaussian polyhedron with a Gaussian distribution is a Gaus-
sian polyhedron with the same number of vertices. On the other hand, a Gaussian distribution in a
potential well appears as an exponent of a quadratic form which represents the simplest stable poten-
tial (a normal form of a nondegenerated critical point). Families of Gaussian parallelepipeds appear
as versal deformations with given asymptotic for systems with cascade of simplest bifurcations.

The usual point of view is: The shape of the polymers in a flow is either a coiled ball, or
a stretched ellipsoid, and the Fokker—Planck equation describes the stretching from the ball to the
ellipsoid. It is not the whole truth, even for the FENE-P equation, as it was shown in Refs. [84,264].
The Fokker—Planck equation describes the shape of a probability cloud in the space of conformations.
In the flow with increasing strain this shape changes from the ball to the ellipsoid, but, after some
thresholds, this ellipsoid transforms into a multimodal distribution which can be modeled as the peak
parallelepiped. The peaks describe the finite number of possible molecule conformations. The number
of this distinct conformations grows for a parallelepiped as 2” with the number m of independent
unstable direction. Each vertex has its own basin of attraction. A molecule goes to the vertex which
depends strongly on details of initial conditions.

These models pretend to be the kinetic basis for the theory of molecular individualism. The
detailed computations will be presented in following works, but some of the qualitative features of
the models are in agreement with some of qualitative features of the picture observed in experiment
[265-267]: effect has the threshold character, different observed conformations depend significantly
on the initial conformation and orientation.

Some general questions remain open:

e Of course, appearance of 2” peaks in the Gaussian parallelepiped is possible, but some of these
peaks can join in following dynamics, hence the first question is: what is the typical number of
significantly different peaks for a m-dimensional instability?
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e How can we decide what scenario is more realistic from the experimental point of view: the
proposed universal kinetic mechanism, or the scenario with long living metastable states (for
example, the relaxation of knoted molecules in the flow can give an other picture than the relax-
ation of unknoted molecules)?

e The analysis of random walk of molecules from peak to peak should be done, and results of this
analysis should be compared with observed large fluctuations.

The systematic discussion of the difference between the Gaussian elipsoid (and its generaliza-
tions) and the Gaussian multipeak polyhedron (and its generalizations) seems to be necessary. This
polyhedron appears generically as the effective ansatz for kinetic systems with instabilities.

12. Accuracy estimation and postprocessing in invariant manifolds construction

Assume that for the dynamical system (76) the approximate invariant manifold has been con-
structed and the slow motion equations have been derived:

dxsl
dr

where P, is the corresponding projector onto the tangent space 7, of M. Suppose that we have
solved system (560) and have obtained x4(¢). Let’s consider the following two questions:

=Py (J(x)), xa€M, (560)

e How well this solution approximates the true solution x(z) given the same initial conditions?
e Is it possible to use the solution x4(¢) for it’s refinement?

These two questions are interconnected. The first question states the problem of the accuracy
estimation. The second one states the problem of postprocessing [244-246,277].
The simplest (“naive”) estimation is given by the “invariance defect”:

Axslz(l _szl)J(xsl) > (561)

which can be compared with J(xy). For example, this estimation is given by € = ||4,]||/||J(xq)||
using some appropriate norm.

Probably, the most comprehensive answer to this question can be given by solving the following
equation:

d(ox)
dt

This linear equation describes the dynamics of the deviation Jx(z) = x(¢) — xq(¢) using the lin-
ear approximation. The solution with zero initial condition Jx(0) = 0 allows to estimate the ro-
bustness of xy, as well as the error value. Substituting xq(z) for xq(¢) + dx(¢) gives the required
solution refinement. This dynamical postprocessing [246] allows to refine the solution substantially
and to estimate its accuracy and robustness. However, the price for this is solving Eq. (562) with
variable coefficients. Thus, this dynamical postprocessing can be addressed by a whole hierarchy
of simplifications, both dynamical and static. Let us mention some of them, starting from the
dynamical ones.

= Ayt + D (X)]xy0)0x (562)
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(1) Freezing the coefficients. In Eq. (562) the linear operator D,J(x)|y,( is replaced by it’s value
in some distinguished point x* (for example, in the equilibrium) or it is frozen somehow else. As a
result, one gets the equation with constant coefficients and the explicit integration formula:

ox(t) = /Ot exp(D*(t — 1)) Axyr) dt (563)

where D* is the “frozen” operator and ox(0) = 0.

Another important way of freezing is substituting (562) for some model equation, i.e. substituting
D.J(x) for —1/t*, where 7* is the relaxation time. In this case the formula for dx(¢) has very simple
form:

t
&dﬂ:iA<WWﬁAmmdr. (564)

(2) One-dimensional Galerkin-type approximation. Another “scalar” approximation is given by
projecting (562) on A(t) = Ay ). Using the ansatz

ox(t)=9(¢) - A(t) , (565)
substituting it into Eq. (562) after orthogonal projection on A(¢) we obtain

do(t) (4|D4) — (4]4)
T T S

(566)

where (|) is an appropriate scalar product, which can depend on the point xg (for example, the
entropic scalar product), D = D,J(x)|.,) or the self-adjoint linearizarion of this operator, or some
approximation of it, 4 = dA(¢)/dz.

A “hybrid” between Egs. (566) and (562) has the simplest form (but it is more difficult for
computation than Eq. (566)):

d(ox) (A|DA)
e (A]4)

A1) + ox . (567)

Here one uses the normalized matrix element (A|DA)/(A|4) instead of the linear operator
D = DyJ (x)x0)-
Both Egs. (566) and (567) can be solved explicitly:

o) = /Ot drexp (/t k(@)d@) , (568)

ox(t) = /OZA(r)dr exp </t k1(0)d9) , (569)

where k() = (4|DA) — (4]4)/(4]4), k(1) = (4|D4)/(4]4).
The projection of 4,,(¢) on the slow motion is equal to zero, hence, for the post-processing
analysis of the slow motion, the one-dimensional model (566) should be supplemented by one more
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iteration in order to find the first nonvanishing term in dxg/(#):

% = 0(t)Px (1) (D (%) |51y N A(2))
oxa(t) = /0 O(0)Pry (Do (3o N A(2)) diT - (570)

where 9(¢) is the solution of (566).
(3) For a static post-processing one uses stationary points of dynamical equations (562) or their
simplified versions (563), (566). Instead of (562) one gets:

Dy ()]0 0% = —Aryr) (571)

with one additional condition P, 0x=0. This is exactly the iteration equation of the Newton’s method
in solving the invariance equation. A clarification is in order here. Static post-processing (571) as
well as other post-processing formulas should not be confused with the Newton method and other for
correcting the approximately invariant manifold. Here, only a single trajectory x(¢) on the manifold
is corrected, not the whole manifold.

The corresponding stationary problems for the model equations and for the projections of (562)
on A are evident. We only mention that in the projection on A one gets a step of the relaxation
method for the invariant manifold construction.

In Example 14 it will be demonstrated how one can use function A(xg(¢)) in the accuracy esti-
mation of macroscopic equations on example of polymer solution dynamics.

Example 14: Defect of invariance estimation and switching from the microscopic simulations to
macroscopic equations

A method which recognizes the onset and breakdown of the macroscopic description in microscopic
simulations was developed in [16,276,201]. The method is based on the invariance of the macroscopic
dynamics relative to the microscopic dynamics, and it is demonstrated for a model of dilute polymeric
solutions where it decides switching between Direct Brownian Dynamics simulations and integration
of constitutive equations.

Invariance principle and micro—macro computations. Derivation of reduced (macroscopic) dynam-
ics from the microscopic dynamics is the dominant theme of nonequilibrium statistical mechanics.
At the present time, this very old theme demonstrates new facets in view of a massive use of
simulation techniques on various levels of description. A two-side benefit of this use is expected:
on the one hand, simulations provide data on molecular systems which can be used to test various
theoretical constructions about the transition from micro to macro description. On the other hand,
while the microscopic simulations in many cases are based on limit theorems [such as, for example,
the central limit theorem underlying the Direct Brownian Dynamics simulations (BD)] they are ex-
tremely time-consuming in any real situation, and a timely recognition of the onset of a macroscopic
description may considerably reduce computational efforts.

In this section, we aim at developing a “device” which is able to recognize the onset and the
breakdown of a macroscopic description in the course of microscopic computations.

Let us first present the main ideas of the construction in an abstract setting. We assume that the
microscopic description is set up in terms of microscopic variables £. In the examples considered
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below, microscopic variables are distribution functions over the configuration space of polymers.
The microscopic dynamics of variables & is given by the microscopic time derivative d¢/d¢ = E(&).
We also assume that the set of macroscopic variables M is chosen. Typically, the macroscopic
variables are some lower-order moments if the microscopic variables are distribution functions. The
reduced (macroscopic) description assumes (a) The dependence &(M), and (b) The macroscopic
dynamics dM/dt = M(M). We do not discuss here in any detail the way one gets the dependence
E(M), however, we should remark that, typically, it is based on some (explicit or implicit) idea
about decomposition of motions into slow and fast, with M as slow variables. With this, such
tools as maximum entropy principle, quasi-stationarity, cumulant expansion etc. become available
for constructing the dependence £(M).

Let us compare the microscopic time derivative of the function (M) with its macroscopic time
derivative due to the macroscopic dynamics:

aay =0y - ) (572)
If the defect of invariance A(M) (572) is equal to zero on the set of admissible values of the
macroscopic variables M, it is said that the reduced description (M) is invariant. Then the function
&(M) represents the invariant manifold in the space of microscopic variables. The invariant manifold
is relevant if it is stable. Exact invariant manifolds are known in a very few cases (for example, the
exact hydrodynamic description in the kinetic Lorentz gas model [159], in Grad’s systems [23,24],
and one more example will be mentioned below). Corrections to the approximate reduced description
through minimization of the defect of invariance is a part of the so-called method of invariant
manifolds [6]. We here consider a different application of the invariance principle for the purpose
mentioned above.

The time dependence of the macroscopic variables can be obtained in two different ways: First,
if the solution of the microscopic dynamics at time ¢ with initial data at ¢y is &,,, then evaluation
of the macroscopic variables on this solution gives MZ’;{‘;C“’. On the other hand, solving dynamic
equations of the reduced description with initial data at #, gives M. Let ||4| be a value of
defect of invariance with respect to some norm, and € > 0 is a fixed tolerance level. Then, if at the
time ¢ the following inequality is valid,

[AMB)| < €, (573)

this indicates that the accuracy provided by the reduced description is not worse than the true
microscopic dynamics (the macroscopic description sets on). On the other hand, if

[AM5)|| > €, (574)

then the accuracy of the reduced description is insufficient (the reduced description breaks down),
and we must use the microscopic dynamics.

Thus, evaluating the defect of invariance (572) on the current solution to macroscopic equations,
and checking the inequality (574), we are able to answer the question whether we can trust the
solution without looking at the microscopic solution. If the tolerance level is not exceeded then
we can safely integrate the macroscopic equation. We now proceed to a specific example of this
approach. We consider a well-known class of microscopic models of dilute polymeric solutions.
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Application to dynamics of dilute polymer solution

A well-known problem of the nonNewtonian fluids is the problem of establishing constitutive
equations on the basis of microscopic kinetic equations. We here consider a model introduced by
Lielens et al. [272]:

. 1 1
[0 =-2 {K(t)qf -3 faqU(qz)} +3 %S (575)

With the potential U(x) = —(b/2)In(1 — x/b) Eq. (575) becomes the one-dimensional version of
the FENE dumbbell model which is used to describe the elongational behavior of dilute polymer
solutions.

The reduced description seeks a closed time evolution equation for the stress t= (¢0,U(g*)) — 1.
Due to its nonpolynomial character, the stress 7 for the FENE potential depends on all moments
of f. We have shown in [273] how such potentials can be approximated systematically by a set
of polynomial potentials U,(x) = Z;‘:l 1/2jc;x’/ of degree n with coefficients ¢; depending on the
even moments M; = (¢%/) of f up to order n, with n=1,2,..., formally converging to the original
potential as n tends to infinity. In this approximation, the stress T becomes a function of the first n
even moments of f, (M) = Z;’Zl ¢;M; — 1, where the set of macroscopic variables is denoted by
M ={M,,....M,}. '

The first two potentials approximating the FENE potential are:

Ui(qg>)=U'(My)q* , (576)

1 1
U(q*) = 5(6]4 —2Mg*)U" (M) + §(M2 —M})GU" (M) , (577)

where U’, U” and U denote the first, second and third derivative of the potential U, respectively.
The potential U; corresponds to the well-known FENE-P model. The kinetic equation (575) with
the potential U, (577) will be termed the FENE-P+1 model below. Direct Brownian Dynamics
simulation (BD) of the kinetic equation (575) with the potential U, for the flow situations studied
in [272] demonstrates that it is a reasonable approximation to the true FENE dynamics whereas the
corresponding moment chain is of a simpler structure. In [16] this was shown for a periodic flow,

while Fig. 24 shows results for the flow
1006(1 —t)e™, 0<t<1,
K(t) = (578)
0, else .

The quality of the approximation indeed increases with the order of the polynomial.

For any potential U,, the invariance equation can be studied directly in terms of the full set of
the moments, which is equivalent to studying the distribution functions. The kinetic equation (575)
can be rewritten equivalently in terms of moment equations,

Mk :Fk(Mla"'aMk+n—1) P}

Fre = 2ke(OMy + k(2k = DMy — kY ¢;Mig1 - (579)

J=1
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Fig. 24. Stress t versus time from direct Brownian dynamics simulation: symbols—FENE, dashed line—FENE-P,
solid line—FENE-P+1.

We seek functions M;™°(M), k =n + 1,... which are form-invariant under the dynamics:

n

Z aMlinacrO(M)

o M) =F(My,.. My, My (M), ..., My (M) (580)
J

j=1
This set of invariance equations states the following: The time derivative of the form M™°(M)
when computed due to the closed equation for M (the first contribution on the left hand side of
Eq. (580), or the ‘macroscopic’ time derivative) equals the time derivative of M) as computed by
true moment equation with the same form M;(M) (the second contribution, or the ‘microscopic’
time derivative), and this equality should hold whatsoever values of the moments M are.

Egs. (580) in case n =1 (FENE-P) are solvable exactly with the result

Mlinacro _ alek with ay = 2k — Day—1, ap=1 .

This dependence corresponds to the Gaussian solution in terms of the distribution functions.
As expected, the invariance principle give just the same result as the usual method of solving
the FENE-P model.

Let us briefly discuss the potential U,, considering a simple closure approximation
Mo (My, My) = ax M + bMoME 2 (581)

where ay =1—k(k—1)/2 and by =k(k —1)/2. The function Mj"° closes the moment equations for
the two independent moments M; and M,. Note, that M3"“° differs from the corresponding moment
M; of the actual distribution function by the neglect of the 6th cumulant. The defect of invariance
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Fig. 25. Defect of invariance A3/b*, Eq. (582), versus time extracted from BD simulation (the FENE-P+1 model) for the
flow situation of Eq. (578).

of this approximation is a set of functions 4; where
aMITIaCI‘O aMmacro

A (M, My)=—3>—F +—>—F,—F 582
3(My, M>) M, 1+ g, 2 3, (582)
and analogously for £ > 3. In the sequel, we make all conclusions based on the defect of invariance

Ay (582).

It is instructive to plot the defect of invariance A5 versus time, assuming the functions M; and M,
are extracted from the BD simulation (see Fig. 25). We observe that the defect of invariance is a
nonmonotonic function of the time, and that there are three pronounced domains: From ¢, =0—¢; the
defect of invariance is almost zero which means that the ansatz is reasonable. In the intermediate
domain, the defect of invariance jumps to high values (so the quality of approximation is poor).
However, after some time ¢ = ¢*, the defect of invariance again becomes negligible, and remains so
for later times. Such behavior is typical of so-called “kinetic layer”.

Instead of attempting to improve the closure, the invariance principle can be used directly to switch
from the BD simulation to the solution of the macroscopic equation without loosing the accuracy to
a given tolerance. Indeed, the defect of invariance is a function of M; and M,, and it can be easily
evaluated both on the data from the solution to the macroscopic equation, and the BD data. If the
defect of invariance exceeds some given tolerance on the macroscopic solution this signals to switch
to the BD integration. On the other hand, if the defect of invariance becomes less than the tolerance
level on the BD data signals that the BD simulation is not necessary anymore, and one can continue
with the integration of the macroscopic equations. This reduces the necessity of using BD simulations
only to get through the kinetic layers. A realization of this hybrid approach is demonstrated in
Fig. 26: for the same flow we have used the BD dynamics only for the first period of the flow while
integrated the macroscopic equations in all the later times. The quality of the result is comparable to
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Fig. 26. Switching from the BD simulations to macroscopic equations after the defect of invariance has reached the given
tolerance level (the FENE-P+1 model): symbols—the BD simulation, solid line—the BD simulation from time =0 up
to time ¢*, dashed line—integration of the macroscopic dynamics with initial data from BD simulation at time ¢ = ¢*.
For comparison, the dot—dashed line gives the result for the integration of the macroscopic dynamics with equilibrium
conditions from #=0. Inset: Transient dynamics at the switching from BD to macroscopic dynamics on a finer time scale.

the BD simulation whereas the total integration time is much shorter. The transient dynamics at the
point of switching from the BD scheme to the integration of the macroscopic equations (shown in
the inset in Fig. 26) deserves a special comment: The initial conditions at ¢* are taken from the BD
data. Therefore, we cannot expect that at the time #* the solution is already on the invariant manifold,
rather, at best, close to it. Transient dynamics therefore signals the stability of the invariant manifold
we expect: Even though the macroscopic solution starts not on this manifold, it nevertheless attracts
to it. The transient dynamics becomes progressively less pronounced if the switching is done at
later times. The stability of the invariant manifold in case of the FENE-P model is studied in
detail in [84].

The present approach of combined microscopic and macroscopic simulations can be realized on
the level of moment closures (which then needs reconstruction of the distribution function from the
moments at the switching from macroscopic integration to BD procedures), or for parametric sets
of distribution functions if they are available [272]. It can be used for a rigorous construction of
domain decomposition methods in various kinetic problems.

13. Conclusion

To construct slow invariant manifolds is useful. Effective model reduction becomes impossible
without them for complex kinetic systems.

Why to reduce description in the times of supercomputers?

First, in order to gain understanding. In the process of reducing the description one is often able
to extract the essential, and the mechanisms of the processes under study become more transparent.

Second, if one is given the detailed description of the system, then one should be able also to
solve the initial-value problem for this system. But what should one do in the case where the system
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is representing just a small part of the huge number of interacting systems? For example, a complex
chemical reaction system may represent only a point in a three-dimensional flow.

Third, without reducing the kinetic model, it is impossible to construct this model. This statement
seems paradoxal only at the first glance: How come, the model is first simplified, and is constructed
only after the simplification is done? However, in practice, the typical for a mathematician statement
of the problem, (Let the system of differential equations be given, then ...) is rather rarely applicable
for detailed kinetics. Quite on the contrary, the thermodynamic data (energies, enthalpies, entropies,
chemical potentials etc) for sufficiently rarefied systems are quite reliable. Final identification of the
model is always done on the basis of comparison with the experiment and with a help of fitting.
For this purpose, it is extremely important to reduce the dimension of the system, and to reduce the
number of tunable parameters.

And, finally, for every supercomputer there exist too complicated problems. Model reduction makes
these problems less complicated and sometimes gives us the possibility to solve them.

1t is useful to apply thermodynamics and the quasi-equilibrium concept while seeking slow invariant
manifolds

Though the open systems are important for many applications, however, it is useful to begin
their study and model reduction with the analysis of closed (sub)systems. Then the thermodynamics
equips these systems with Lyapunov functions (entropy, free energy, free enthalpy, depending on
the context). These Lyapunov functions are usually known much better than the right hand sides of
kinetic equations (in particular, this is the case in reaction kinetics). Using this Lyapunov function,
one constructs the initial approximation to the slow manifold, that is, the quasi-equilibrium manifold,
and also one constructs the thermodynamic projector.

The thermodynamic projector is the unique operator which transforms the arbitrary vector field
equipped with the given Lyapunov function into a vector field with the same Lyapunov function
(and also this happens on any manifold which is not tangent to the level of the Lyapunov function).

The quasi-chemical approximation is an extremely rich toolbox for assembling equations. It en-
ables to construct and study wide classes of evolution equations equipped with prescribed Lyapunov
functions, with Onsager reciprocity relations and like.

Slow invariant manifolds of thermodynamically closed systems are useful for constructing slow
invariant manifolds of corresponding open systems. The necessary technic is developed.

Postprocessing of the invariant manifold construction is important both for estimation of the
accuracy and for the accuracy improvement.

The main result of this work can be formulated as follows: It is possible indeed to construct
invariant manifolds. The problem of constructing invariant manifolds can be formulated as the
invariance equation, subject to additional conditions of slowness (stability). The Newton method
with incomplete linearization, relaxation methods, the method of natural projector, and the method
of invariant grids enables educated approximations to the slow invariant manifolds.

Studies on invariant manifolds were initiated by Lyapunov [144] and Poincare [145] (see [146]).
Essential stages of the development of these ideas in the XX century are reflected in the books
[146,278,136,235]. It becomes more and more evident at the present time that the constructive
methods of invariant manifold are useful on a host of subjects, from applied hydrodynamics [279]
to physical and chemical kinetics.
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